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PREFACE TO THE SECOND EDITION 

This, the second edition of this volume — one of the six in the Structural 
Engineers’ Handbook Library — has been prepared not only for the practicing 
engineer but also for the student who desires to consult a reference work which 
embodies and covers thoroughly the subject of structural members and their 
connections. 

All errors of which there is any record have been corrected. The Editor-in- 
chief of the presort revision will be grateful to those who, finding other errors, 
bring them to hie attention. 

Numerous major changes from the first edition have been made. They 
include, in Sec. 1, giving recognition to the latest A.R.E.A. impact formula and 
to the latest A.R.E.A. and A.I.S.C. column formulas. In Sec. 2 tabular matter 
has been very largely replaced by new tables; illustrative problems have been 
revised to indicate procedure under latest design specifications or codes; and 
much new textual material replaces the matter in the first edition. 

Important changes in Sec. 3 include new tables of American standard I-beams 
and channels, new tables covering rivet spacing, the latest A.I.S.C. permissible 
stresses in steel design, new tables of stresses in power-driven rivets and turned 
bolts, and new tables of connections for both wide-flange and standard I-beams. 
Illustrative problems have been revised, and a new article on welded connections 
has been included. ' 

Section 4 on design of wooden members is revised to include latest A.S.T.M. 
standard sizes, stress grades and/ working stresses for structural joist and plank, 
beams and stringers, posts and timbers. All tables have been revised to accord 
with latest lumber design standards. New textual matter has been prepared on 
formulas for wooden columns and laminated columns, as well as on the subject 
of direct compression and bending. Tabular material in Bee, 5 has been largely 
revised and entirely new tables have been included. New discussions on com- 
pression on surfaces inclined to the direction of fibers have been written, as Well 
as a new article on timber connectors, with new cuts illustrating types of modern 
timber connections and typical connector joints. Illustrative problems have 
been largely revised to meet the latest design regulations. 

It is in Sec. 6 that the largest number of revisions has been made. Important 
changes consist of the inclusion of the latest design stresses in accordance with 
the 1941 A,C.I. Building Regulations, the 1938 New York City Code, the 1940 
Joint Committee, and the 1937 Chicago City Code; new material covering the 
design of web reinforcement, T-beaxns, and double-reinforced beams has idee 
been included. Design graphs and diagrams have been very largely replaced 
by tables of stresses taken from the “Reinforced Concrete Design Handbook” of 
the American Concrete Institute. Entirely new material governing the design 
of floors supported on four sides has also been incorporated, based on tlmpfcO* 
visions of ttfe 1941 A.C.I. Building Regulations, Entirely new materiW m M 
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design of flat slabs, based on the 1936 A.C.I. Building Regulations, has been 
included. New material on the design of all types of columns subjected to both 
direct load or eccentric load has been included, as well as new diagrams for the 
design of eccentrically loaded square and round columns. Footing design mate- 
rial has been revised to accord with the 1940 Joint Committee recommendations; 
a new table gives the design of spread footings according to the 1936 A.C.I. 
Building Regulations. Throughout this section, illustrative problems have been 
revised or new problems have been introduced to accord with the latest design 
requirements. 

Appendix D on working stresses for structural timbers has been eliminated. 

Credit has been given in the text of this volume for all data, details or specifi- 
cations quoted in whole or in part and used for the purpose of supplementing the 
technical matter. Mention is made here of the participation of the following 
Associate Editors in the preparation of the first edition: Henry D. Dewell, 
Charles A. Ellis, J. B. Kommers, Arthur R. Lord, L. D. Norsworthy, H. S. Rogers, 
W. Stuart Tait, C. A. Willson and C. R. Young. 

Special acknowledgment is made to Arthur J. Boase of the Portland Cement 
Association who was chairman of the A.C.I, Committee which prepared the 
“ Reinforced Concrete Design Handbook” and to the American Concrete Insti- 
tute for permission to include numerous tables, diagrams and other material 
taken from that handbook. The senior author, who prepared the preface to the 
second edition, acknowledges the continued and very helpful cooperation of the 
publishers and thanks all others who have so willingly cooperated in the prepa- 
ration of this revision. 

R. R. Zipprodt. 

Bethesda, Md. 

March,, 1943. 



PREFACE TO THE FIRST EDITION 


This volume is one of a series designed to provide the engineer and the student 
with a reference work covering thoroughly the design and construction of the 
principal kinds and types of modern civil engineering structures. An effort has 
been made to give such a complete treatment of the elementary theory that the 
books may also be used for home study. 

The titles of the six volumes comprising this series are as follows: 
Foundations, Abutments and Footings 
Structural Members and Connections 
Stresses in Framed Structures 
Steel and Timber Structures 
Reinforced Concrete and Masonry Structures 
Movable and Long-span Steel Bridges 

Each volume is a unit in itself, as references are not made from one volume to 
another by section and article numbers. This arrangement allows the use of 
any one of the volumes as a text in schools and colleges without the use of any 
of the other volumes. 

Data and details have been collected from many sources and credit is given 
in the body of the books for all material so obtained. A few chapters, however, 
throughout the six volumes have been taken without special mention, and with 
but few changes, from Iiool and Johnson’s Handbook of Building Construction. 

The Editors-in-Chief wish to express their appreciation of the spirit of coopera- 
tion shown by the Associate Editors and the Publishers. This spirit of coopera- 
tion has made the task of the Editors-in-Chief one of pleasure and satisfaction. 

G. A. H. 
W. S. K. 

Madison, Wis. 

September , 1923. 
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AND 

CONNECTIONS 


SECTION 1 

GENERAL THEORY 

DEFINITIONS 

1. Structure. — A structure is a part, or an assemblage of parts, constructed to 
support certain definite loads. Structures are acted upon by external forces 
and these external forces are held in equilibrium by internal forces, called stresses . 

2. Member.— A member or piece of structure is a single unit of the struc- 
ture, as a beam, a column, or a web member of a truss. 

3. Beam. — A beam is a structural member which is ordinarily subject to 
bending and is usually a horizontal member carrying vertical loads. In a 
framed floor, beams are members upon which rest directly the floor plank, slab, 
or arch. 

A simple beam is one which rests on supports at the ends. A cantilever beam 
is a beam having one end rigidly fixed and the other end free. Extending a 
simple beam beyond either support gives a combination of a simple beam and a 
cantilever beam. A beam with both ends free and balanced over a support is 
also called a cantilever beam. A restrained beam is one which is more or less 
fixed at one or both points of support. A built-in or fixed beam is a beam rigidly 
fixed at both ends. A continuous beam is one having more than two points of 
support. 

4 . Girder. — A girder is a beam which receives its load in concentrations. 
In a framed floor it supports one or more cross beams which in turn carry the 
flooring. The term “girder” is also applied to any large heavy beam, especially 
a built-up steel beam or plate girder. In Bethlehem steel sections the terms 
“beam” and “girder” are used to denote rolled sections of different proportions. 

0 * Column. — A column } strut or post is a structural member which is com- 
pressed endwise. A strut is usually considered of smaller dimensions than either 
a column or post. 

0 . Tie.— -A tie is a structural member which tends to lengthen under stress. 

1 



2 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-7 


7. Truss. — A truss is a framed or jointed structure. It is composed of 
straight members which are connected only at their intersections, so that if the 
loads are applied at these intersections the stress in each member is in the direc- 
tion of its length. Each member of a truss is either a tie or a strut. 

8 . Force. — Force is that which tends to change the state of motion of a body, 
or it is that wuich causes a body to change its shape if it is held in place by other 
forces. 

9. Outer Forces. — The external or outer forces acting upon a structure consist 
of the applied loads and the supporting forces, called reactions . 

10. Inner Forces. — The internal or inner forces in a structure are the stresses 
in the different members which are brought into action by the outer forces and 
hold the outer forces in equilibrium. 

11. Dead Load. — Dead load is the weight of a structure itself plus any per- 
manent loads. In design, the weight of the structure must be assumed; and the 
design corrected later if the assumed weight is very much in error. 

12. Live Load. — Live load is any moving or variable load which may come 
upon the structure — as, for example, the weight of people or merchandise on a 
floor, or the weight of snow and the pressure of wind on a roof. The total load 
or dead load plus live load must be used in design. In addition the dynamic 
effect or impact of the live load must often be considered. 

13. Statical Moment of an Area. 1 — The statical moment of an area about a 
given axis is the moment of each element of this area about the given axis. 

14. Center of Gravity of an Area. 1 — The center of gravity of an area is the 
point at which the entire area must be concentrated, in order that the product 
of the area times the distance from this point to a given axis may be equal to the 
statical moment of the area about the given axis. (The statical moment of an 
area is zero for an axis through its center.) 

15. Moment of Inertia. 1 — The moment of inertia of an area with respect to 
any axis is the sum of the products formed by multiplying each element of the 
area by the square of its distance from the given axis. 

16. Moments of Inertia for Parallel Axes. 1 — The moment of inertia of an 
area with respect to any axis equals the moment of inertia with respect to parallel 
axes through the center of gravity plus the product of the area and the square of 
the distance between the axes. 

17. Principal Axes and Principal Moments of Inertia. 1 — Through the center 
of gravity of a cross section there is always a pair of axes about one of which the 
moment of inertia is a maximum %nd about the other a minimum. These 
moments of inertia are called 'principal moments of inertia , and the axes about 
which they are taken are called principal axes . The maximum and minimum 
values of moments of inertia occur for axes which are 90 deg. apart. 

18. Radius of Gyration. 1 — The radius of gyration of an area is the distance 
from a given axis to a point at which the entire area of the section must be applied, 
in order that the product of the area times the square of this distance to the 
given axis may be equal to the moment of inertia of the section about the given 
axis. 


1 See also Appendix B . 
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STRESS AND DEFORMATION 

19. Stress. — If we consider a body subjected to the action of external forces 
to be cut by a plane section, an internal force will be transmitted across this 
section which will tend to hold the body in equilibrium. This force is called 
stress , and the material of which the body is composed is said to be stressed. 
The stress may be uniformly distributed over the area of the section or the stress 
per unit of area may vary in several different ways, depending upon the arrange- 
ment of the external forces acting upon the body. The stress per unit of area 
is called the unit stress or the intensity of stress . 

Let P represent the value of a force acting upon a rod of cross-section A , 
and let p represent the value of the unit stress. Then the total stress on a section 
will be equal to the value of the force or P. If the stress is uniformly distributed, 
the unit stress may be found readily by dividing the total stress by the area of 
cross-section, or 

P 

p “-i 

With P expressed in pounds and A expressed in square inches, the resulting 
value of p will be expressed in pounds per square inch. 

20. Deformation or Strain. — When a body is stressed under the action of 
external forces, an accompanying change of shape occurs. This change of shape 
is called deformation or strain , and the body is said to be deformed or strained. 

If a body originally of length l is elongated to a length l + hi when acted 
upon by an external force, its total deformation is 81 and its deformation per 
unit of length, or its unit deformation , is 



With 81 expressed in inches or a fractional part thereof and l expressed in inches, 
the resulting value of 8 will be expressed as a fractional part of an inch per inch. 

21. Elastic Limit. — The elastic limit is the unit stress at the limit of pro- 
portionality of stress and deformation. From zero load up to the elastic limit 
of the material, equal increments of stress produce equal increments of deforma- 
tion. This relation is known as Hooke's Law . Above the elastic limit the ratio 
of deformation to stress is greater than that below the elastic limit and is increasing 
in value instead of remaining constant. For any stress below the elastic limit 
the material will return to its original form and dimensions upon removal of the 
load. When stressed above the elastic limit, the material will not fully recover 
its shape upon removal of the load but a permanent change or set will be produced. 

22. Modulus of Elasticity. — The modulus of elasticity is found by dividing 
any unit stress below the elastic limit by the deformation corresponding to that 
point. Let E equal the modulus of elasticity, / the unit stress, and 8 the uhit 
deformation. Then 



The modulus of elasticity is often called Young's modulus. The moduli of 
elasticity in tension and compression are practically the same for all elastic 
materials. 
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23. Kinds of Stress. — Any one of several different kinds of stress, or a com- 
bination of two or more kinds of stress, may be produced in a body, depending 
upon the arrangement of the external forces. These stresses are as follows: 
Tension, compression, flexure, shear, and torsion. Tension and compression are 
called direct stresses because they act perpendicularly to the section under 
consideration. Our knowledge of the mechanical properties of the materials of 
construction is derived principally from tension tests. Compression as it is 
considered in this chapter is limited to its application to short prisms. 

24. Direct Stress. — When a body is subjected to the action of a tensile force, 
it is elongated in the direction of the force and its cross-section in a plane per- 
pendicular thereto is reduced. Conversely, when a body is subjected to the 
action of a compressive force, it is shortened in the direction of the force and its 
cross-section increased. The ratio of the change in length of each lateral dimen- 
sion to that of the longitudinal dimension is called Poisson 1 s ratio and may be 
denoted by the Greek letter X. The value of Poisson’s ratio for concrete varies 
from Pi 2 to ?i 2 ; f° r steel, glass and stone it is about a f 2 ; for copper and brass 
it is about 2 ; and for lead it is about ^ 2 . 

25. Stress — Deformation Diagrams. — As the load is being applied in a 
tensile or compression test, simultaneous readings of load and deformation are 



Fig. 1. — Stress-deformation diagram for steel. 


made and recorded. The loads are reduced to unit stresses by dividing by the 
area of cross-section of the specimen, and the total deformations are reduced 
to unit deformations by dividing by the length over which the deformations are 
being measured. If the unit stresses are represented by vertical ordinates and 
the unit deformations are represented by horizontal abscissae, and if points are 
plotted which correspond to the readings taken, a curve drawn through these 
points will be a graphical representation of the action of the specimen under 
test Such a diagram is called a stress-deformation diagram in which the ordinates 
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represent unit stresses and the abscissaerepresent the corresponding unit deforma- 
tions. Typical stress-deformation diagrams for steel, cast iron, wood and 
concrete are shown in Figs. 1, 2, 3, and 4. 




Fig. 2. — Stress-deformation Fig. 3. — Stress-deformation Fig. 4.— Stress-deformation 

diagram for cast iron. diagram for timber. diagram for concrete. 


26. Information Obtained from Tension Tests. — The facts usually obtained 
from a tension test are as follows: Elastic limit, modulus of elasticity, ultimate 
strength, percentage of elongation, and percentage of reduction of area. 

26a. Elastic Limit. — The elastic limit as defined in Art. 21 is the 
unit stress at the limit of proportionality of stress and deformation, or, it is the 
unit stress on a stress-deformation diagram where the curve departs from a 
straight line, as illustrated in Fig. 1. Often it is difficult to determine exactly 
the location of the point where the curve first begins to depart from a straight 
line. For this reason, in the commercial testing of wrought iron and structural 
steel it is customary to locate the point where the deformation increases rapidly. 
This point is called the yield point or the apparent elastic limit. In many cases 
it is so close to the true elastic limit that it may be used as such, but in other 
cases it is considerably beyond that limit and should be used then only with a 
full appreciation of the distinction between the two points. 

266. Modulus of Elasticity. — The stress-deformation diagram for 
a material like steel is straight up to the yield point. Therefore the modulus of 
elasticity is constant up to this point from the point of zero load (see Fig. 1). 

The stress-deformation diagrams for materials like cast iron, timber, and 
concrete, are curved almost from the origin. Therefore, the modulus of elastic- 
ity is variable and must be determined for the assumed working stress by divid- 
ing this stress by tho corresponding deformation (see Figs. 2, 3 and 4). 

26c. Ultimate Strength, — The ultimate strength of a material is 
found by dividing the maximum load by the original area of cross-section. Just 
preceding the failure of a ductile material there is a localized elongation and 
reduction of area, or u necking-down ” as it is sometimes called. Therefore, At 





6 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-26 d 


failure, the area of cross-section may be much less than the original area of cross- 
section. Nevertheless, in finding the ultimate strength the maximum load and 
the original area of cross-section are used. 

26 d. Percentage of Elongation. — In order to reduce the results of 
different tensile tests to a comparative basis, the American Society for Testing 
Materials has adopted 8 in. as the standard gage length. After failure has 
occurred the two parts of the specimen are fitted together and the final length 
between two points originally 8 in. apart is measured. The 'percentage of elonga- 
tion is found by dividing the increase in length by the original length. 

26e. Percentage of Reduction of Area. — The percentage of reduction 
of area is found by dividing the difference between the area of the original cross- 
section and the area of the cross-section at the break after failure has occurred 
by the area of the original cross-section. 

27. Information Obtained from Compression Tests. — -Plastic materials like 
wrought iron, soft and medium steel, lead, copper and zinc simply flow when 
acted upon by a compressive force without giving any preliminary indication of 
approaching failure. Brittle materials like cast iron, hard or tempered steel, 
brick, stone and concrete fail by crushing to a powder, by crumbling to pieces, 
or by shearing along planes which make certain definite angles with the direc- 
tion of the compressive force. 

In most cases compression tests of a material are made to determine its resis- 
tance to compression and its elastic properties under compression, while the 
general mechanical properties of the material are usually determined by means 
of tensile tests since they can be made more easily than satisfactory compression 
tests. When testing highly elastic materials in compression, it is customary to 
get the elastic limit, yield-point, modulus of elasticity and, if possible, the ulti- 
mate strength. When testing brittle materials it is customary to get the unit 
stress at the first crack or other sign of approaching failure, the elastic limit, if 
there is one, and the ultimate strength. 

28. Shear and Torsion. — Shearing stress exists at a section when the two 
parts of a body in contact at the section tend to move tangential to the plane of 
the section but in opposite directions. The external forces must be an infinitely 
small distance apart in order to develop pure shearing stress unaccompanied 
by the tension and compression caused by flexure. Since, in testing or in actual 
practice there must be, necessarily, some distance between the lines of action 
of the forces producing the shearing stresses, the element of flexure is never 
entirely eliminated. However, in the following discussion we shall assume that 
we may subject a body to pure shearing stress unaccompanied by tension or 
compression except that which is produced in a particle due to the shear itself. 

Torsion is twisting stress. It is seldom of importance in structural design, 
although it may occur in such members as spandrel beams with rigidly connected 
slabs. 

29. Shear Tests. — Since the transverse shearing strength of materials 
becomes of major importance only in the design of splices, connections, and very 
short beams, especially wooden beams, we are concerned with the transverse 
shearing strength of only a few metals and the various kinds of structural timber. 
The external forces must be only an infinitesimal distance apart in order to 
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produce pure shearing stress on a given plane. This condition is never realized 
in practice nor can it be attained fully in testing. However, the cross-bending 
effect may be reduced and the ideal conditions may be approached in testing 
by reducing the cross-section of the specimen in the plane of the shear by grooves 
and by reinforcing the specimen on each side of this section. 

30». Axial and Combined Stresses. — When a force acts parallel to the axis 
of a member and at the center of gravity of its cross-section, it produces what is 
called axial stress . Such stress is uniformly distributed over the cross-section. 
A force parallel to the axis of a member but not acting along this axis is called an 
eccentric force . It is equivalent to an axial force of like amount and a couple 
whose moment is equal to the product of the force by the normal distance from 
the force to the axis of the member. Thus an eccentric force as described above 
produces comUned stresses. The axial stresses may be considered separately from 
those due to moment, and the resulting stresses added to obtain the total stress 
at any point. For cases of combined stresses which are not parallel, as horizontal 
and vertical shear, or shear and direct stress, the combined stress must be figured 
by methods given in the chapter on li Simple and Cantilever Beams.” 

31. Bending Stress and Modulus of Rupture. — Bending stresses are stresses 
induced by loads perpendicular to the member. Modulus of rupture is the 
maximum bending stress computed on the assumption that elastic conditions 
exist until failure. Bending stress is discussed in the chapter on “ Simple and 
Cantilever Beams.” 

32. Stiffness. — Stiffness is a term used with reference to the rigidity of struc- 
tural members. In columns or struts it refers to their lateral stability; i.e., by 
a stiff column is meant one with a small ratio of length to least radius of gyration, 
as compared to a slender column. In the case of beams, stiffness refers to lack 
of deflection rather than to strength. 

33. Bond Stress. — The combined action of steel and concrete is dependent 
upon the grip of concrete upon steel, called bond. Denoting the allowable bond 
stress per square inch by u , the load which a rod can take from the concrete 
per lineal inch is uird for a round rod, and 4 ud for a square rod. The allowable 

ird? 

stress in the rod is /, -j- for round rods and/,d 2 for square rods. The length of 
embedment of a straight rod necessary to develop its allowable strength is there- 
fore (in inches) for both round and square rods. For given stresses the neces- 
sary length of embedment is easily computed. For example, let = 10,000 lb. 

10 OOOd 

per sq. in. and u = 80, then l = ** 31 + diameters. 

34. Shrinkage and Temperature Stresses. — Shrinkage is a function of 
materials which are poured in a semi-liquid state and then harden by cooling or 
by chemical action. Such materials are cast iron and concrete. A cast-iron 
member should be designed so that in cooling it will not shrink unequally and 
cause stresses which may crack it. For this reason adjacent parts should be 
made of nearly equal thickness, and fillets should be used at all angles and corners. 

Concrete shrinks when setting in air and expands when setting under water. 
If the ends of a concrete structure be rigidly fixed, stress will be developed equal 
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to that required to change the length by the amount of the deformation which 
would occur if the ends were free, or / * dE\ 

All bodies change in length with changes in temperature, expanding with heat 
and contracting - with cold. The coefficient of expansion is the change in length, 
per unit of length, per degree change in temperature. The total change in 
length of a body for a given change of temperature may be found by multiplying 
this coefficient by the length and the change of temperature in degrees. The 
fact that the coefficient of expansion is practically alike for both steel and concrete 
is an important factor in their combined use. . As in the case of shrinkage stresses, 
a tendency to change of length in a member fixed at the ends induces stress equal 
to that which would cause the computed change in length; that is / = dE. This 
may be an important factor to consider jn almost any form of steel or concrete 
construction. In wood construction there is usually sufficient play at columns 
to take up any expansion. 

36. Impact. — Experience and analysis have shown that the stress produced in 
a member by a load which is applied in the nature of a blow is greater than that 
produced by the same load applied gradually, the amount being a function of the 
deceleration of the mass. This excess of stress is called impact , although strictly 
speaking impact does not occur unless the moving object is completely separated 
from the structure that it strikes prior to the impact. A swaying locomotive 
produces a force of more than one-half its weight on first one rail, then on the 
other. Such excess over the dead load is erroneously called impact. Should 
the drive wheels be unbalanced and attain an angular velocity sufficient to raise 
them from the rail, true impact results when they strike the rail on their down- 
ward trip. 

The A.R.E.A. adds 20 per cent of the static live load stresses for lurching of 
rolling stock from side to side with a corresponding reduction on the opposite rail. 

The percentage increase in computed static vertical live load stresses for steam 
locomotives is: 

For L less than 100 ft.: 

For L = 100 ft. or more: 

For electric locomotives: 

where L is the length in feet, center to center of supports for stringers, longi- 
tudinal girders, and trusses, floor beams or transverse girders, floor-beam hangers, 
supports for transverse girders and subdiagonals of trusses. 1 

36. Repeated Stresses. — It has been found from numerous experiments that 
metals may be made to fail at stresses less than the ultimate strength, or at 
stresses even less than the elastic limit, when loads are repeated many thousands 
or many millions of times. 

The word fatigue is sometimes used to denote failures due to these causes but 
the term repeated stress failure or alternating stress failure describes more clearly 

1 For results of recent measurements of strain and the corresponding stresses obtained by use of 
the electrio strain gage, see A.R.E.A. Bull. 422, Vol, 42, p. 393, January, 1941. 
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what actually occurs. The term alternating stress or reverse stress is used to 
denote the case in which the character of the stress changes from tension to 
compression. Repeated stress is a broader term including the preceding case as 
well as that in which the stress remains compressive or tensile throughout the 
test. 

For stresses well within the elastic limit and for the relatively small number 
of repetitions of stress received by a bridge or other structure which the structural 
engineer is called upon to design, the element of repetition has little or no effect. 
It is common practice to make a liberal allowance for impact and to neglect the 
effect of repeated stress entirely. 

37. Work and Resilience. — When a body is acted upon by a force and is 
deformed by it, the force is said to do work. This work is generally expressed 
in inch pounds. Upon removal of the force from an elastic body, this stored 
up energy may hr recovered as mechanical work, provided that the material 
has not been stressed beyond its elastic limit. This ability of a body to give 
back the energy expended in deforming it is called resilience. The work expended 
in deforming a unit volume of any material to the elastic limit is called its modulus 
of resilience. It is the limiting value of the energy which can be recovered as 
mechanical work without loss. Beyond the elastic limit, part of the energy is 
used in permanently deforming the material and is lost in the form of heat. The 
work expended in deforming a unit volume of material when the unit stress is/, 

/ / 

is the product of the unit deformation g, and the average unit force o: r the 

work is 

f 2 


W - 


2 E 


and is expressed in inch pounds per cubic inch when / and E are expressed in 
pounds per sq. in. 

38. Working Stress and Factor of Safety. — The unit stress to which a material 
is to be subjected in practice, and for which the members of a structure are 
designed, is called the allowable unit stress or the working stress. The working 
stress is arbitrarily chosen and recommended by engineers, or others in authority, 
as the maximum value to which, in their judgment, a given material should be 
stressed in practice. The ratio of the ultimate strength of a material to the 
working stress is called the factor of safety . 

39. Influences Governing Choice of Working Stress. — Several different 
influences must be given consideration in determining the value of the working 
stress which should be used under a given set of conditions. Among these influ- 
ences are the following: Reliability of the material, kind of loading, position 
of member, maintenance, type of failure, and consequence of failure. 

39a. Reliability of the Material.— Steel is perhaps the most reliable 
structural material due to its production on a large scale and almost entirely by 
manufacturing organizations of experience. A person who is familiar with this 
material can obtain by inspection and a few simple tests, a good notion of the 
quality of a given product. Concrete is not so reliable because of the variations in 
the composition of the aggregate, and the lack of standardization of the methods 
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of production. Also more elaborate equipment and more time are required for 
the testing of concrete than for the testing of steel. 

396. Kind of Loading. — A lower stress should be used if the load is 
to be applied in the nature of a blow than if the load is to be applied gradually, 
in order properly to care for the stress due to impact (see Art. 35). If the 
stress is apt to be repeated, or alternated several millions of times during the life 
of the member, a lower working stress should be used than would otherwise be 
the case. 

39c. Position of Member. — The other actions to which a material 
is exposed in addition to the load which it is to carry, will have its influence upon 
the working stress which should be used. Certain kinds of brick and stone are 
not very resistant to the action of weathering forces. Unprotected wood will 
decay when exposed to moisture, air and moderate warmth, and due allowance for 
this action must be made unless some means of preservation is provided. Wood 
may be subjected to the attacks of insects, marine borers and fire. The corrosion 
of steel due to water and to the action of injurious gases given off by passing 
locomotives must be considered in the design of steel structures. 

39 d. Maintenance. — In the case of a bridge or other structure 
which is to be inspected frequently and repaired whenever necessary, a higher 
working stress may be allowed than in a case where this service is not to be 
provided. 

39e. Type of Failure. — If there is apt to be some warning or sign 
of approaching failure, a higher working stress can be used than would otherwise 
be justified. 

39/. Consequences of Failure. — Obviously, if failure of a structure 
is to be accompanied by loss of life, every precaution consistent with good 
engineering practice should be observed in order that failure may be avoided. 


SIMPLE AND CANTILEVER BEAMS 

40. Loading. — The load carried by a beam consists of its own weight, known 
as the dead load , and certain temporary loads known as the live had . Dead load 
is present at all times, while live load may be removed from the beam at will. 
In some cases, these loadings are referred to as fixed and movable loads, respectively. 

Loads may be concentrated (that is, applied at a single point or over a very 
short distance), or they may be uniform — that is, the loads cover all or a part of 
the beam, and, throughout the portion covered, the amount of load per unit of 
length is the same. 

41. Effect of a Load on a Beam. — Whenever a beam carries a load of 
any kind, whether it is due solely to its own weight or due to external loads 
placed upon it, two things tend to happen, as follows: (1) The beam bends as 
shown in an exaggerated manner in Fig. 6a; (2) the beam tends to break off or 
shear at various sections, as shown in Fig. 56. 

The effect of the bending of the beam is to lengthen the lower fibers and 
shorten the upper fibers, or, in other words, to put the lower fibers in tension and 
the upper fibers in compression. It is evident that as we proceed from the top 
Of the beam to the bottom we will reach a point where the fibers will be neither 
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in tension nor compression. All these fibers that remain unstressed will form a 
surface such as MNOP , Fig. 6, called the neutral surface. The intersection of 
the neutral surface with the plane of bending, the line AB of Fig. 6, is called the 
neutral line or elastic curve. Any section of the beam, such as C7), intersects the 
neutral surface in a line EF ; this line is called the neutral axis of the section. 

A beam not only tends to fail by shear on any transverse plane, but it also 
tends to split along its neutral surface. 


M 

P=t=t=t==5 

1 a* 

Tk. 5 . 

42. Reactions. — The reactions are the forces acting at the supports which 
balance the loads and so hold the beam in equilibrium. 

43. Principles of Statics Used in Finding Reactions. 

43a. Definitions. — Statics is the science which treats, of forces in 

equilibrium. 

Forces are said to be concurrent when their lines of action meet in a point; 
non-concurrent when their lines of action do not meet in this manner. 

When a number of forces act upon a beam and the beam does not move, then 
the forces considered are said to be in equilibrium. Any one of the forces balances 
all the other forces and it is called the equilibrant of those other forces. 

A single force which would produce the same effect as a number of forces is 
called the resultant of those forces. The process of finding the single force is 
called composition. 

It is evident from the above that the equilibrant and resultant of a number 
of forces are equal in magnitude, act along the same line, but are opposite in 
direction. 

Any number of forces whose combined effect is the same as that of a single 
force are called components of 1 hat force. The process of finding the components 
is called resolution. 

The moment of a force with respect to a point is the measure of the tendency 
of the force to produce rotation about that point. It is equal to the magnitude 
of the force multiplied by the perpendicular distance of its line of action from 
the given point. The point about which the moment is taken is called the origin 
(or center) of moments , and the perpendicular distance from the origin to the line 
of action is called the lever arm (or arm) of the force. When a force tends to 
cause rotation in the direction of the hands of a clock, the moment is usually 
considered positive , and in the opposite direction, negative. 

A couple consists of two equal and parallel forces, opposite in direction, and 
having different lines of action. The perpendicular distance between the lines 
of action of the two forces is called the arm of the couple. The moment of a couple 
about any point in the plane of the couple is equal to the algebraic sum of the 
moments of the two forces, composing the couple, about that point. (Algebraic 
sum of the moments means the sum of the moments of the forces, considering 
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43d. Composition and Equilibrium of Non-concurrent Forces. — 

The resultant of any number of non-concurrent forces may be found in the follow- 
ing^ manner: Resolve each force algebraically into components F x and F Vi 
parallel respectively to X and Y axes. Then the magnitude of R is given by the 
equation 

R = 


,) 2 + ( 2 * Y >’ 

and the angle it makes with the X axis is given by 
, xF v 

zF x 

Its line of action is found by placing its moment about any point equal to the 
algebraic sum of the moments of the forces with respect to the same point. If the 
moment arm of the resultant is denoted by a, and the moment arms of the several 
forces by a h a etc., then 

/ Ra = FxQj, + F 2 a 2 + etc. 

If a force is applied equal and opposite to R and in the same line of action, 
the system of forces will be in equilibrium. Let XM represent the algebraic sum 
of the moments about any point. For equilibrium, then 
2F X = 0 2F„ = 0 2¥ = 0 

In practice it is common to use horizontal and vertical axes, for which case the 
above equations may be written: 

XH = 0 XV = 0 XM = 0 

Problems in the equilibrium of non-concurrent forces may be solved if the 
number of unknowns is not greater than three. Three independent equations 
may be written, employing the three algebraic conditions above stated, and solving 
these equations simultaneously in any given case gives the three unknowns. It 
is often convenient to use two moment equations and either XH = 0 or XV = 0. 
A new moment center must be taken each time XM = 0 is used. 

The three unknowns usually desired may be classed under three general cases; 
namely, where the following unknowns are required: (1) roint of application, 
direction and magnitude of one force (that is, the force is wholly unknown); 
(2) magnitudes of two forces and the directioh of one of these forces; and (3) 
magnitude of the three forces. The first case is nothing more than the finding of 
the resultant of a system of 11011 -concurrent forces. 

A special case in the solution of non-concurrent forces occurs when all the 
forces considered are parallel. Then the number of independent equations 
reduces to two and it is possible, therefore, to 
determine but two unknowns, namely: (a) point 
of application and magnitude of one force; and (6) 
magnitude of two forces. 


300!Jb. 

fv-i- 


6 '- 


5 


Illustrative Problem. — Find the resultant of the three 
vertical forces shown in Fig. 9. Since the forces are all 200 Jt. 
vertical. XH « 0. and the resultant must also act in a p xo g 

vertical direction. Consider downward forces positive 

and upward forces negative. The magnitude of the resultant may be found as follows; 

R « 300 *f 100 - 200 

« 200 lb., acting down (since the result is positive). 

It will be noticed that a force equal and Opposite to R would make the forces in equilibrium* 
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It is now necessary to find the point of application of the resultant R. By the point of 
application in this case is meant a point on the line of action of the resultant. 

The algebraic sum of the moment about the point o is equal to (300) (2) -f (100) (8) 
4* (200) (2) m 1,800 ft.-lb. The resulting force is 200 lb. and the problem resolves itself into 

finding how far from the point o the 200 lb. should be placed to have the same effect as the 

three loads shown, or, in other words, how far away from o a load equal and opposite to 
the 200-lb. resultant should be plaoed in order to cause equilibrium. Thus, XM » 0 
may be used to find this distance. 

1,800 ft.-lb. A . .. , Vl . 

~200 lb — * 9 ft. to the right of o. 


It should be noted that the computations would have been more simple if the point x 
had been selected instead of the point o , that is, the work would have been simplified by 
taking the origin on the line of action of one of the forces The computations for that 
case would be arranged as follows: 


(300H4)_+ (100) (10) 
200 


11 ft. to the right of x. 


AM 



Fig. 10. 


Origin at A 


Illustrative Problem. — The beam AB (Fig. 
10) is 14 ft. long and loaded as shown. It is 
simply supported at A and C. (a) Determine 
the supporting forces due to the three given 
loads ( b ) Determine the supporting forces, 
including the weight of the beam which is 50 
lb. per lin ft. 

(a) R * 200 + 300 + 400 « 900 lb., acting 
down. 

F + Pi ** R - 900 lb. 


(200) (4) + (300) (8) + (400) (14) 
Ft 

F = 900 - 733 
(b) Wt. of beam - (50) (14) 
R =* 900 4- 700 

(200) (4) 4- (300) (8) +(400)(14) 4-(700)(7) 

Fi 

F - 1,600 - 1,142 


12F, 

733 lb. 
167 lb. 
700 lb. 
1.600 lb. 

12Fi 

1,142 lb. 
458 lb. 


J If =167 lb. 

Answers < _ 

(Fi =733 lb. 

. IF « 458 1b. 
Answers jf, = 1(14 2 lb 


44. Shear. — Consider the forces acting on a beam to be resolved into hori- 
zontal and vertical components. Then the shear at any section is the algebraic 
sum of the vertical forces acting on either side of the section, and is the force 
which tends to cause the part of the beam on one side of the section to slide 
by the part on the other side. This tendency is opposed by the resistance 
of the transverse shearing. 

When the resultant force acts upward on the left of the section, the shear is 
called positive , and when it acts downward on the same side of the section, it is 
called negative . Since XV ^ 0 when we consider the forces on both sides of the 
section, then the resultant of the forces on the right of the section must be equal 
and opposite in direction to the resultant of the forces on the left of the section. 
Thus, it makes no difference which side of the section we consider, the shear is 
positive when the resultant on the left is upward and when the resultant on the 
right is downward. Also the shear is negative when the resultant on the loft is 
downward and when the resultant on the right is upward. 

At the section oh, Fig. 11, the shear, since there are no loads between the 
aeotara rad the left support, equals the left reaction and is positive. This is 
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true of any section between the left support and the section cd. The shear to 
the right of cd is negative and is equal to the right hand reaction. 

45, Bending Moment— The bending moment (or moment) at any section 
of a beam is the algebraic sum of the moments of the forces acting on either 
side of the section about an axis through the center of gravity of the section. It 
is the moment which measures the tendency of the outer forces to cause the 
portion of the beam lying on one side of the section to rotate about the section. 
This tendency to bend the beam is opposed by internal fiber stresses of tension and 
compression. 

When the resultant moment on the left of the section is clockwise, the moment 
is called positive) and when it is counter-clockwise on the same side of the section, 
it is called negative . Since 2 M = 0 when we consider the forces on both sides 
of the section, then the resultant moment of the forces on the left of the section 
is equal and opposite to the resultant moment of the forces on the right of the 
section. Thus, it makes no difference which side of the section we consider, the 
moment is positive when the resultant moment of the forces on the left is clockwise 
and when the resultant moment of the forces on the right is counter-clockwise. 
Also, the moment is negative when the resultant moment of the forces on the 
left is counter-clockwise and when the resultant moment of the forces on the 
right is clockwise. 

P 

At the section ab , Fig. 11, the moment is ^ ( x )- It increases uniformly from 


the left support where it is zero to the section cd where it is 



Positive bending moment causes compression in the upper fibers of a beam, 
and tension in the lower fibers. The reverse is true for negative bending moment. 
46. Shear and Moment Diagrams. — The variation in the shear or bending 


<♦ x > 
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moment from section to section for fixed loads may be well represented by means 
of diagrams, called shear and moment diagrams. The diagrams are constructed 
by laying off a baseline equal to the length of the beam and marking off on this 
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line the positions of the loads and the reactions. Positive shear and moment a 
given points should be represented above the base-line and negative shear o: 
moment below this line. Points are plotted vertically above or below giver 
points on the base-line, and the distance these plotted points are from the base- 
line should represent to some scale the magnitude of the shear or moment at these 
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Fio. 14. 


given points on the beam. The line joining the points plotted in this way is 
called the shear or moment line, depending upon whether a shear or moment 
diagram is being drawn. 

To illustrate, in Fig. 15, the ordinate ah icpresents the value of the shear at 
the point b of the beam and the ordinate cd represents the value of the moment 
at the point d. 



In shear diagrams for uniform loading, ordinates need only be erected at the 
ends of the beam and at the points of support. If concentrated loads are also 
applied to the beam, ordinates must also be plotted at their points of application. 

In moment diagrams for uniform loading, ordinates should be erected and 
points plotted at the reactions and every foot or two along the beam. If con- 
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cenfcrated loads are also applied to the beam, ordinates must also be plotted at 
their points of application. 

If the shear or moment lines are not completely determined by the above 
rules, additional points should be taken. 

A cantilever beam is a beam having one end fixed and the other end free (see 
Art. 3, p. 1). The reaction at the fixed end is indeterminate, but the shear or 
bending moment at a given section may be easily found by considering the loads 
between the section and the free end. 

Shear and moment diagrams for both simple and cantilever beams with 
various loadings are shown in Figs. 11 to 16 inclusive. In all cases the weight of 
the beam is neglected. 

47. Ma xim u m Shear. — It is always desirable in proportioning beams to know 
the greatest or maximum value of the shear in a given case. The following rules 
apply: 

1. In cantilevers i 5 xcd in a wall, the maximum shear occurs at the wall. 

2. In simple beams, the maximum shear occurs at the section next to one of 
the supports. 

These rules can be verified by examining the shear diagrams in Figs. 11 to 16 
inclusive. 

48. Maximum Moment. — By comparing the corresponding shear and moment 
diagrams in Figs. 11 to 16 inclusive, it will be found that the maximum moment 
occurs where the shear changes sign ; that is, where the shear line crosses the base- 
line. This could also be shown algebraically. 1 


1 Consider the beam carrying the general loading shown in Fig. A (a). Remove the portion of the 
beam contained between two vertical planes ab and cd at a distance dx apart and indicate the forces 
acting on this portion of the beam. These forces are shown in Fig. A(b), where dM and dV represent 
respectively the change in bending moment and shear across the section. Taking moments about a 
point in the plane ab, we have 

+M - (M + dM) + Vdx « 0 

1 /? V* l'? 

I I .. rv9rft 

' b a T T w ' 

expression may then be written, 


dM 

dx 


- V 



That is, the rate of change of moment at any point is equal to the \wrfx 

external shear at that point. 

In works on the caloulus it is _Bhown that a maximum or a 
minimum value of a function ocours when its rate of ohange is 
equal to sero. By these methods it can be shown that the bend- 
ing moment in a beam, such as Fig. A (o) , is a maximum when its 
rate of change is aero. But eq. (I ) shows that the rate of change 
in moment is equal to the shear at that point. Therefore, the 
bending moment in a beam is a maximum when the shear is 
equal to sero. 

The laws governing the ohange in the shear along a beam may be determined by taking a summation 
of vertical forces shown on Fig. A (6). Thus 




_o 


Fio. A. 


(bJ 


from which 


F + dF-F-tcdx-0 
dV 

m w 

dx 


( 3 ) 


That is, for uniform loads, the rate of ohange of shear is equal to the load per unit of length along the 
beam. A study of the shear diagrams given in the preceding articles will verify this statement. 
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For concentrated loads, a summation of vertical forces taken at a point between loads gives - - 0, 

that is, the shear is constant between loads. When a concentrated load is included between the planes 

ab and cd of Fig. A(a). we find - P, where P is the load at the section. That is, at a point where a 
ax 

load is ooncentrated. the shear changes by the amount of the load 

By the help of this principle it is necessary to construct only the shear line 
and observe from it where the shear changes sign; then compute the bending 
moment for that section 

Illustrative Problem. — Construct shear and moment diagrams for a 20-ft. beam sup- 
ported at the ends and loaded as shown in Fig 17. Also, find the maximum shear and 
maximum moment, and the sections where they occur. 


40001b. 4000 Jb. 50001b. 



Reaction A 


5,00 0) (5 ) -f (4 ,000) (1 0 + 15) + 8 QQQ 
20 


Reaction B 


Shear at a 


14,250 lb. 

13,000 + 16,000 - 14,250 
« 14,750 lb. 

Shear at A « 0 

Shear at section just to right of A » 14,250 

[to left - 14,250 - (800) (5) « 10,250 
l to right = 10,250 - 4,000 « 6,250 
- 6,250 - (800) (5) - 2.250 

► right ** 2,250 - 4,000 - -l,7b0 

► left - -1,750 - (800) (5) « -5,750 

► right - -5,750 - 5,000 - -10,750. 
Shear at section just to left of B *= —10,750 — (800) (5) 

(check) 

Shear at B ■» 0. 


Shear at 5 


/ to left 
\ to rig 


Shear at 


- 14,750 
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We shall determine the moment at points A, a, b, c and B. Moments should also be 
found at sections 2 ft. apart on this beam to completely determine the moment curve. 

Moment at A ** 0 

Moment at a m (14,250) (5) - (800) (5) (Y 2 ) - 61,250 
Moment at b = (14,250) (10) - (8,000 + 4,000) (5) - 82,500 
Moment at e - (14,750) (5) - (800) (5) (%) = 63,750 
Moment at B =* 0 

The maximum shear = —14,750 lb. at a section just to the left of the right support. 

The shear changes sign at section 6, consequently the moment is a maximum at that 
point ** 82,500 ft.-lb. 

In some cases the shear does not change sign at the point of application of a concen- 
trated load and in such a case the position of the section, where the bending moment is a 
maximum, must be scaled or computed from the shear diagram to the nearest one-tenth 
of a foot. 


49. Maximum Shear and Moment Due to Moving Loads. 

49a. A Smgle Concentrated Moving Load. — For a single concentrated 
moving load the maximum positive live shear on a simple beam at any section as 
A , Fig. 18, occurs when the load is just to the right 
of the section. This statement is readily verified 
by considering how the shear varies at the section 
as a. load passes across the beam from the right to 
the :left support. The left reaction, and conse- 
quently the positive shear, is increased as the load 
P is moved from the right support up to the section, 
being greatest when the load is just to the right of the 
section. Now move the load to the left of A . The shear is equal to the difference 
between the left reaction and the load P and, since a load is always greater than 
either reaction (the load being equal to the sum of the reactions), the shear with 
the load to the left of A is negative, proving that the positive shear is a maximum 
with the load just to the right of the section. In practice the load is always 
placed at the section. This same line of reasoning might be followed through 
for negative shear, moving a load from the left abutment to the section and 
considering how the shear varies to the right of the section. The maximum 
negative shear is found to occur when the load is just to the left of the section. 

The value of the maximum positive shear for the load P is P jr, and the maximum 


I P 


* 



Fig, 18. 


Jj — x 

negative shear is P — ^ — 

The maximum live moment at A occurs with the load at A, for a movement to 
either side reduces the opposite abutment reaction 
p % and consequently the moment. The maximum 

moment is P^ (L — x). 

At any point on a cantilever beam, such as at 
A, Fig. 19, the shear is a maximum when the load 
is anywhere to the right of the point. When the 
load is on the left, the shear is zero. The moment 
is a maximum at the section when the load is at B and equals (P)(z). When 
the load is to the left of A, the moment is zero. 


7E* 


IB 


•41 


Fig. 19. 
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496. Moving Uniform Load. — For a moving uniform load the 
maximum positive live shear on a simple beam at any section as A, Fig. 20, 
occurs when the right hand section of the beam is loaded up to the point con- 
sidered. This is seen to be true when we consider that adding a load to the right 
of A increases the left reaction and therefore the positive shear, while adding a 
load to the left of A increases the left reaction by an amount less than the load 
which is added, and hence decreases the positive shear. The maximum positive 

1 

shear at A in Fig. 21 for a uniform load of w lb. per ft. = ^ w j j t 

From reasoning similar to the above, the maximum negative shear at any 
section as A, Fig. 20, is found by loading to the left of the point. Maximum 






Fig. 20 Fig. 21. 


negative shear at A, Fig. 22, for a uniform load of w lb. per ft. = ~ w — ^ — 
(considering the right hand reaction). 

The maximum moment at any section as A occurs when the beam is fully 
loaded , for the addition of a load anywhere on the beam will add a positive 
moment at the section. For a load of w lb. per ft., the maximum 

M^~{L-x)- -^ - 2 ~ x) ' = \{L - xXL-L + x) = | (*)(£, - x). 

If the section is at the center of the beam, the 

maximum M = }£ wL 2 

The above formulas for maximum moment give results in foot pounds, since 
w represents the load in pounds per foot and L the span of the beam in feet. To 

L ±-±i 

Fig. 22. Fro. 23. 



get inch pounds, multiply by 12 or insert for w in the formulas the load in pounds 
per inch and for L the span of the beam in inches. 

At any point on a cantilever beam, such as at A, Fig. 23, the maximum shear 
occurs for either a full load over the entire length, or for full load on the portion of 
the beam between the section and the free end, and equals wx. The moment is 
always negative and the maximum moment occurs for the same loading giving 
maximum shear; i.e., 

maximum M ** -g- 

49c. Concentrated Load Systems. — The methods of finding maxi-' 
mum shear and maximum moments due to concentrated load systems are 
explained fully in the chapter on “ Moments and Shears in Beams and Trusses’ 1 
in the volume on “Stresses in Framed Structures." 
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50. Common Theory of Flexure for Homogeneous Beams.— Having con- 
sidered the external loads and their effect on a beam, there remains to be investi- 
gated the stresses set up in the beam itself which hold these loads in equilibrium 
and prevent the beam from failing. Considering the stresses due to bending 
first, it is shown in Art. 41 that in a simple beam the fibers above the neutral 
axis are in compression and those below in tension, while the fibers it the neutral 
axis remained unstressed. The problem now is to find the stress on the extreme 
top and bottom fibers of the beam when these stresses do not exceed the elastic 
hunt of the material of which the beam is composed. It is also necessary to make 
the following two assumptions which are borne out by tests on actual beams when 
the stresses do not exceed the elastic limi t: 

1. That all transverse plane sections of the beam which are planes before 
bending, remain planes and normal to the longitudinal fibers after bending 

2. That the stress varies directly as the deformation and therefore as its 
distance from the neutral axis, and that the moduli of elasticity for the material 
are equal for tension and compress on. 

As stated in Art. 52, the assumptions made above are not exact, but for all 
ordinary cases of bending the approximate are the true conditions. The formulas 
developed in the following discussion when applied 

to the types of beams generally encountered in A ^ -y- 

practice, give results which enable the engineer to ^ — j — 

design beams which are entirely adequate for the & 0 * 

purpose for which they are intended. ^ 

60a. To Find the Position of the 

Neutral Axis. — Let the shaded triangle in Fig. jT — — - P' *** — 

24 b represent the intensities of tensile and com- 

pressive fiber stresses in the section AB induced * 

by the bending of the beam. Considering the /to/ 

portion EL as a free body it can be seen that the 

internal stresses of tension and compression are ^ /^T\ \* Y 

the only horizontal forces acting. Hence for ( k. J Neutrmr 

equilibrium, the total tension must equal the \ , j ** <5 

total compression and have the opposite sign, (c) 

that is 

T = C (1) Fl °' 24, 

where T and C are respectively the total tension and compression below and 
above the neutral axis. 

Let 

zdy = the area of a very small strip of the cross-section of the beam parallel 
to the neutral axis, as shown in Fig. 24c. 
z = the variable width of the section. 

ft and /„ the intensity of stress, either tension or compression respectively, 
on a fiber at unit distance from the neutral axis. 
f*V and f t y * intensity of stress on any fiber at a distance y from the neutral 
axis according to the second assumption. 

Then 

* UyiiA m stress on any elemental strip of the cross-section at a distance yt 
above the neutral axis. 




M* 


Fio. 24. 
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and 

ftyadA = stress oil 'any elemental strip of the cross-section at a distance y 2 
below the neutral axis. 

The total compression above the neutral axis is then C = 2 E f e yidA and the 

B 

total tension bjlow the neutral axis is T = X E f t y 2 dA, where the letters above and 
below the summation signs indicate the portion of the section over which the 
summations are made. Equation (1) then becomes 

Z^ftydA - ZsfcVidA = 0 (2) 

According to assumption (2), the deformation of fibers varies directly as their 
distances from the neutral axis. Let ei and e 2 represent the deformation of 
fibers at unit distance above and below the neutral axis. Hence 

e\ = £ c dl and e 2 = L* dl 
h e Lx 

where E e and E t = moduli of elasticity for compression and tension respectively, 

r / 

and dl = length of fiber. Since these deformations are equal, we have ™ = v! • 

h c ht 

According to assumption (2), the moduli E c and E t are equal and hence f e - ft- 
Substituting this equality in eq. (2), and replacing y x and y 2 by the general value 
y } we have 

2* ydA = 0 (3) 

Equation(3) is an expression for the statical moment 1 of the area of the section 
of Fig. 24c about the neutral axis. But the statical moment of an area is zero 
only for an axis through its center of gravity. 2 Therefore, the neutral axis for 
bending passes through the center of gravity of the given section. 

50 6. The Extreme Fiber Stress in a Beam. — Let 

f 0 = intensity of stress (either tension or compression) on a fiber at a unit 
distance from the neutral axis. 

/ = intensity of stress on the most extreme fiber. 
c = distance from most extreme-fiber to neutral axis. 

I = moment of inertia 3 of cross-section of the beam about the neutral axis. 
M r = moment of resistance of internal fiber stresses taken about the neutral 
axis. 

M = bending moment due to external forces. 

Other notation same as in Art. 60a. 

Consider again the beam shown in Fig. 24. In order that equilibirum may 
exist on any section, as AB } Fig. 246, the moment of the external forces acting 
on the portion of the beam from L to E must be balanced by the moment of the 
internal fiber stresses taken about the neutral axis of the section. That is, 

M = M r (4) 

The total stress on any fiber of area dA at a distance y from the neutral axis 
of Fig. 24c is f 0 yd A, and the moment of resistance of this stress about the neutral 
axis is f 0 y 2 d A . For the entire section we have 

M b - Zef-V'dA 


1 See definition in Art. It. 


• See Art. 14. 


• See definition in Art. IS. 
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But 

i 

& B yWA *= moment of inertia of the section about the neutral axis. 

Hence 

Mm-fJ 

By definition, ~ • Therefore, 



Substituting this value of M R in eq. (4) we have 

(5) 

which may also be written 



In these equations, ~ * moment of inertia of section divided by distance from 

c 

neutral axis to extreme fiber, is known as the section modulus , and is usually 
denoted by S. Equations (5) and (6) may then be written 

M - fS ) 

M (7) 

J S t 

Equations (5) (6) and (7) are the general formulas for the determination of 
moment carrying capacity, or fiber stress due to a given moment. They are the 
fundamental formulas for design of beams for bending. 

The manner in which the stresses due to bending are distributed across the 
section is interesting and instructive. At a point distance y from the neutral 

My 

axis of Fig. 24c the total fiber stress is F = f v zdy = -j- zdy, where zdy is the area 
of a strip parallel to the neutral axis. 

The distribution of stress across the section is best shown by means of curves. 
To plot these curves consider the web of the beam divided into strips whose ’ 

Fiq. 25. Fig. 26.* 

depth is unity, or say 1 in. Determine the area of this strip and multiply by the 
fiber stress as given by eq. (6). When plotted these values form a curve which 
shows the total fiber stress per unit of depth of the beam. 

For a beam of rectangular section, this curve is similar to the fiber stress 
variation diagram. Figure 25 shows the curve for an I-beam and Fig. 26 shows 
the curve for a buildup beam or plate girder. In these figures, the portions of 
the total stress diagrams above and below ab and de show the proportional part 
of the total stress carried by the flanges, while the areas abcde show the part 





24 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-61 


carried by the web between the flanges. It is therefore evident from these 
diagrams that the material in beam sections should be concentrated near the 
top and bottom of the beam section, for it is at these places that the products 
fvzdy are a maximum. 


Illustrative Problem. — Determine the extreme fiber stress in a rectangular wooden 
beam, 6 in. wide and 10 in. deep, due to a bending moment of 8,000 ft.-lb. 


For a rectangular section, I 
and 10 in. for d, 

and 


' 12 
S 


and c < 


d I 

2 ° r c 


> Substituting 6 in. for b 


6 ( 10 ) ■ 
6 


100 in. 8 


M - 12(8,000) ft.-lb. * 96,000 in.-lb. 

Substituting these values in eq. (7) of the preceding article, we get 

, 96,000 QAnl , 

/ = — lOCT” ~ lb* P° r ln * 

Illustrative Problem. — Proportion a rectangular beam for a bending moment of 60,000 
in.-lb. on the assumption that the extreme fiber stress is not to exceed 1,200 lb. ^ner sq. in. 

From eq. (7) of the preceding article S *= , and from the preceding problem S ~ 

. J o 

for a rectangular section. 

Therefore 

... 6 M 6(50,000) ocn . , 
bd ' - -j - - i;2Q0 = 250 m.* 

If we assume d ** 8 

A 4 X 8-in. beam is satisfactory. ^ 

Illustrative Problem. — Determine the extreme fiber stress in a 15-in. 42.9-lb. I-beam 
due to a bending moment of 900,000 in.-lb. 

From a steel handbook we find that I = 441.8 in. 4 and S m 58.9 in. 3 and we know that 
d 

c = - - = 7.5 in. The extreme fiber stress / may be obtained by substituting the values of 

M, c and I in eq. (6) of the preceding article or it may be obtained by substituting the values 
of M and S in eq. (7). Using the latter equation, we get 

. 900,000 , _ 

/ = ta 15,300 lb. per sq. m. 

00.9 


61. Shearing Stresses in a Homogeneous Beam. — In Art. 44 methods have 
been given for the determination of the total shearing force on any section due to 
external loads. It now remains to determine how this shear is distributed over 
the cross-section of the beam. 

Figure 27a shows a beam deflected under any set of applied loads. It is 
assumed that the beam is composed of a single piece 
of material. Suppose now, that the given beam is 
composed of several pieces laid flatwise, as shown in 
Fig. 276. When this beam is deflected by any set 
of applied loads, it will be found that the several 
pieces composing the beam will slip over each other 
as shown, greatly exaggerated,, in Fig. 276. This 
same tendency for horizontal layers to slide over 
each other is also present in the beam of Fig. 27a, 
but it is prevented by horizontal shearing stresses set 
up in the web of the beam. Methods will now be developed for the determinar 
tion of these shearing stresses, 





Fig. 27. 
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51a. Relative Intensity of Vertical and Horizontal Shearing Stresses. 
As stated in Art. 44 and shown in Figs. 11 to 17 inclusive, shearing forces exist 
on the vertical sections of a beam under any set of applied loads, and in the pre- 
ceding article it has been shown that horizontal shearing forces must also exist. 
In determining the distribution of shearing stresses over the cross-section of the 
beam, attention must be paid to the conditions of equilibrium existing on the 
particles composing the web of the beam when acted upon by the vertical and 
horizontal shearing stresses mentioned above. 

Consider two sections of a beam, as shown in Fig. 28a. l.et the distance 
between these sections be so small that the 
shears on the two sections may be assumed , — 
to be equal. Take out any small element of ( 
the web and indicate all forces, as shown in ; 

Fig. 286. These forces are the fiber stresses ‘ — 
of intensity/ due V s bending, also considered 
as equal; a shearing stress of intensity v acting 
vertically on the faces AC and BD due to the vertical external shear on the sec- 
tion; and a shearing stress of intensity v\ acting horizontally on the faces AB and 




D* 


(a) 


(b) 


Fio. 28. 


CD. 

Since the element is in equilibrium, moments about any convenient point, 
as corner A Fig. 286, must be equal to zero. Assuming the depth of the element 
perpendicular to the plane of the paper to be unity, and noting that the total 
stress on any face, as BD, is vBD, we have 

0 v)(BD)(AB ) - (n)(CD)(AC) - 0 
But AB = CD and AC = BD. Hence 


V = V\ 


( 1 ) 


That is, the intensities of vertical and horizontal shearing stresses on the faces 
of any element in the web of a beam are equal. 

616. Intensity of Horizontal Shearing Stress. — The intensity of 
horizontal shearing stress at any point in the web of a beam can be determined 



(bj 

Fio. 20. 


by a consideration of the stress conditions on two vertical sections separated by a 
very small horizontal distance. Let Fig. 29a show these sections, and let ffli 
and M% represent the bending moments at these sections. Assume that Mi 
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is greater than M 2 . Figure 296 shows the internal stresses acting on these 
sections. 

Let C\ and C 2 represent the total stresses acting above a line a-6 on the two 
sections, as shown in Fig. 296, and assume, as for moments, that C\ is greater 
than Cj. The shearing stress intensity on the area a-6 is then equal to Ci-Ca 
divided by the area on the line a-6, or 

Where i)\ * the horizontal shearing stress intensity on a section distance y above 
the neutral axis, and 6 and dx are the width and length of the area a-6 of Fig. 29. 

In general, the total stress above any line, as a-6 may be found from the 
conditions shown in Fig. 29dL If C represents this total stress, we have 

C - rjjbdx 
But 


Hence 


C = s' - 

• * C 


From eq. (6) of Art. 606, / = -j— Therefore 

M 

c - ~ s; zbdz. 

In this expression, the term 'E/bdz is the statical moment taken about the neutral 
axis, of the area of the section above the surface a-6. Call this term Q. 

Then 

c = <3 

Values of C for the two sections shown in Fig. 296 may be determined by substi- 
tuting proper values of M in the above equation, from which 

J Cl = M.^andC* = 

Placing these values of C\ and Ct in eq. (2), we have 

_ (Mi -MA . Q 
Vl ~ \ dx ) bl 

If the two sections of Fig. 296 are taken an infinitesimal distance dx apart, we 
may write Mi — Mi = dM, where dM is the change in moment. 

Then 

Q dM 


From p. 17, 


F, where V = external shear on the section. Therefore 


.Since wo have shown in Art. 51a that the vertical and horizontal shearing stress 
Intensities are equal, eq. (3) is a general expression for intensity of horizontal 
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and vertical shearing stress intensity on any section at a distance y from the 
neutral axis. 

In eq. (3) 

v » v\ = intensity of horizontal or vertical shearing stress intensity at any 
surface distance y from the neutral axis. 

Q — statical moment, taken about the neutral axis, of the area of the 
section outside the shear plane in question. 

V = external vertical shear at the section in question. 
b = width of beam section at the shear area in question. 

I = moment of inertia of the beam section. 


51c. Variation in Shearing Stress Across a Section, 
in shearing stress intensity for cross- 
sections in common use for beams 
will now be determined by means 
of eq. (3) of Art. 516. 

Rectangular Section . — Let it be 
required to find the general ex- 
pression for the shearing stress 
intensity at a distance y above the 
neutral axis of the section shown in 
Fig. 30. Assume the external shear 
on the section to be 7. For the 
dimensions shown on Fig. 30a, the 
general expression for Q, the statical 
moment of the area abed about the neutral axis, is 

•-•(MGG+Ol-H?-') 


-The variation 


fit 

<p--> 



Tjr 

fit\ f 


7 fji 






1 

1 

1 

Jr 


Neutral Axis^O 

0 

J 

Cross Section 

M 




Variation in Shearing 
Stress Intensity 
(b) 

Fig. 30. 


It can be shown that the moment of inertia of a rectangle about the neutral axis 


is/ = i2- 

Hence, from eq. (3) 




I 

• V 




" »(g) 


from which 


W) 

(4) 


From analytical geometry it can be shown that this is the equation of\a parabola. 
Figure 306 shows the curve as plotted, the origin being at point 0. 

At the top and bottom of the section, where y = ^ > we have v — 0; and at the 


neutral axis, where y 


0, we have 


v = 


3 7 
2 bd 


(5) 


which is the maximum shearing stress intensity for the section. Note that the 
terna bd in eq. (5) is the area of the section. Therefore, the shearing stress inten- 
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sity at the neutral axis, which is the maximum value, is ^ of the average shearing 

stress intensity found by dividing the external shear by the area of the section. 

1-Section . — The variation in shearing stress intensity .will be studied for the 
typical /-section shown in Fig. 31a. In this section the rounded comers and 
sloping inner faces of the flanges have been replaced by parallel edges in order to 
simplify the discussion. 

To determine the intensity of shearing stress on section a-a through the flange, 
substitute in eq. (3), Art. 516, values of the statical moment, taken about the 



neutral axis, of the flange area above section a-a. From Fig. 31a the required 
statical moment is 

<2 = 6(2 -v)[y + \^- s')] = 2-(? -vj 

Then, assuming V and I as constants, we have from eq. (3), 

Va ~ £1 (j ~ y *) ^ (6) 

At the lower edge of the flange, section 6-6 of Fig. 31a, where y = — f), eq. 

(6) becomes 

Vb = ?i( d ~ t ) (7) 

For a section c-c in the web, where the width of section is w, and the statical 
moment of the area of the beam section above c-c is 


the intensity of shearing stress at c-c is 
.. 

‘27 \ w 


at c-c is 


( 8 ) 


At section 6-6, the under side of the flange, where y * ^ eq. (8) becomes 

Vb “ 21 w ^ ~ ^ W 

Note that eq. (7) is taken an infinitesimal distance above section 6-6, where the 
width of section is 6, and that eq. (9) is taken an infinitesimal distance below 
section 6-6, where the width of section is w f the web thickness. At the neutral 
axis, where y * 0, eq. (8) becomes 

/ v /A \ i 

( 10 ) 





Sec. l-51c] 


GENERAL THEORY 


29 


Values given by eqs. (6) to (10), when plotted for special values of the several 
dimensions given on Fig. 31a, will form the shearing stress intensity diagram of 
Fig. 316. Let AB represent a base line. The value of v c from eq. (6) is repre- 
sented by CD . Note that eq. (6) is the equation of a parabola. If the width of 
the section were constant, the resulting curve would be represented by the para- 
bola A MB. The abscissa EF represents the value given by eq. (7) and EG 
represents the value given by eq. (9). Note the effect of the sudden change in 
the width of section at 6-6. The abscissa HK represents the value given by eq. 
(8). It can be seen that the first part of the expression, in brackets is exactly the 
same as a portion of eq. (9), while the last part of eq. (8) represents a parabola 
which is represented in Fig. 316 by the curve GKO. The curves PFM and NGO 
can be shown to be equal curves. At the neutral axis, the abscissa LO represents 
the value given by eq. (10). Figure 316 gives the complete curve, and represents 
the variation of shearing stress intensity across the whole section. Note that the 
stress intensity actm The web is nearly uniform and greatly in excess of the 
shearing stress intensity for the flanges. 1 

Figure 316 shows the distribution of shearing stress intensity. The distribu- 
tion of the shear over the web may be studied by dividing the web and flanges 
into small vertical sections, determining the area of these sections, and multi- 
plying each by the stress intensity shown in Fig. 316. On plotting these values, 
the resulting curve will show the actual distribution of the shear across the web. 
Thus, at the neutral axis, consider a piece of the web whose height is unity. Since 
the thickness of the web is w, the area of this piece of web is m-. On multiplying 
this area by the stress intensity given by eq. (10), and for other portions of the 
web area by eq. (8), we may plot the curve represented by 2-3-4 of Fig. 31c. 
For the flanges, a similar process gives the curves 1-2 and 4-5. The total area 
of the curve 1-2-3-4-5 is equal to the external shear on the section. 

The curve of Fig. 31c shows that the amount of shear carried by the flanges is 
represented by the areas 1-2-8 and 4-5-6, while the shear carried by the web is 
represented by the area 2-4-6-8. 

A general expression for the relative amount of shear carried by the flanges 
and the web may be determined by the process outlined above. Thus, at 
section a-a of the flange, the area of a strip of height dy is bdy . Equation (6) 
gives the stress intensity on this strip. Therefore, the stress on this strip is 
F6 id % \ 

vjbdy — g y ( f ~ y 2 \dy. The total shear stress on the top and bottom flange 
is then 

V, - 2 [£ _ 1} (? - “W - lif ( M - =“) «« 

where V/ = shear carried by the flanges. 

To determine the amount of shear carried by the web, subtract the amount 
of shear carried by the flanges from the total. Thus, if 7» = shear carried by 
web, - 7 - V/, and 

Vw - v[l - ^ (3d - 2 i)] ( 12 ) 

On substituting special values in eq. (12), the expression in brackets gives the 
percentage of the total shear carried by the web. 
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In practical designing it is generally assumed that the shearing stress intensity 
in the web is equal to the external shear divided by the web area, which is taken 
equal to the thickness of the web times the total depth of the beam. The results 
given in the illustrative problem at the end of this article for a section of the 
form given in Fig. 31 show that the maximum shearing stress intensity determined 
by the more exact method given in this article is about 16K per cent greater than 
the value calculated on the above assurrption. 

It will now be shown that the maximum shearing stress intensity on the web 
is approximately equal to the external shear divided by the area of the web 
taken for the portion between the flanges. To derive this relation, approximate 
values of Q and I for the section will be used in eq. (3) of Art. 616. As shown in 
Fig. 31a, let d\ represent the depth of the web between flanges. Approximately, 


the moment of inertia of the section is I 


I2 wdl * + 2W (f ) fc 


The approxi- 


mation involved in this expression is that the distance from the gravity axis to 
the center of the flange is ~ instead of its true value ^ (di + t). In the same 


manner, the statical moment of the area of the upper half of the section about the 
d i wd i ® 

neutral axis is Q = bt 0 + ~ q— Substituting these values in eq. (3), noting that 

& o 


the width of the section is w, we have 




V 


Making the further approximation that the expression in brackets is equal to 
we have 



(13) 


where v N — shearing stress intensity at the neutral axis. Noting that wdi is the 
area of the web between flanges, we have a theoretical basis for the above 
assumption. 

62 . Limitations of the Ordinary Theory of Bending. — Figure 32a shows a 

simple beam with any set of applied loads. 
Consider a section n-n at which both mo- 
ment and shear exist due to the applied 
loads. From Art. 606 the bending moment 
is resisted by bending stresses which act 
normal to the section, as shown in Fig. 326, 
and Arts. 61a and 616 show that the ex- 
ternal shear is resisted by shearing stresses 
acting parallel to the section and varying in 
amount from the edges to the center of the 
section, where they reach their maximum 
values. At any point in the section the existing stress is the resultant of the 
bending and shearing stresses. Figure 32c represents approximately the amount 
and direction of these internal stresses. 

Since in most cases of bending, shear and moment exist at the same section 
and the nature of the internal stresses is as shown in Fig. 32c, it is evident that 
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the stress and deformation conditions in such sections are much more compli- 
cated than assumed in the preceding articles in the derivation of the flexure, and 
shearing stress formulas. St. Venant, a celebrated French mathematician, has 
shown that the assumptions made in deriving the flexure formulas of the pre- 
ceding articles hold true only when the shearing force is constant. For the 
more exact theory developed by St. Venant, the reader is referred to his advanced 
works on the Theory of Elasticity. 

For practically all cases of bending encountered in the design of engineering 
structures, it is sufficiently accurate, however, to assume independent' action of 
the internal forces. The ordinary theory of bending is based upon this 
assumption. Since maximum moment occurs at the section for which the shear is 
zero, and also, since when the shear is large the bending moment is generally small, 
the ordinary theory of bending gives results in practice very close to those 
obtained by the exact theory. In these books, the ordinary theory of bending 
will be assumed to JiOid true. 

63. Principal Stresses in the Web of a Beam. — When shear and moment fiber 
stresses exist on any section of a beam, as shown in Fig. 32c, the maximum fiber 
stress intensity will be a function of the resultant of the stress intensities due to 
bending and shear. 

Let Fig. 33 represent any particle taken from the tension side of a beam, and 
let it be assumed that the stress conditions on this particle are as shown in Figs. 
326 and c. These fiber stresses, which are shown 
in position on Fig. 33a, are the normal bending 
fiber stresses of intensity / acting on the vertical 
faces, and the shearing stresses of intensity v 
acting on the four faces and in the directions 
shown on the figure. Values of / and v to be 
used in Fig. 33a are given respectively by eq. 

(6) of Art. 506 and eq. (3) of Art. 516. 

To determine the resultant stress intensity, consider any plane AE at an 
angle 0 to the horizontal. Remove the portion of the particle to the left of plane 
AE f and represent all stress intensities, as shown in Fig. 336. Let the internal 
stress conditions on plane AE be represented by a normal stress of intensity n 
and a tangential, or shear stress, of intensity t. 

Resolving forces perpendicular to plane AE, we have 

nAE — vAB cos 0 — vBE sin 0 — fAB sin 0 = 0 
AB BE 

Solving for n, noting that = sin 0 and = cos we ^ ave 
n = 2v sin 0 cos 0 + / sin 2 0 

Expressing sin 0 and cos 0 in terms of the double angle 20, we may write 

n » v sin 26 + £ (1 — cos 2$) (A) 



Equation (A) gives the value of the normal stress on plane AE. By a similar 
process, it can be shown that the value of t , the tangential stress intensity on 
planeA£|is 

t « v cos 2$ sin 20 . (B) 
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Equation (A) shows that the value of the normal ‘stress intensity n depends 
upon the angle 8 . By methods given in text books on the calculus, it can be 
shown that n is a maximum when 8 has a value given by the equation 

2v 

tan 2 * - - y (14) 

and that the maximum value of n is 


TT'fliax 




(15) 1 


On substituting values of sin 28 and cos 20, as given in the footnote, in 
eq. (B), it will be found that t = 0. That is, when the normal stress intensity n 
on plane AE of Fig. 33 reaches its maximum value, the tangential stress inten- 
sity t is equal to zero. Therefore the stress on plane AE is entirely normal . 
When the resultant stress intensity on any plane is normal to that plane, it is 
said to be the principal stress intensity for that plane. The plane on which a 
principal stress intensity occurs is said to be a principal stress plane. Thus n max 
of eq. (15) is a principal stress intensity and AE of Fig. 33 is a principal stress 
plane when 8 has the value given by eq. (14). 

Equations (14) and (15) have been derived for a particle on the tension side 
of a beam. These equations may also be used where / is compressive by changing 
the sign of / to minus, and placing a minus sign in front of the radical in eq. (15). 


Since / under the radical is squared, the value of 



+ v 2 is the same for com- 


pression as for tension. 

53a. Principal Stress Lines in the Web of a Rectangular Beam. — 

The amount and direction* of the principal stresses vary for every section taken 
through a beam. Figure 34 shows the stress lines in 
a simple beam, supporting a uniform load. Note that 
at all sections on the neutral axis where shear exists, 
the principal stresses make angles of 45 deg. with the 



Fia. 34. 


, neutral axis. 

— vfnwxtmumcorrnxwien fpi • , . « j • «« 

Umsef maximum tension These curves are interesting and prove especially 

instructive in the study of internal stresses in webs 
of beams composed of a material which is weak in 
tension but strong in compression — as for example, a concrete beam. The full 

1 Derivation « of Bqa . (14) and (15). — To determine the value of 9 given by eq. (14), place equal to 
aero the first derivative of n with respect to 8 in eq. ( A ). Thus 

dn 


from which 


— 2v cos 29 -f / sin 29 > 


tan 28 » — 


To derive eq. (15), we note from trigonometry that eq. (14) represents either a second or a fourth 
quadrant angle. On substituting values of 29 from eq. (14) in the equation expressing the second 
derivative of n, eq. (A), with respect to 9, a negative value results. This can be shown, by methods 
given in text books on the calculus, to indicate a maximum value of n for seoond quadrant values of 20. 
FVom trigonometry, for seoond quadrant values of 29, we have 

/ 


sin 29 « + 




and cos 28 m 


4 «>* 


VR) 




Substituting these values in eq (A), 

" i * * * ** • “ * lvan by *4* 
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lines of Fig. 34 show the directions of principal compressive stress intensity, and 
the dotted lines show curves for principal tensile stress intensity. Note that 
these sets of curves cross at right angles. For beams in which the length is great 
compared to the depth, the curves of principal stress intensity are much flatter 
than for the conditions shown in Fig. 34. 

636. Principal Stresses in the Web of an I-Beam. — Where sudden 
changes occur in the thickness of the web of a beam, as in the case of an I-beam, 
it will often be found that the principal stress intensity, as given by eq. (15), is 
in excess of the extreme fiber stress in bending, as given by eq. (6) of Art. 606. 
This is particularly true when heavy shear and moment exist on any section at 
the same time — as, for example, at the wall section in a cantilever beam. In 
such cases the intensity of stress at the junction of web and flanges requires 
careful consideration. 

This matter was first called to the attention of engineers when it was noticed 
that I-beams under febt loads showed signs of weakness at the point where the 
web joins the flanges. Later types of I-beams were rolled with larger fillets at 
the junction of flange and web. This change provides additional area at a weak, 
point, thus reducing the principal stress intensity at these dangerous sections. 

63 c. Effect of Vertical Loads on the Principal Stresses in the Web. — 
In the preceding articles the effect of external vertical loads supported on the 



flanges of the beam has been neglected in the determination of the principal 
stresses in the web of the beam. Where heavy loads are supported by the 
top flange, the compressive principal stress intensity at the junction of the web 
and flange is considerably increased. If the loads are supported by the 
bottom flange, a corresponding increase takes place in the principal tensile stress 
intensity. An expression will now be derived for the intensity of stress at any 
point in the web of a beam due to vertical loads on the top flange. 

Let Fig. 35a show a portion of a beam whiqh supports a load of w lb. per unit 
of length. Consider two sections a-6 and c -d at a distance dx apart, and let the 
moments and shears acting on these sections have the character shown by the 
arrows. Remove the portion of the section above the plane AC of Fig. 35a. 
Figure 356 represents this portion of the beam with all applied forces in position. 
These forces are a vertical downward load t vdx; horizontal loads Ci and C% which 
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represent the summation of total fiber stresses fi and fa above the plane AC; 
vertical forces V 9 and F" which represent the total shearing stress on the vertical 
faces above the plane AC; a horizontal force on the plane AC representing the 
total horizontal shearing stress on that plane ; and a vertical force qbdx acting 
on the plane of AC , where q is the intensity of the vertical compressive stress in 
the web. The intensity of q will now be determined . 

Placing a summation of vertical forces on Fig. 356 equal to zero, we have 
+ F' - F" - wdx + qbdx = 0 

from which 

- (F* - V")l 

The terms F' and V" represent the total shear stresses above the plane A C f that 
is V 9 = 2 tf l vjcdz for the dimensions shown in Fig. 35c. The value of v t is 
given by eq. (3) of Art. 516 in terms of Fi, the total external shear on section ab 
of Fig. 35a Let N represent the term involving the properties of the section. 
We may then write V 9 = NV\ and F" = NV 2 , where F 2 = external shear on 
section cd of Fig. 35a. Noting that V x — V 2 = change in shear between sections 
ab and cd = wdx , the above expression for q may be written 

q = 6^ [wdx — N wdx] 


or 




( 16 ) 


The summation mentioned above leading to the value N is not readily accom- 
plished for a general section of irregular outline. However, the value of N 
may be determined by placing moments about point A of Fig. 356 equal to zero. 
In making this moment summation, we may neglect the moments of forces wdx 
and qbdx, for they involve the term dx squared which is infinitely small when 
compared to the other terms. Also, the moments of C\ and C 2 will be stated in 
terms of/i and/ 2 . We then have 

+ V'dx + 2 K y fiz(z—y)kdz — ^Jfaziz—y) kdz = 0 
But 

h = ™j Z ,S*= M f, and V' 

Since M Mu we may write 

*1 


NVi 


- m 


2 kl z'kdz 


But 


dM 


y2 1 zkdz 1 

V -* 


Fi; 2 — z 2 kdz = moment of inertia about neutral axis of area out- 


dx y 

ride plane AB of Fig. 35c, which we will denote by I v ; and 'L’fzkdz * statical 
moment about the neutral axis of the area outside plane AB, which will be 
denoted by Q y . We then have 

N = \ (I. - yQ„) 

On substituting this value of N in eq. (16), the general expression for stress inten- 
sity q is 

_ i~ 4 -1 

( 17 ) 


■ f [ 1 - J dy ~ V«.)] 
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Equation (17) shows that the value of q varies across the section. At the 
top of the section, I v = 0, Q y * 0 and q = At the center of the section I v » 


H If V = 0 and q - ™ • At the bottom of the section, I v = J, Q v = 0 andg 

0. Figure 36 gives the curve for q across the upper half of r 
an I-beam web. 

For a rectangle of width b and depth d , as shown in 
Fig. 37, 

;, = 2 - 4 - m , o , = 3(4* - 1/ 1 ), 



Fig. 36. 


and 


/ - 


Equation (17) then becomes 

b R , 

9 = w 1.2 + 


W 

12 * 

3 y 
2 d 


(18) 


The curve shown in Fig. 37 represents the value of the term in brackets for various 
values of y. 

When the load on the flange is concentrated instead of uniform, as assumed in 
the above analysis, the concentrated load may be reduced to a uniform load by 
assuming that it is uniformly distributed over a certain portion of the flange 
(see Arts. 51c and 6 Id, Sec. 2). 
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Figure 38 shows a particle on the tension side of the web of a beam which 
is acted upon by a vertical stress of intensity q in addition to the bending and 
shearing stresses considered in Art. 53. The stress intensity q is determined from 
eq. (17). In Fig. 38 it has been assumed that q is a tensile stress. 

Let p represent the intensity of principal stress on a plane AE at an angle 0 
with the horizontal. By methods similar to those employed in Art. 63, it can be 
shown that 

P»« = 2^ + 3) + V(-~2 J ) 1 + t '‘ ( 19 ) 

and that the angle which the principal stress plane for p ma » makes with the hori- 
zontal is given by the equation 

tan 20 = — j?— (20) 

When / or q are compressive, negative values for these terms must be substituted 
in eqs. (19) and (20). 
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64. Plain Concrete Beams. — The first assumption in the common theory of 
flexure, as given in Art. 50, may be applied directly to plain concrete and also to 
reinforced-concrete beams. Careful measurements seem to show some deviation 
from a plane, but in general this assumption seems to be Warranted. From this 
fact it follows (as stated above) that deformations of the fibers ar b proportional 
to the distances of the fibers from the neutral axis. OS in Fig. 39 is the stress- 
deformation diagram for concrete in compression with the deformations repre- 
sented vertically. The curve OT is the stress-deformation diagram for concrete 
in tension. For working loads the curves OS and OT do not vary materially from 
straight lines and the unit stresses in the fibers at any section of a plain concrete 




b 


Unea of maximum tension 

..... Lines of maximum gomprepeioq 

Fig. 40. 


beam may thus be assumed to vary directly as the deformations and consequently 
as the distances of the fibers from the neutral axis. Hence, the common flexure 
formula for homogeneous beams applies when the loads are working loads. For 
ultimate loads, however, the formula does not strictly apply. 

A plain concrete beam will fail by cracks opening up along the uneven lines 
which are shown in Fig. 40 on account of the low strength of concrete in tension. 
If concrete were only stronger in tension, then the plain concrete beam might be 
of some structural value. In order to offset this disadvantage of plain concrete, 
steel is used. 

65. Purpose and Location of Steel Reinforcement in Concrete Beams. — 

Steel reinforcement should have the general directions shown in Fig. 41 in order 


^ 

. Fig. 41. Fig. 42. 

to take the tension in the beam and prevent the cracks starting along the lines 
indicated. Figure 42 is the simplest method of reinforcement and quite often used 
for light loads. In beams highly stressed, curved or inclined reinforcement is 
needed, in addition to the horizontal rods. The most common method is to use 
several bars for the horizontal reinforcement and then to bend up some of these 
at an angle of from 30 to 45 deg. as they approach the end of the beam and where 
they are not needed to resist bending stresses. The concrete is depended upon 
to take care of the compressive and pure shearing stresses, its resistance to such 
stresses being large. 

56. Tensile Stress Lines in Reinforced-concrete Beams.— Lines of maximum 
tension in the concrete of reinforced-concrete beams are considerably inclined 
immediately above the line of the steel. The inclination of these lines is greater, 
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the greater the shear, and the less the horizontal tension. The inclination, 
therefore, increases toward the end of the beam. At points nearer the neutral 
plane, the horizontal tensile stresses become le& and the inclined tension 
approaches the value of the shearing stress, I VHSA ' V V\ I IJ£ H T J 
while its inclination approaches 45 deg. 

Figure 43 is an attempt to represent roughly 

the general direction of the inclined tensile SS^t2^5*ur 

stresses in a simply supported beam uniformly Th * 

loaded and with horizontal reinforcement. Fig * 43 * 

57. Flexure Formulas for Reinforced-concrete Beams. — A great many 
varieties of flexure formulas have been proposed from time to time to be used in 
the design of reinforced-concrete beams. As might be expected, many of the 
earlier formulas considered the concrete to carry its share of the tension which 
we know now cannot be done with safety. Only two classes of flexure formulas 
are at the present #fer«e in practical use. In each of these classes, tension in the 
concrete is neglected and a plane section before bending is assumed to be a plane 
after bending takes place. 

The formulas almost universally used and made standard by the Joint 
Committee relate to working stresses and safe loads, and are based on the straight- 
line theory of stress distribution. The other formulas referred to above relate 
to ultimate strength and ultimate loads and the stress-deformation curve for con- 
crete in compression is assumed to be a full parabola. Ultimate-load formulas 
are used to such a limited extent that they will not be considered here. 

57a. Assumptions in Flexure Calculations. — The following assump- 
tions are made in deriving the flexure formulas: (1) the adhesion of concrete to 
steel is perfect within the elastic limit of the steel; (2) no initial stresses are con- 
sidered in either the concrete or the steel due to contraction or expansion ; (3) the 
applied forces are parallel to each other and perpendicular to the neutral surface 
of the beam before bending; (4) sectional planes before bending remain plane 
surfaces after bending within the elastic limit of the steel; (5) no tension exists 
in the concrete; (6) modulus of elasticity of concrete is constant. 

675. Flexure Formulas for Working Loads. — Straight-line Theory. — 

The unit stress in the steel is 

E '^thm tite elastic limit, and the 

/ 1 3 un ^ stresses in the concrete at 

• -ti -* 88?’ H o | ^ given section of the beam are 

/ ! 1*25 considered to vary as the ordi- 

/ H — ittatfer** na t e s to a straight line (see Fig. 

D $3Kr £*!£* SSSn 44). Tension in the concrete is 

Yiq. 44. neglected. The formulas follow 1 

(see Notation, Appendix A): 


F? 



L/- 

imtfWdEOMR* 


Fig. 44. 


i The formulas may be derived as follows: 

Total compressive resistance — total tensile resistance, or 

Hfthbd - (a) 

From the assumption that deformations vary as the distances of the fibers from the natural axis and 
assuming stress proportional to deformation 

JL . f.L 

EM M( 1 - k) 

which reduces to 
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k - 

« y/2pn + (pn) 2 - 

1 

■ pn = — 


U) 



, 

l+ t 

Jl 

nfc 

(2) 

3 = 

i - 

Hk 


V = 

fed 

= H 

f(f‘ +i 
fXnfc ^ \ 

n 


(3) 

M c - 

HfJcj(bd 2 ), or ta* 

2M T 

~m 0Tfr 

_ 2 M 
kjbd* 

(4) 

M, = 

or 6d 2 = 

o 

-t 

> 

ii 

M 

A 9 jd 

(5) 

/• = 

2/.P 

f,k 

or n(l - A) 



(6) 



for all sizes of beams The formula for M c gives the resisting moment when the 
maximum allowable value of f e is introduced as the limiting factor and ihe for- 
mula for M t gives the resisting moment when the maximum allowable value of 
/, is the limiting factor. The lesser of these two resisting moments, when proper 
working values are assigned to f 0 and /„ is the safe resisting moment of the beam 
in question. 

Unlike steel beams, reinforced-concrete beams require a preliminary formula 
to be solved before the formula for resisting moment may be employed. Solving 
this preliminary formula locates the position of the neutral axis which is in the 
same position only for beams of a given percentage of steel reinforcement. 

The method of procedure in flexure formulas is to determine the vertical 
section of the beam where the moment is a maximum and apply the formulas at 


, 1 - k , f.k 

1 ,n nr - or/ ‘~TKT^*y 


, or k - - - 


1 + 


(M 


nft 


The total resisting moment of the beam is the sum of the moments of the total compressive stresses 
and of the total tensile stresses about the neutral axis, or 

M - Hkd(M/ e kbd) + d(l - k)A.f. 

- HfeVbd* + 1 ~ k) (c) 

Eliminating k between eq (a) and ( b ), the following formula for steel ratio results: 

Introducing the value of /• from eq. (b) into eq. (a), we have 
H k*bd - AM 1 - k) - 0 


from which 


Hk'b - pbn(l - k) - 0 


k — y/ 2 pn + (jm)* — pn 
Substituting the value of At/$ from (a) into (c), we get 

Mt - Hftk (1 - Hk)bdt 

Mt - Mftkjbd* 

Substituting the value o t ft from (a) into (c), and remembering that At ■ pbd 

Mt - pfabd* 

Equation (a) may be solved to give 

, . ** nr n 
/• * T““* or V “ ST 




Sec. 1-576] 


GENERAL THEORY 


39 


that section. Either formula for p, containing the value of f e and/*, determines 
the amount of steel reinforcement which is needed to cause the beam to be of 
equal strength in tension and compression. The formulas for resisting moment 
determine the bending moment which a beam will safely withstand (for an exist- 
ing structure) or the size of the beam needed to resist a given bending moment (for 
a proposed structure). 

If a beam is over-reinforced, its resisting moment depends on M e , and if 
under-reinforced on M a . 

If it is desired to find the fiber stresses in concrete and steel of a given beam, 

the formulas /, = and f e = ^or f e = should be used, where M 

is the external bending moment in each case. For a given external M, either 
2 m M 

bdi — jj y or bdi = ^ . may be used to determine cross-section, when the p used 

is obtained from the *>rmula p — , or from p = ^7, in which k = 

J ± l Ll 1 1 1 $ • 


fc \nf e + V 


Illustrative Problem. — What will be the resisting moment (M) for a beam whose breadth 
(b) is 8 in. with a distance from the center of the reinforcement to the compression surface 
(d) of 12 in., the area of steel section being 0.96 sq. in.? Assume n *■ 15; f c ** 650 lb. per 
sq. in.; and /, *= 16,000 lb. per sq. in. 

n A. _ 0.96 

p bd ~ (8) (12) “ 0 01 


From (1) 


From (4; 
From (5) 


k = V (2)(0.01)(15) + (0.01) 2 (15)» - (0.01)(15) - 0.418 
j = 0.861 

M c - K(650) (0.418) (0.861) (8) (12)* - 134,700 in.-lb. 


M, - (0.01) (16,000) (0.861) (8) (12)* - 158,700 in.-lb. 

M c is the lesser of the two resisting moments and hence controls in the design. 

Illustrative Problem. — Assume the beam of the preceding problem to be 14 in. deep 
and subjected to a bending moment of 130,000 in.-lb. Compute the maximum unit stresses 
in the steel and concrete. 


A * _ Q'96 _ q 0086 

bd “ (8) (14) 00086 


From (1) 


k - \/(2) (0.0086) (15) + (0.0086) >(15) 1 - 0.0086)(15) - 0.396 


From (4) 


JL’&UUl V*/ 

130,000 - (£ ) (0.395) (0.868) (8) (14) * 
f c — 480 lb. per sq. in. 

From (5) 

130,000 - (0.0086) (f t ) (0.868) (8) (14) * 
f a « 11,100 lb. per sq. in. 

Illustrative Problem. — A beam is to be designed to withstand a bending moment of 
300.000 in.-lb. and to have equal strength in tension and compression. A concrete will be 
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used with E, = 2.000,000 and f, •• 600 lb. per sq. in. The pull in the steel is to be limited 
to 14,000 lb. per sq. in. Its modulus of elasticity E, is 30,000,000. 


n 

From (1) and (2) 

k 

From (3) 

P 


E. 

~Ec 



70 

3 


1 

14"000 

1 + (15) (600) 

(600H0.39 1 ) 
(2i) (14,000) = 


= 0.391 and j 


0.0084 


0.870 


Either (4) or (5) may now be used in determining b and d since the amount of steel to be 
employed will cause simultaneous maximum working stresses. 

From (5) 

h ~ 300,000 = 

oa (0.0084) (14,000) (0.870) 


Many different values of b and d will satisfy the last equation. If b is taken as 10 in., then 
d* = ?■??? . 293, or d - 17>i in. 

Finally 

A, - (0.0084) (10) (17.25) - 1.45 sq. in. 


If 1% in. is allowed between the tension surface of the concrete and the center of the steel, 
the entire depth of the beam should be 19 in. 


68. Shearing Stresses in Reinforced-concrete Beams. — In Fig. 45 is shown a 
small portion of a concrete beam, so short that no appreciable portion of the load 

on the beam acts directly upon it. The op- 
posing total compressive forces are denoted by 
C' and C; and the tension in the steel on each 
face by V and T. The tension in the concrete 
may be neglected. Let V be the total shear on 
this small portion of the beam. From con- 
ditions of equilibrium, C r = T and C ~ T. 
The total horizontal shearing stress upon a hori- 
zontal section immediately above the steel is 
T' - T y and if b denotes the breadth of the beam 
and v the unit shear (horizontal or vertical) at any point between the neutral 
axis and the steel, then 



x~H 



Fig. 45. 


(T - D 


The various couples acting upon the element produce equilibrium; hence 

Vx * {T - T)jd 
or 

Vx 

jd 

Substituting this value in eq. (1) there results 

V 

V ~ bjd 

which is the value of shear intensity at any point between the neutral axis and the 
steel. 


( 2 ) 
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The value of j for working loads varies within narrow limits and v will change 
but slightly if the different values of j are inserted in eq. (2). The average value 
of j for beams in ordinary construction is Using this value, eq. (2) reduces to 

8 y 

’~ru ® 

Shearing stress is the same at all points between the neutral axis and the steel, 
and above the neutral axis it follows the parabolic law. Figure 46 represents 

the distribution of shearing stress on a vertical cross-section ? — 

assuming no tension in the concrete. r%st2& Rians fpl 

The longitudinal tension in the concrete near the end 

of beam modifies the distribution of the shear, increasing Sasl L -Hi 

the shearing stress somewhat at the neutral axis and de- hr* 

creasing it at the level of the reinforcement. Equation (2), ^ 46 *** 

however, gives results which are sufficiently accurate and 1 ""‘ 

are derived for beai&r having the horizontal bars straight throughout. When 
any web reinforcement is used, the distribution and the amount of the shearing 
stresses at the end of a simply supported beam are materially different from the 
foregoing. The analysis of the stresses becomes more complex and a determi- 
nation of their value impracticable. Even here, however, the above formula 
serves a useful purpose. It is found that shear is the chief factor in the failure 
of a beam by diagonal tension and either eq. (2) or eq. (3) may be used in 
design if properly controlled by the results of experiments. 

Failure by the actual shearing of the concrete in a beam is not a likely occur- 
rence under any conditions as the shearing strength of concrete is at least one-half 
the crushing strength. 

59. Methods of Strengthening Reinforced -concrete Beams Against Failure 
in Diagonal Tension. — The intensity of the diagonal tensile stress at any point 
in a beam depends upon the shear and horizontal tension in the concrete, with 
fv ir /| A yiliP^fS s ^ ear 818 the chief factor. The percentage 
| j 1 1 j I I II horizontal reinforcement must also be 
I* | || I 1 II II considered, since the amount of steel 

W U ® y Wl employed affects the horizontal deforma- 
tion and consequently the tension in the 
concrete. Thus beams may be strength- 
ened against failure in diagonal tension by 
keeping the horizontal tension small 
through the use of considerable horizontal 
£££* steel at points of heavy shear, by avoiding 
heavy shearing stresses, and by providing 
some type of web reinforcement. A low 
Fia * 47 ‘ unit working stress in whatever type of 

web reinforcement is employed is also much to be preferred. 

The most unfavorable part of a beam as regards diagonal tension is at points 
of excessive shear combined with considerable bending moment. A sufficient 
number of reinforcing rods should be extended horizontally to the ends of the 
beam to provide for bending with low unit stresses in the steel. In small beams, 
vertical stirrups looped about the horizontal rods may be employed throughout 
for web reinforcement but in large beams under heavy shearing stresses, both 


ill Mf MVUfAJUl 

mu 


FlO. 47. 
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stirrups and bent rods should be used. The stirrups in large beams should be 
securely fastened to the longitudinal rods in such a way as to prevent slipping of 
bar past the stirrup. Inclined web members may also be used in place of vertical 
stirrups if securely attached to the horizontal rods. Vertical stirrups may be 
made in various forms, as indicated in Fig. 47. 

60. Bond Stress. — The tension in the horizontal steel near the lower surface 
of a reinforced-concrete beam is a maximum near the center of beam and decreases 
each way toward the end. The difference in the tension between any two points 
is transmitted to the concrete by the bond between the steel and the concrete. 

A formula for bond may be derived for beams in which the reinforcement is 
horizontal or straight throughout. The total shearing stress per linear inch 
between the steel and the concrete, considering a length of beam equal to x> 
is 

T’ - T 
x 

From Fig. 45 

vx = (r - T)jd 


r - t 


(bond stress per linear inch) 


and the bond stress per square inch of the surface of the steel bars is divided 

by the sum in inches of the circumference of the bars at the given vertical cross 
section. If u = unit bond stress, and So the total circumference of all bars in a 
beam at the given section, then ^ 

V 

U Xojd 


The above formula shows that theoretically the bond stress is a simple function 
of the shear and varies with the shear. Thus, shear diagrams may be used to 
represent the variation of bond stress along a beam. When using the above 
formula, the average value of j = % may be taken. 

61. Web Reinforcement. — Inclined web reinforcement may be separate 
members firmly connected with the horizontal reinforcement to prevent slipping, 
or some of the horizontal bars may be bent up near the ends of the beam where 
they are not needed to resist bending. The vertical reinforcement may be used 
separately or in combination with inclined reinforcement, depending upon the 
preference of the designer and upon the amount of diagonal tension to be provided 
for. Vertical stirrups should be looped around the horizontal bars and in impor- 
tant beams should also be firmly secured to these bars by wiring or otherwise. 
Stirrups should usually be looped or hooked at the top in order to orevent slipping 
due to insufficient bond. 

The proportioning of web reinforcement is based on the fact that pure shear 
stress produces tensile and compressive stress, of equal value on planes making 
angles of 45 deg. with the shear stress. We compute the transverse shearing unit 
stress, mentally convert it into tensile unit stress, and assign a portion of the 
amount so obtained to the concrete and provide steel for the remainder, knowing 
that if the tensile stress is adequately provided for, the actual shear and com- 
pressive stresses will be taken by the concrete alone. 
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Consider now Fig. 48, in which V represents the average total shear over the 
portion s of the beam. Let v f represent average unit hori- 
zontal shear on any plane below the neutral axis, A v the 
total area in the stirrup, and f v the tensile stress in the 
stirrup. Then (see Art. 68) 

The total shear over any such horizontal plane is v bs; 
whence 



The function of stijrups, either vertical or inclined, is to resist by their tensile 
strength that portion of the above shearing stress which is not cafried by the 
concrete. 

Assume a vertical stirrup to be placed at the section A-A, and to oppose 
the shear over the portion of the beam. The total stress in the stirrup is A v f v 
(in a U-shaped stirrup, A„ is the sum of the areas of the two legs), arid it is 
produced by that part of the total shear over the horizontal plane bs not taken 
by the concrete. Let V' represent the shear carried by the web reinforcement. 


Then 

H 

(i) 

Solving 

(2) 

V's 

A v = 7 ~r\ (vertical stirrups) 

jvja 

or 

A v f v jd 

8 — y, 

(3) 

For inclined members and bent-up bars, the lines on a 

beam representing 

the direction in which the diagonal tensile cracks are likely to occur, are crossed 
more times per unit of length for a given horizontal spacing than would be the 
case if vertical stirrups were employed; that is, a given amount of inclined steel 

is much more 

effective in taking diagonal tension than the same amount of 

vertical steel. 

If a represents the angle between the web bars and longitudinal 

bars, then 

A F'a sin a 

(4) 


’ ~ fvjd 

or 

AJ,jd 

g as - * . 

V sin a 

(6) 


DEFLECTION OF BEAMS 


62. Methods of Computing Deflection. — The structural engineer frequently 
desires to determine the deflection of a beam or girder at one or more points in its 

length. This in itself makes a study of deflections desirable. 

However, a more 


important use for the theory involved is its application to the analysis of statically 
indeterminate structures. 


P/anesof 
iensite cracks ,A 






<A 
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There are several methods by which deflections caused by bending moments 
may be determined. The oldest and most widely known method, which was 
used by the mathematician Euler as early as 1744, is known as the Elastic Curve 
Method , and also as the Double Integration Method. In this method the change in 
slope of the tangent to the elastic curve is expressed as an ordinary differential 
equation of the second order in terms of the bending moment at any point. This 
equation must be integrated, the constants of integration determined, and the 
complete equation of the elastic curve derived before the deflection at a given 
point may be determined. The method is long and greatly involved, except for 
the simplest conditions of loading. 

A simpler but less known method, which is called the Area-Moment Method , 
was derived independently by Prof. C. E. Greene of the University of Michigan, 
and Prof. Otto Mohr of Dresden, Germany. The methods derived by Profs. 
Greene and Mohr differ in certain respects, although both express the deflection 
at any point as a function of the moment due to a loading which is proportioned 
to the bending moment diagram for any given set of applied loads. 

The Area-Moment Method, as derived by Prof. Greene, and as treated in this 
chapter, establishes a relation between the intercepts on a given axis of the tan- 
gents at adjacent points on the elastic curve and the moment about the given 
axis of the moment diagram area for the portion of the beam between the points 
at which the tangents are drawn. 

The Area-Moment Method as derived by Prof. Mohr is based on the observed 
similarity between the deflection and slope diagrams for the given beam and 
the moment and shear diagrams for a similar, or properly chosen, beam due to 
loading which is proportional to the moment diagram for the loading causing 
the deflection. As first presented, Prof. Mohr's method was applicable only to 
simple beams. It was later extended by Prof. Mueller-Breslau so that it was 
applicable to any type of beam. Prof. Mohr's method, as presented in this 
chapter, is called the Method of Elastic Weights . This name is applied to the 
method due to the fact that in deriving the fundamental principles, use is made of 
an arbitrary weight which is a function of the elastic deformation of the beam 
elements. 

Another useful method for the determination of deflections, which is known as 
the Unit-Load Method , was derived by Prof. Fraenkel. This method is based on 
the necessary condition that for elastic equilibrium the internal work due to 
fiber stresses and the external work done by the loads during deflection must be 
equal. 

The Area-Moment and the Unit-Load methods are particularly useful when 
the deflection of a certain point is desired, without reference to the deflec- 
tion at any other point. In this respect, these methods have an advantage over 
the Elastic Curve method, for as stated above, the complete equation of the 
elastic curve must be derived in this latter method before the deflection, or slope 
of the elastic curve, at any point may be determined. However, if so desired, 
the general equation of the elastic curve may also be determined by means of the 
Area-Moment and Unit-Load methods. , 

Prof. Greene s Area-Moment Method and the Method of Elastic Weights are 
treated in this chapter. The Elastic Curve and Unit-Load Methods are treated 
in Appendix C . 
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63. Area-Moment Method (Prof. Greene’s Method) 

63a. Method in General. — Let A and B, Fig. 49, represent any two 
points on the neutral axis of a beam, which is bent by any arrangement of loading. 
Through A and B draw the tangents AD and BC intersecting at C ) and the 
normals AI and BI intersecting at 7. Then AAIB — Z BCD = Let 
QPRS represent the bending moment diagram for the portion of the beam 
between A and B. Let EFHG represent an element of the beam between two 
right sections EG and FH (drawn to a larger scale in Fig. 50) which were parallel 




and a distance ds apart before the element was bent by the bending moment M, 
Let r, Fig. 50, represent the radius of curvature of the neutral axis for this ele- 
ment. The fiber at the neutral axis remains unchanged in length, while the 
fiber KL at a distance y below the neutral plane has been increased in length from 
ds « rd<f) to (r + y)d<j>. Hence the total deformation in the length ds is yd<f> 

and the unit deformation is Let / represent the unit stress on the fiber KL; 

and let E represent the modulus of elasticity. Then 

/ ^ . Eyd<t> 


E 


yd<t> 


or/ » 


ds 


Let I » moment of inertia of the cross section about the neutral plane. Then 1 

, My 
J I 

, Eyd<t> My 

whence “ T 

Mds 
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If the beam in its natural state is straight (not arched) and is prop- 
erly designed, the curvature will be so slight that ds may be replaced by dx , 
allowing the integration to be made horizontally between A and B instead of 
along the path of the elastic curve. 

Then 

r Mdx 
EI 

If the beam is homogeneous and has a uniform cross section, E and 1 are 
constants, and the equation may be written thus: 

<» 

The expression Mdx represents the area of the cross-hatched element in the 
bending moment diagram. Hence the integral expression I Mdx is the area 

of the M- -diagram between the ordinates RS and PQ; and if this area is divided by 
EI, the quotient is the angle 0. If M is expressed in in.-lb., the aiea Mdx is 
expressed in in. 2 -lb. If E is expressed in lb. per sq. in. and I in in. 4 , then EI 
is also expressed in in. 2 -lb., and the angle 0 is a ratio. In any practical beam 0 is 
comparatively very small; hence, when the tangent CB , Fig. 49, is horizontal, the 
ratio 0 may be taken as the slope of the tangent AD. Likewise when AD is 
horizontal, the ratio <f> may be taken as the slope of the tangent CB. 

From this analysis the first principle may be deduced, namely: If tangents 
are drawn through any two points on the elastic curve of a homogeneous beam of uni- 
form cross-section , the angle which one tangent makes with the other tangent equals 
the area of the M-diagram between the two points , divided by EI. 

Now imagine that the unstrained position of the beam was in the direction AD, 
and that the beam was subsequently bent so that the point D moved to B , the 
point A remaining stationary. This movement is caused by the bending of all 
the elements from A to B. The bending of the element EFGH causes the point, 
in its travel from D to B, to move a distance dt = xd<f>. Since the curvature is 
comparatively small, the path of the point moving from D to B deviates but 
slightly from the straight line DB. Hence 

t = f* dt = Ia xd + = EI SI Mxdx ( 2 ) 

The distance DB — t is called the tangential deviation; since it represents the 
distance through which the point B has been displaced by the curvature of the 
beam, when AD is assumed as the original position. 

In eq. (1) and (2), / is the gross moment of inertia of the cross-section. No 
deductions are made for holes, as is the case when the strength of a beam is being 
computed. 

The expression Mxdx represents the moment of the elemental area Mdx about 
the ordinate through B. Hence the integral expression J A Mxdx represents the 

moment of the area QPRS about the ordinate through B, and is called the area- 
moment of QPRS about B. The area-moment is expressed in in.Mb., when M is 
expressed in in.-lb. Since EI is expressed in in. 2 -lb., the tangential deviation t 
is expressed in inches. The second principle may now be stated: If the tangent 
to the elastic curve is drawn through any point A, the tangential deviation at any other 
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point B may be obtained by finding the area of the M -diagram between ordinates through 
A and B, and dividing by El the moment of this area about the ordinate through B. 

Let J represent the centroid of the area QPRS, and let k be the distance from J 
to the ordinate through B. Then 

_ ar eaQPfi/S 
1 “ El 10 

Since, from the first principle 
area QPRS 

El ~ * 

then 

t = k<f> 

Hence the tangents to the elastic curve at any two points A and B intersect on the 
ordinate through the centroid of the M -diagram included between the ordinates 
through A and B . 

636. Application of the Method. — Beam with Single Concentrated Load 
(Determination of Deflection Under the Load). — The beam in Fig. 61 is a 2 X 1-in. 
piece of wood laid flatwise. I = % in. 4 E = 1,500,000 lb. per sq. in. Hence El 



Fig. 51. 


= 250,000 in. 2 -lb. The M-diagram is PQS. The deflection A under the load will 
be determined in several ways, by drawing the tangent to the elastic curve through 
different points as shown in Figs. 51a, 516 and 51c. Considerable time and labor 
may be saved by exercising good judgment in choosing the most advantageous 
point in the elastic curve through which the tangent is to be drawn. 

In Fig. 51a, the tangent to the elastic curve ATB is drawn through T. The 
deflection A is readily found after the tangential deviations ti and t 2 have been 
computed. From the second principle, 

ti = mf Mixdx 

where Mi is the bending moment at any distance x from the ordinate on which the 
tangential deviation is required. Hence, Mi = 45a;, and 

-Sr 
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The origin for t t is at B; hence M t = I5x, and 

1 r u 

it ’ = ElJ. M,xdx = 


29,160 

El 


From similar triangles in Fig. 51a 

A + ^ » ^0 - 0.039 in. 

When the Af-diagram can conveniently be divided into portions whose areas 
and centroids are easily found, a semigraphic or geometric solution can readily be 
made. The area of the M> -diagram to be considered in each case is included 
between two ordinates. One ordinate passes through the point of tangency, on 
the other ordinate the tangential deviation is found; the moment of this area is 
taken about the latter ordinate. 

The expression j* o Mixdx represents the area-moment of PQ V aboutP. Hence 
t = (270) (3) (4) = 

likewise, the expression I M&dx represents the area-moment of SQF about S. 
Hence 

t, « jj (270) (9)(12) = 29 ^° 


In Fig. 516 the tangent is drawn through A. The area-moment for U is PQS 
about S; and for h t the area-moment is PQV about QV. The geometrical solu- 
tion is as follows: 


= _L r<270)(») (12) - 29,160 1 _ 45,360 

4 " B1 L(270)(3) + (18+2) = 16,200 J "BI 

t. - gj (270) (3) (2) - l -’~ 


From similar triangles in Fig. 516, 

A + <, = j 


and 


11,340 - 1,620 
El 


11,340 

El 

9,720 . . 

-jj- (as before) 


In the algebraic solution, the origin for U is at S. M — 15x for values of x 
between 0 and 18, and M = 15* — 60(* — 18) = 1,080 — 45x, for values of * 
between 18 and 24. Hence 

< 4 -±f t 'Mxdx-j 1 f“ 16 x’dx + ± £ (1,080* - 46**)d* 

29,160 + 16,200 45,360 

” El " El 

The origin for t» is at V. Hence, M = 45 (6 — *), and 
. 45 f*/* 1.620 

u “ ml (6x " x )dx m 

The geometric solution is considerably shorter when M is not a continuous 
function of .t us in the case of < 4 . 
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In Fig. 51c the tangent is drawn through B. Hence 


J_ r (270) (3) (4) = 3. 
H EI [(270)(9) + (6 + 6) 

' -(270) (9) (6) = 14 £ 5 7 80 


1,240 

= 29,160. 


32,400 

EI 


EI 


A +<* =|<5 


24,300 

EI 


, 24 ? 300 - 14,580 = '9720 

jgj jgj vas ueiurey 


Beam with Single Concentrated Load (i Determination of Maximum Deflection). 
Let Xy Fig. 51 d f represent the point of maximum deflection. Since the tangent 
through X is horizontal, A wo * = tr - t «. Let AL be the ordinate in the M- 
diagram at the point of maximum deflection, and let LS = a. Then J£L = 15a. 
Let </> represent the angle which the tangent through B makes with the horizontal 
tangent through X, then 


Hence 

Also 

Hence 

and 


ZABC = ZBID = <l> 

24 » t 6 = moment area PQS about P 

_ <5 1,350 

* ~ '24 “ Ef 

__ area KL$ __ 7.5 a 2 
0 “ EI "1/ 

7.5 a ? = 1,350 

a = 13.42 


Since the centroid of the triangular area is on the ordinate through 7, 

»-!• 

•■-i ■♦-(?) m-T- i 2 r -«■<>«*»■ 


12,078 

JStf 


The distance a might also be found by equating the values of U and U without 
any reference to the tangent through B. 

Beam with Single Concentrated Load (Derivation of Equation of Elastic Curve). 
The general expression will be developed for the deflection of a simple beam 
I inches long when supporting a single concentrated load of P pounds, at any die* 


The value of U may also be determined as follows: 


( area-moment of\ 
KLS about S ) 


* EI 


5 a 3 
EI 


Since EI = 250,000, we have 


U = = 0.048 in. (as before) 
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tance kl from the left support, (Figs. 52 and 53). The deflection A is found at T , 
a distance cl from the left support, 

When c < k 

In Fig. 52 the tangent CD is drawn through T. 

Elti * area moment of PKL about P = c(l — k)Pl (| c ^) 



r V L 

Fig. 52. Fig. 53. 


Elti equals the area-moment of KQSL about S which is the area-moment of 
PQS about S , minus the area-moment of PKL about S. 

Elh - « I - k)Pl (') f ( l - %) - c(l - DPI (|) ( I - 3 rf ) 

Simplifying these expressions, we have 

PI 3 

1 1 - (1 - *)2c 3 


h - (1 - k)(2k -k*- 3c 2 + 2c3) 

By similar triangles, 

A = ti + c($2 “ $i) 

Substituting values of h and k, we have 

PUr 

A “ Sf [ib< 2 — *) — c»] (1 — ft) (3) 

When c > k 

In Fig. 53 the tangent CD is drawn through T as before. 

pi 3 

U « &(3c 2 - 2c 8 - k*) 

<• - m - «>■ 

A = tz + c(ti — ti) 

A =^ [ c (2 -c) -C) (4) 

The deflection at the load may be obtained from either eq. (3) or (4). Since 
c « k for this condition, either equation reduces to 

A " 3 Et 

The maximum deflection occurs in the longer segment of Fig. 53 where c is 
greater than &, and at the point where the tangent through T is horizontal; hence 
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the value of c for A mai may be found by equating the expressions for ft and t«, 
whence 

Since the limits of k are 0 and 0.5, all values of c for maximum deflection will 
fail between 0.4227 and 0.5. Hence the point of maximum deflection for a 
single load is between the load and the center of the span, and always relatively 
near the center. The most eccentric loading which a simple beam of uniform 
cross-section and span l can experience, occurs when a single load is adjacent to 
one of the supports, and A; is on the point of becoming zero. Under this condi- 
tion the point of maximum deflection cannot be at a distance greater than 0.07731 
from the center of the span. - Any second load applied to the beam must neces- 
sarily throw the point of maximum deflection 
nearer the center. Hence the point of maxi- 
mum deflection of asimpie beam of uniform 
cross-section, loaded in any manner, will be 
near the center and not more than 0.0773 of its 
length from the center. 

A 20-in. 65.4-lb. I-beain supports two loads 
of 30,000 lb. each, Fig. 54. Since the loads are symmetrically placed, the elastic 
curve and M-diagram are symmetrical about the center. The tangent to the 
elastic curve at the center, drawn through T, is horizontal and A ~ t; E = 
29,000,0001b. per sq. in., / = 1169.5 in. 4 

Hence 

El = 33,915,500,000 in.Mb. 

Area-moment of PQV about P is 

150,000(2.5) (3.33) « 1, ‘250, 000 

Area-moment of SUVQ about P is 



150,000(7.5) (8.75) - 9,843,750 
Area-moment of PQSU about P = 11,093,750 ft.Mb. 


_ 11,09 3,750 ( 1,728) _ 

“ ““33,915,560,000 “ U 0D0 


m. 


When the length of a beam is expressed in feet, and the loads are expressed 
in pounds, the area-moment will be expressed in ft.Mb. and the factor 1,728 is 
introduced if El is expressed in in.Mb. 

El may be expressed in ft.Mb. by dividing by 144, whence 


Then 


El « 235,521 ft.Mb. 


A 


11,093,750 ft.Mb. 
235,521 ft.Mb. 


0.0471 ft. 


0.565 in. 


Beam with Uniform Load . — The beam in Fig. 55 supports a uniform load 
and the M -diagram PQS is a parabola. The maximum deflection is at the center 
Of the span. The tangent to the elastic curve at C is horizontal, and A * t. 
Eli = the area-moment of SQV about S. The area SQV is two-thirds the area 




Fig. 55. 


Fig. 56. 


I in., and the uniform load is w lb. per in. The deflection at any distance cl from 

w 

A will be found. At any distance x from either support, M = ^ x{l — x), 

ti = -gj C)l Mxdx = (1 — 6c 2 + 8c s — 3c 4 ) 

A =» ti + c($2 — $l) 

A " 24EI ( C ~ 2 ° 3 = 24lJ "" + c c2 ) 

Let TF = the total uniform load, when W = wl. Then 
mn mn 

A = ( c 2c3 + c ‘) =* 24F/ C ^ ~ + c c *) (®) 

The formula for deflection at any point may be determined from eq. (6) by sub- 
stituting the proper value of c. Thus, at the quarter point, where c = we 
have 

19 WV 
858 2,048 El 


At the beam center, where c = the deflection is a maximum, and from eq. (6), 



5 Wl* 

A ~ 384 El 

Beam with Load of Uniformly Varying In- 
tensity . — The beam in Fig. 57 supports a load 
of uniformly varying intensity. The total load 
is W lb., and the length of the beam is 2 in. The 
bending moment at any distance x from A is 

(/*»-*•) 


Fig. 57* 
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The bending moment at any distance x from B is 
Mi = (2 l*x — Zlx* + a: 3 ) 

h = mf!‘ Mixdx - ii (20c3 - 12c ‘) 

1 C ( i -cM W73 

“ Ei Jo Maxdx = isdiz (7 ~ 30c * + 20c ’ + 15c< “ 12c#) 

W73 

A = fi + c(f 2 — fi) = igQfi} ^ cS + 3c fi ) 


The value of c for A mo * may be found by equating h and t 2> whence 

15c 4 -30c* * -7 
c - 0.519 


Wl* Wl 3 

Am “ = isoiz (2-348) = 0-0131 eT 

The intensity of ‘the load in Fig. 58 increases 
uniformly from each support to the center of 
the span. The total load is W lb., and the 
length of the beam is l in. The bending moment 
at any distance x between the end and center is 

Mi = E ( 3 to - 4*’) 

The bending moment at any distance x, when 
x is greater than M l , is 



Mi - ™ (- l* + 9l*x - 12lx* + 4a? 1 ) 

or 

* = m f c ‘ M * dx - mi (10c ‘ _ 8c ‘ ) 

i 

ti = rn !• ***** = iifi ' ' MsXdx 

- £ (f - i5c2 + i0cJ + i0c4 - *■) 

A - <1 + C«* - <i) = (25c - 40c’ + 16c») 


in which c may have any value between 0 and H- 
may be found by equating t\ and U, whence, 

10c 4 - 15c* - 


c 


A mas 


1 

2 

Wl* 

mi 


The value of c for A m «« 


Beam with Several Concentrated Loads . — A 24-in. 79.9-lb. I-beam supports 
three loads (Fig. 59). The linear dimensions of the beam are expressed in feet 
and the units in which E and I are usually expressed will be changed accordingly. 



64 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-636 


I - 2,087 in. 4 E = 29,000,000 lb. per sq. in. Hence El = 60,523,000,000 
in.*-lb. or 420,300,000 ft. Mb. The tangent is drawn through C at the center of 
the span. The deflection due to the weight of the beam will be considered later. 



Area-moment about P 


Area PQF 108,000 (5) (6 . 67) = 3,600,000 
Area YQW 108,000 (7.5) (15) = 12,150,000 
Area QP IF 120,000 (7 . 5) (20) = 18,000,000 


33.750.000 

420.300.000 


33,750,000 ft.*-lb. 
0.0803 ft. 


Area-moment about U 


Area USV 78,000 (7.5) (10) = 5,850,000 
AreaSFTF 78,000 (5) (18.33) = 7,150,000 
AreaSflTF 120,000 (5) (21 . 67) = 13,000,000 


ft 

A 


26,000,000 

420,300,000 


26,000,000 ft. s -lb. 
0.0618 ft. 


*-L+J’ = 0.071 ft. = 0.85 in. 


The maximum deflection caused by the three loads is at T, where the tangent 
is horizontal, and the ordinate in the ikf-diagram is KL. Let LW — a and let <f> 
be the angle made by the two tangents; then <f> represents the slope of the tangent 
through C. The beam is 50 ft. long; hence 


also 

Thus 

and 


0.0185 
“50 50~ 


0.00037 


area KRWL 
El 


u&KRWL * 4>EI = 155,000 ft.Mb. 
a - 1.3 ft. 
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The ceAtroid of the area KRWL is approximately 24.35 ft. from P, and the area- 
moment of KRWL about P is 

155,000 (24.35) = 3,774,000 ft. 8 -lb. 

„ _ , 3,774,000 29,976,000 

btnax U ■ E][ ^ - 


29,976,000 


= 0.0713 ft. = 0.86 in. 


420,300,000 

Although the loads are eccentric, it is clear that there is practically no difference 
between the deflection at the center and the maximum deflection. 

The deflection at the center may be found from eq. (3), p. 77. The coeffi- 
cients F l are given in Table I, p. 79. c = 0.5; k = 0.2 for the load at A; 0.5, 
for the load at B; and 0.3, for the load at C. Hence 

(0.071) = 14,792,000 
(0.125) = 13,021,000 

1,000(50) 3 


6 


(0.099) = 2,062,000 


29,875,000 ft.Mb. 

The deflection at the center, due to the weight of the beam, may be found from 
eq. (7), p. 80. The coefficient J 1 when c — 0.5 is 0.3125. W « 50 (79.9) = 
4,000. 

4 - HisSsoj <0 ' 3125> * 0 0155 '*■ - 019 iB - 

The total deflection at the center is 0.85 + 0.19 = 1.04 in., which in this case 
may be assumed without - appreciable 
error as the maximum deflection. 

A deflection of Me o of the span is 
not considered excessive. 

Beam with Partial Uniform Load. 

In Fig. 60a, the tangent is drawn 
through C at the center of the span. 

Assume that El is expressed in 
ft.Mb. The If -diagram under the 
uniform load cannot be accurately 
divided into triangles, and an in- 
tegration is necessary if an accurate 
solution is desired. A sufficiently 
accurate solution for all practical 
purposes may be obtained by the 
geometric process of dividing the area QBDFJ by vertical ordinates into strips, 
so narrow that their areas may be considered trapezoidal. The accurate method 
by integration is given below. Let Mi represent the bending moment under the 



Fig. 60. 
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uniform load at any distance * from the left support ; and Mi the bending moment 
under the uniform load at any distance x from the right support. Then 


and 


M l - -100* 2 + 5,000* - 2,500 


Mi = -100* 2 + 5,800* - 24,100 
Area-moment about A 


Area ABQ 20,000 (2.5) (3.33) = 166,667 

A «*B»vo r - roit«s 

. 18,612,933.. 

* " ~ El ' ft> 


Area-moment about H 


Area GIH 20,000 (2) (2.67) = 106,667 

Area GIJ 20,000 (7.5) (9) = 1,350,000 

Area FGJ 50,000 (7.5) (14) = 5,250,000 

Area FEN J f M t xdx = 10,332,600 

J 19 

17,039,267 ft. 3 -lb. 

. 17,039,267 . 

*2 77i r It 


The deflection at the center vs 

. A 

The slope of the tangent is 


_ h + t 2 _ 17,826,100., 
“ 2“ ~ EI ft ' 

= fc-J, _ 29,142 
54 El 


Let KL represent the ordinate in the ^/-diagram at the {Joint of maximum deflec- 
tion, then 

area KENL 


Therefore 

Whence 


+ EI 

area KENL = 29,142 
LN = 0.488 ft. 


The area-moment of KENL about A is 

29,142 (26.756) = 779,723 


= <i — 


779,723 

El 


The area-moment of KENL about H is 

29,142 (27 244) = 793,945 


tt + - 


793,945 


EI 


17,833,210 

El 


17,833, 212 , 

EI 


When the tangent is drawn to the elastic curve at the right end of the uniform 
load, the tangential deviations is and L at the lAp and right supports respectively 
may be determined by the geometric process; for if a straight line be drawn from 
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B to F, the area of the Af-diagram BDF has all the properties of the Af-diagram 
B-'D'F' for a beam 30 ft. long when uniformly loaded with 200 lb. per ft. (Kg. 606). 

Area-moment about A 

Area ABQ 20,000 (2.5) (3.33) = 166,667 

Area BQJ 20,000 (15) (15) « 4,500,000 

Area FBJ 50,000 (15) (25) = 18,750,000 

Area BDF 22,500 (30) (%) (20) - 9,000,000 


32,416,667 ft.Mb 
Area-moment about H 
Area OH I 20,000 (2) (2.67) = 106,667 

Area GIJ 20,000 (.75) (9) = 1,350,000 
Area FGJ 50,000 (7.5) (14) = 5,250,000 


6,706,667 ft.Mb. 

The slope of the tangent is 

_ U - U _ 476,315 _ area KFJL 
* 54 "" El El 


The area EFJN , when considered as four trapezoidal areas, each 2 ft. wide, is 
446,400. Hence, the approximate area of KENL is 


476,315 - 446,400 = 29,915 
from which we find that the ordinate KL is located 
about 0.5 ft. to the left of the center of the beam as 
before. 

Cantilever Beam with Single Concentrated Load . — 
The beam in Fig. 61 supports a single load P at the 
free end. It is fixed in the wall at A in such a way 
that the tangent to the elastic curve at A remains hori- 
zontal. Hence the deflection at the free end is 



A = t 



PI 8 

m 


The negative sign indicates that the elastic curve deviates below the tangent. 



Fio. 62. 



Cantilever Beam with Uniform Load . — The beam in Fig. 62 supports the load 
W uniformly dis tributed. The Af-diagram is SQV. The curve SV is a parabola 
with the vertex at S. Hence the deflection at the free end is 
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Cantilever Beam with Overhanging Ends. — A 7-in. 15.3-lb. I-beam, Fig. 63, 
supports a load of 2,000 lb. El = 1,050,000,000 in 2 . -lb. The tangent is drawn 
through C. 


— 12,000(1 .5) (2) (1 ,728) 
1,050.000,000 


—0.0592 in. 


1 2 
A 


-12,000(3) (4) (1,728) 
1,050,000,000" 

2*i + * 2 = - 0.3552 in. 


-0.2368 in. 


The deflection at B may also be found by drawing the tangent through either 
A or B. 

A cantilever beam is shown in Fig. 64. In finding t\ positive and negative 
areas are encountered in the M-diagram. These may be treated in one of two 
ways. The point of zero bending moment at I may be determined, and the areas 



PIW and IQV treated separately, or the area WIV may be included with both 
positive and negative areas as follows: 

Area-moment about P 
AreaPFJF - 30,000 (3) (2) - -180,000 

Area WQV + 36,000 (3) (4) = +432,000 

Area QVU + 36,000 (6) (10) « +2,160,000 

Area QRU + 48,000 (6) (14) « +4,032,000 


If El is expressed in ft. Mb., then 

_ 6,444,000 

u — w~ n - 


+6,444,000 ft*.-lb. 


Area-moment about S 


Area SRU 48,000 (6) (8) - 2,304,000 ft.‘-lb. 

, 2,304,000 

u = — m —ft 

!i — t% 1^1,000 

* ■ “lo Er 
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Let KL represent the ordinate in the M- diagram at the point of maximum 
deflection. Then 

Area KRUL - 138,000 
a = 2.967 ft. 

KL = 45,033 

The maximum deflection may now be found as in previous cases. 

Beams with Cross-section not Constant. — The moment of inertia of beams 
having uniform cross-section is constant, and for this reason I appears outside 
the integral sign in eqs. (1) and (2), p. 46. When the cross-section is not uniform, 
the moment of inertia varies, and eqs. (1) and (2) become 

1 r B Mdx 

* ~ eJa r 

. 1 r B Mxdx 

~ eJa T 

In order to perform the integration, I as well as M must be expressed as a 
function of x. This is relatively a simple matter when the beam has a rectangu- 


( 8 ) 

(9) 



lar cross-section varying uniformly in breadth or depth; but this method often 
results in long and cumbersome expressions when applied to structural steel 
sections. In all such instances the geometric method is preferable. 
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The beam in Pig. 65a is a plate girder. The %-in. web plate is 24 in. wide at 
the ends, and the width increases uniformly to 36 in. at the center. Each flange 
is composed of 2 angles, 5 X 3K X %, with the leg against the web. The 

distance back to back of angles is the width of the web plus one-half inch. Ordi- 
nates in the Af-diagram, Fig. 656, are given in inch pounds every 3 ft. An /-diagram 
is shown in Fig. 65c. The ordinates represent the moment of inertia in' inches 4 
at 3-ft. intervals. Each ordinate in the M-diagram has been divided by the 

M 

corresponding ordinate in the J- diagram, and the quotient recorded in the y 

diagram, Fig. 65 d . The ordinates in this diagram are expressed in lb .-in. 3 

M 

Since the girder and the loads are symmetrical, the y diagram is symmetri- 
cal about the vertical ordinate through the center of the span; the maximum 
deflection is at the center and the tangent to the elastic curve (not drawn) at the 
center is horizontal; hence the tangential deviation t at the left support equals 
the area-moment ABCD about A divided by E . 

Area-moment about A 
443.6 (36) (36) - 575,000 

748.5 (36) (72) - 1,940,000 

957.8 (36) (108) = 3,724,000 
917 (36) (144) = 4,754,000 

876.5 (36) (180) = 5,680,000 
837.2 (18) (204) « 3,074,000 


19,747,000 

M 

In calculating these area-moments, the y diagram was broken up into triangles 


as shown in Fig. 65d. The lever arms to the centers of gravity of the several 
triangles are shown in position. 

Then 


_ # _ 19,747,000 
29,000,000 


= 0.68 in. 


M 

1 


When the ordinates in the y diagram are computed only for the ordinates 


at B and C, and AB and BC considered as straight lines, the computations are 
as follows: 


Area-moment about A 

957.8 (54) (72) - 3,724,000 

957.8 (54) (144) * 7,448,000 
837.2 (54) (180) - 8,138,000 


19,310,000 


19,310,000 

*29,000,000 


0.67 in. 
M 


Thus, it is clear that if the ordinates in the y diagram were relatively close 
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together, say at every foot or closer, or even if I were expressed as an exact func- 
tion of x in eq. (9) and the integration performed, the results in either case would 
not differ materially with those obtained above. 

The plate girder in Fig. 66a consists of a 24 X %-web plate, 4 angles 5 X 3^ 
X and 2 cover plates 12 X X 24 ft. 0 in. symmetrical about the center 



line. The il/-diagram is shown in Fig. 666; the /-diagram, in Fig. 66c; and the y 
diagram in Fig. 66d. 

Area-moment about A 

1.065.1 (36) (48) « 1,840,500 

631.6 (18) (84) - 955,000 

947.4 (18) (96) - 1,637,100 
947.4 (54) (144) = 7,367,000 

1.263.2 (54) (180) * .12,278,300 


24,077,900 

The deflection at the center is 

_ 24,077,900 

A “ 29,000,000 ~ 0,83 m - 

The solution by integration may be obtained as follows: Let Mi represent the 
bending moment for values of x between 0 and 9; and M h the bending moment for 
values of x between 9 and 18. Then 

Mi - 30,000a: 

Aft - 10,000a: + 180,000 
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Then for values of x between 0 and 6, Eli = 408,417,000 ft.Mb. and for values of a? 
between 6 and 18, El 2 = 688,750,000 ft. Mb. The deflection at the center 
expressed in feet is 

1 p* 1 r 9 1 f x * 

A — t =» jgj J M i xdx *4“ j j~ j M \xdx *4~ jgj~ J M %xdx 


The solution by integration is much more simple in this problem than in the 
preceding one, for in this problem I is constant between certain limits of x and is 
therefore not a function of x . 

64. Method of Elastic Weights. 

64a. Derivation of General Formulas. — -As stated in Art. 62, 
the Method of Elastic Weights is based on the observed similarity between 
the deflection and slope diagrams for a beam due to a set of applied loads, and the 
bending moment and shear diagrams due to a loading which is a function of the 
elastic distortion of the beam elements. Due to its nature, as explained below, this 
loading is called an elastic weight. The beam on which this elastic weight loading 
is applied is known as a conjugate beam. It must be selected so that it meets 
certain initial conditions imposed by the character of the true deflection and slope 
diagrams. In the discussion which follows, the general principles will be given 
on which this method is based and a few simple typical cases will be followed 
through in detail. For a more complete discussion of this subject, the reader is 
referred to an article by Dean H. M. Westergaard on “ Deflection of Beams by the 
Conjugate Beam Method.” 1 

Let ACB of Fig. 67a represent a simple beam which supports any set of 
applied loads. This beam will hereafter be referred to as the given beam . 
Assume for the present that the beam element at C, a distance a from the left 
end of the given beam, is elastic and that all other elements are non-elastic. 
Figure 676 shows the elastic element at C. Assuming that the flexural stress 
and strain on this element are subject to the conditions stated in Art. 60, p. 21, it 


can readily be seen that 8 


fit where 8 = deformation of extreme fiber, f 


stress intensity on that fiber due to bending, and E = modulus of elasticity of the 

material composing the beam element. The angular rotation of the face of the 

5 / Me 

distorted beam element is then ^ From Art. 606, p. 23, / = -y- * 


and hence 



( 1 ) 


The effect of the distortion of the elastic element at C on the deflection of the 
beam is shown (greatly exaggerated) in Fig. 67c. All points from A to C rotate 
about point A through an angle a and all points from C to B rotate about B 
through an angle 0, taking the positions shown in Fig. 67 c. To determine the 
values of the angles a and 0, note from Fig. 676 that the angle between AC pro- 
duced and CB of Fig. 67c is equal to d<j> as given by eq. (1). Since the angles are 
all very small, we may write 



* See Journal of the Weetem Society of Engineers, voL 26, No. 11, Nov., 1921. 
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BB\ = (Z — a) d<t> 

Therefore 

l-a Jt a~a\M 
a = — d* = V z ) El 



^ 

Complete Conjugate Beam Loading 


Also 


But 


Fig. 67. 


0 


CC I 
l — a 


q( a ) 


dtb 


( 2 ) 


CCi «* aa 
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Therefore 


a aM 

p“T d + = im 


The deflection of point D on the neutral axis at a distance x\ from the left end of 
the beam is 

Xi .j . Jf 

VD = Xia = y (i - a) gf (4) 

and the deflection of point F on the neutral axis at a distance x t from the left end 
of the beam is 

yp = (l- - i 0 - x t ) jfj (5) 

Equations (4) and (5) give the deflection of points on either side of the dis- 
M 

torted element in terms of the elastic deformation of that element. The 

deflections given by eqs. (4) and (5), when plotted, give a deflection diagram 
which is represented by the triangle of Fig. 67 d. 

The slope of the tangent to the elastic curve at any point due to the elastic 
deformation of the element at C of Fig. 67a is equal to the angular rotation for the 
portion of the beam containing the point in question. Thus in Fig. 67c, a vertical 
section n-n through D of the undeformed beam is rotated through an angle a to 
Tii-rii after the deformation has taken place. Since the tangent to the elastic 
curve is perpendicular to n-n, it also rotates through the angle a. In the same 
manner it can be shown that the tangent at F rotates through an angle We 

may then write, substituting for a and $ the values given by eqs. (2) and (3). 

For point D 

dy _ . /l - «\ if m 

dx ” “ “ + \ l ) EI (6) 

For point F 

d V - aM 

<h = = “ i m (7) 


The signs given to a and 0 are determined by the direction of rotation shown in 
Fig. 67 c. Denoting clockwise rotation as positive, a is a positive rotation and P 
is negative. The slope given by eqs. (6) and (7) is plotted in the slope diagram of 
Fig. m. 

As stated above, a conjugate beam is to be selected and a loading condition 
determined for that beam such that its bending moment diagram will represent 
the deflection of the given beam and its shear diagram will represent the slope 
diagram of the given beam. On examining the diagrams given in Art. 46, p. 15, 
we note that the moment and shear diagrams for a simple beam with a single con- 
centrated load are of the same form as the deflection and shear diagrams of Fig. 
67d, 

Consider a simple beam of span l, Fig. 67c carrying a single load W at a dis- 
tance a from the left end. The values of moment and shear at point D are 

M b - R,x = jd- a)W (8) 

mjfc « +lz«TF (9) 
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At point F, the values are 

M r - R t (l-x ,) = ®( l-x t )W 

(10) 


il 

1 

M 

II 

1 

^*1 © 

(11) 


On comparing the right hand members of eqs. (4) and (8); eqs. (5) and (10); 
eqs. (6) and (9) ; and eqs. (7) and (1 1) , we note that they differ only in that eqs. (4) 
to (7) have a term M/EI where eqs. (8) to (11) have a term W. Therefore, 
if W of eqs. (8) to (11) be replaced ‘by M/EI for the distorted element at C, 
the resulting moments and shears are exactly the same as the deflections and 
slopes given by eqs. (4) to (7). Note that to secure agreement in signs the load 

must act downward. 

This observed similarity between the two sets of equations suggests the type 
of conjugate beam and the character of the loading to be used on the conjugate 
beam in order to determine the deflection and slope at any point on a given simple 
beam due to the distortion of a single beam element. Thus, on a beam of the same 
span as the given beam and supported in the same manner, apply at the position of 
the distorted element, a load M/EI f which is equal to the elastic distortion of 
the given beam element due to the applied loads on the given beam. Calculate the 
moment and shear at a point on the conjugate beam at a position corresponding 
to the location on the given beam of the point whose deflection and slope is required. 
This moment and shear are respectively equal to the desired deflection and slope. 
Positive moment indicates downward deflection. Positive shear indicates clock- 
wise rotation, and negative shear indicates counter-clockwise rotation. 

The above analysis is general and holds true for each and every element of the 
given beam. Hence if all elements are considered to be elastic, each element must 
be loaded with its M/EI value. The resulting load on the conjugate beam is 
then the M/EI diagram for the given beam, as shown in Fig. 67/. Moments and 
shears calculated at any point on the conjugate beam loaded as shown in Fig. 67/, 
will give the deflection and slope at a corresponding point in the given beam due 
to the applied loads. 

Since M/EI is a function of the elastic distortion of a beam element, it has 
been called the elastic weight of that element, and the method for the determina- 
tion of deflections and slopes is called the Method of Elastic Weights . When E 
and I are constant for the entire beam, the conjugate beam loading may be taken 
as the moment diagram for the given beam. After the moments and shears, 
representing deflection and slope, have been calculated, they must be divided 
by the constant EI. f 

Cantilever beam deflections may also be determined by the method of elastic 
weights, suitably modified to meet the new conditions. Figure 68a shows a canti- 
lever beam which is fixed at B and free at A and supporting any set of applied 
loads. Assume as before that an element at C at a distance a from the left end is 
elastic and that all others are rigid. For the conditions shown in Fig. 686, the 
deflection of any point D with respect to an origin at 0, the free end of the unde- 
formed beam is 


M 

Vs> *• (a - x)d<f> = (a - x)^ 


( 12 ) 



66 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-64 a 


A positive value in eq. (12) indicates downward deflection. The deflection 
diagram plotted from eq. (12) is shown in Fig. 68c. 

The slope of the tangent to the elastic curve at point D is equal to d$. Accord- 
ing to the assumed direction of rotation, d<f> is a negative, or counter-clockwise 
angle. Therefore 

dx d * El ^ 13) 

The slope diagram plotted from eq. (13) is given in Fig. 68c. 



A conjugate beam must now be selected subject to the conditions that the 
moment and shear diagrams due to an elastic weight M/El will be similar to the 
deflection and slope diagrams of Fig. 68c. A cantilever beam fixed at A and 
free at B y as shown in Fig.*68d, and loaded with an upward force M /El will 
answer the given conditions. This load must act upward, for, according to the 
direction of rotation, the deflection is upward or positive. Hence the conjugate 
beam moment must also be positive. Positive moment (compression in the top 
fibers) will occur for a load directed as shown in Fig. 68d. This conjugate beam 
of Fig. 68d applies when only element C is elastic. Similar conditions hold for 
all other elements, when they are also considered as elastic. The complete 
loading for the conjugate beam is then as shown in Fig. 68c, being the M/El 
diagram for the applied loads on the given beam of Fig. 68a. 
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Figure 69a shows the conditions for the beam of Fig. 68a when the origin is 
taken at the deflected position of the free end of the beam, as shown in Fig. 696. 
The deflection and slope diagrams for a single elastic element at C are shown in 
Fig. 69c. A conjugate beam fixed at the right end, free at the left end, and loaded 
M 

with a couple gj a, as shown in Fig. 69 d ) will give moment and shear diagrams 


similar to the deflection and slope diagrams of Fig. 69c. When all elements are 
considered as elastic, the conjugate beam loading will be as shown in Fig. 69c. 
The M /El values for each element will form the M /El diagram shown in Fig. 
69c, and the concentrated load at the free end will be equal in magnitude to the 
area of the M /El diagram. 

Algebraic or graphical methods may be used in the solution of problems in the 
deflection of beams by the method of elastic weights. If the equation for the 
M /El diagram can be expressed as a continuous function of x , an equation for 
the deflection at any point may be derived. This equation is exactly the same 
as the one derived by the elastic curve method of Appendix C . When the 
equation for the M /El diagram cannot be expressed as a function of g, it is 
possible to plot the moment curve from values calculated at several points. By 
the use of semi-graphical methods, similar to those used in the area-moment 
method in Art. 636,- the desired deflection of any point may be determined. 

Graphical methods for the determination of the deflection of beams by the 
method of elastic weights are based on properties of the equilibrium polygon. 
The equilibrium polygon may be used to determine the moment of forces about a 
given point, and it may be so drawn that it represents the moment diagram 
for a given set of forces. To apply these principles to the determination of the 
deflection of beams, the M /El diagram for the given loading may be divided 
into small areas. At the center of gravity of each of these areas the corresponding 
M/El is applied as a force. An equilibrium polygon drawn for these forces 
represents the moment diagram for these forces, and is therefore a graphical 
representation of the deflection of the beam as shown by the elastic curve for 
the beam. 


vr (b p*r 
EZZgZggfczgglZZZg 


*1 


Given 





646. Application of the Method. — The method of elastic weights 
offers a very convenient method for the determination of the deflection and slope 
of simple and cantilever beams of variable cross- 
section supporting complicated loading systems. 

In the following articles the method will be 
applied to the solution of typical problems. 

Simple Beam with Uniform Load ( Moment of 
Inertia Constant ). — As stated in the preceding 
article the deflection at any point due to the given 
uniform load is equal to the moment at that 
point due to a loading represented by the M /El 
diagram for the given loading. The bending 
moment diagram for a beam with a uniform load 
is a parabola. In Fig. 70 this bending moment is shown as a load applied to the 
beam. For the conditions shown 


Beam 


s 'Cf*r** fit be 

^ 

Conjugate Beam 
Fia. 70. 




yo * RiX — {area abc)x 
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Now Ri =» one-half the area of the moment diagram — Off)©- 

1 — x (21 x) 

to/ 8 , x *= distance to center of gravity of area abc ** 2 (3/ — 2x ) an< ^ area 

a&c ( 3 Z - 2 a?). Then 


12 


?//> = 


24EI 


(Z 8 — 2 Zx 2 + x 8 ) 


The slope of the tangent to the elastic curve has been shown to be equal 
to the shear in the conjugate beam at the required point. Hence at point D, 

f = Shear 
ax 

Substituting the values given above 
dy _ w 


#1 — area abc. 


dx - 24 El {l> ~ Qlx ' + 4a:,) 


Illustrative Problem. — A simple beam 16 ft. long supports a uniform load of 600 lb. per 
ft. Determine the maximum deflection of this beam. Assume that the moment of inertia 
of the beam is 100 in. 4 , and that the material 


is steel for which E = 30,000,000 lb. per sq. 
in. 

The conjugate beam loaded with the 
bending moment diagram for the given 
beam is shown in Fig. 71. The ordinate 
cb - (X) (600) (16) 2(12) - 230, 

400 in.-lb. and other ordinates follow the 
parabolic law. For the conditions shown 
it is evident that the maximum moment in 
the conjugate beam, and therefore the 
maximum deflection in the given beam 
will occur at the beam center. Therefore 

600 /tx 06- ft* 

gz ggz||zgz j gm ggg 


Given Beam 

AS-O" 



y-* -~*r 

1 ^ 14 , 750.000 

Conjugate Beam 
Fig. 71 


I,* 


nr tb p*r ft: 


: 4- 


c 

r 

4 > p 4 






Moment Diagram 


L-Si — 


1 Cl, 


c. q. ere* 


El-diagram | 



$ -Diagram and 
Conjugate Beam 

Fig. 72. 


Max. deflection *= ^ (Moment about beam center). 

(H) (H) (192) (230,400) 


For the loading shown Ri ** one-half the area of moment diagram 
- 14,750,000. Therefore, 

Max. deflection - U4.750.000) (96 - 36) 


(30.000.000) (100) 


0.295 in. 


Simple Beam with Uniform Load (Moment oj Inertia Not Constant ). — Figure 72 
•shows a simple beam carrying a uniform load. The moment of inertia of this 
beam is not constant, being /, for the end quarters and /, for the center half. 
The moment diagram, El diagram, and the M/EI diagram are shown. Let it 
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be required to determine the general expression for center deflection of the given 
beam. As shown in Art. 64a, the required deflection is equal to the moment at 
the center of the conjugate beam. 

For the conditions shown in Fig, 72, the moment at the center of the conjugate 
beam is 



£(area abd) ^ 


+ (area afe)x x — (area a&c)^* 


It can readily be shown that the several areas and lever arms have the following 
values, which were obtained by substituting in the general equations for area abc 
and x given on p. 607. 

i 5 wl 3 , , 5 wl 3 

area abc = 384 Eh area abd " 384 Eh 

- wl 3 
area a/e 

* 3 7 _ 7 , . J 27. 

*‘“16* * !- 80* ®’ + 4~80* 


Now Bi = one-half the area of the M /El diagram = area abd + area afe 
— area acb . Substituting values given above 

j? — P vPl i H wZ 8 
1 “384 Eh + 384 EI 2 


The complete expression for yc, the center deflection, is then 

wl*_ (335 65 ) 

Vc 384Z? \807j + 80 i j 
However, we may write 

335 = (400 - 65) 5 _ 65_ 

8OI2 SOI 2 1 2 80/j 



Fig, 73. 


Substituting this value in the above expression, we have Anally 


yc 


wV [5 M/I.-JiVI 
384Jl/ 8 ^16\ hh /J 


Simple Beam with a Single Concentrated Load . — A simple beam with a single 
concentrated load W at a distance hi from the left end of a beam is shown in 
Fig. 73. The conjugate beam is shown with the M/El loading in position. For 
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the conditions shown, Ri = (area 1—8 — 4) 
/» T \ 

. — L. j n these equations, area (1 — 8 — 4) 


y and R% = area (1 — 8 — 4) 

-iifi 1 a 


(1 — k)kl 2 , and X\ = distance from right end of beam to the center of gravity 
of the Ml El diagram. From Fig. 73 it can readily be seen that 

With these values we readily derive, 

Ri = ~(i -k)(2-W' 

and 

Ri = m (1 ~ k * )klK 


The equation of the elastic curve for the portion of the beam from A to D is 
given by the general expression for moments in the conjugate beam for a section 
2— 3 at a distance x from the left end. Thus 


y = R ix — (area 1 — 2 — 3) x 
If W 1 IW 

Now area 1—2—3 = ^ |j0/ (1 &) ® J x ~ 2 El ^ ~ ® x2 > an( ^ x ~ dis- 

x 

tance to center of gravity of area 1 — 2 — 3 = ^ Then, with R i as given above, 
we have 

W( 1 — k)x 


y = 


6EI 


[(2 - k)kl » - x*] 


In the same manner, the equation of the elastic curve for the portion of the given 
beam from D to B is equal to the moment at section 5-6 of the conjugate beam, 
from which 

y = Ri{l — x) — (area 4 — 5 — 6)x 
Substituting values in this expression and reducing, we have finally 

Wlc 

v = - x)[xw - x) - m 

The slope of the tangent to the elastic curve has been shown to be equal to 
the conjugate beam shear at the point where the slope is required. Hence, at 
the left end of the given beam, 

t - x > - to (i - m - *<“• 

At the right end of the given beam, 

t- SB 


The maximum deflection in the given beam will occur at the point of maximum 
moment in the conjugate beam. As shown in Art. 48 , the moment is a maximum 
at the point of zero shear. For the conditions shown in Fig. 73, zero shear will 
occur when the 
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If Xo denotes the distance from the left end of the conjugate beam to the point of 
zero shear 

Area 1-2-3 = ^(1 - fc)x 0 * 

Equating these expressions and solving for xo, we have 

Xo = i[J (2 - fc)] M 

The maximum deflection of the given beam is equal to the moment at the 
zero shear point. Thus 


Vn 


= R\Xq — (area 1—2 —3) 


Xq 

3 


Substituting values as given a hove, we have finally 

_TTZ»[ Jfe , 0 hS Vi n i \ 

Umaf~ I 3 (2 J (1 k) 

Illustrative Problem. — A 2 X l-in. piece of wood 
laid flatwise spans a 24-in opening. The beam car- 
ries a 60-lb. load at a distance of 18 in. fiom the left 
end of the beam. Determine the deflection under the 
load and the maximum deflection of the beam. As- 
sume E «= 1,500,000 lb. per sq. in. 

Figure 74 shows the given beam and the conjugate 
beam with its loading diagram. For the given beam, 
the maximum moment occurs under the load and the 
moment is 


M 


(18) 


The moment of inertia is 


1 


12 W 8 -( 1 1 2 ) (2) (1) a *» *, and El = ^ j(l, 500,000) = 250,000. 

270 

: 250,000 

the value shown on the conjugate beam. 

To calculate R\ and Ri, the M /El diagram is divided into two triangles. The areas 
of these triangles and the location of their centers of gravity are shown on the M /El dia- 
gram. Values of Rx and Ri as calculated are shown on Fig. 74. 

The deflection under the load is given by a moment equation about point C, from which 
y c « (0.00540) (18) - (0.00972) (6) « 0.0389 in. 

Maximum deflection occurs where the shear in the conjugate beam is zero. Let xo 
be the distance from the left end of the beam to the zero shear point. It can rea'dily 
be shown that the area of the triangle AC\C from A to a point distant xq from the 

0.00108a;o* _ . x , 0.00l08xo* 

This must be equal to Ri. 


-■ 270 in.-lb. 


1 





h — 

ft *000540 

Conjugate Beam 
Fig. 74. 


- # M 

Therefore maximum 


0.00108 


left end is 


36 


Therefore 


36 


0.Q054. 


Solving for xo, we have xo = 13.42 in. The moment about a point 13.42 in. from the left 
end of the beam gives the required maximum deflection. Therefore, 

I/~.= (0.00540) (13.42)- (-™ 10 ?) (13.42) (^?) (-g 42 ) - 0.0482 in. 


Cantilever Beams . — Figure 75 shows a cantilever beam carrying a uniform load. 
The equation of the elastic curve and the maximum deflection will be determined 
with respect to an origin at point 0. The conjugate beam and the loading for 
this oase is of the type shown in Fig. 68e. This calls for a cantilever beam fixed 
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at the left end and carrying an upward loading represented by the M /El diagram 
for the given beam. Figure 75 shows the conjugate beam with the loading in 
position. 

The equation of the elastic curve is given by moments to the right of point 
C of the conjugate beam. Thus 

y c = Area ( CBED ) (x t — x) 

Substituting and reducing, we have 

Vc = 2 fgj( x * ~ 4 * 3x + 3Z 4 ) 

The slope of the tangent to the elastic curve is equal to the shear due to forces 
to the right of C ; that is 

Slope = ^ = Area CBED = - £ - x>) 




Fia. 75. Fia. 76. 

The maximum deflection, which occurs at point A of the given beam, is equal 
to the moment to the right of point A of the conjugate beam. Thus 

y ma x = Moment of area ABE about point A = (Area ABE) (x 2 ) = + ggj 

The slope of the tangent to the elastic curve at point A of the given beam is equal 
to the shear for forces to the right of point A of the conjugate beam. Thus 

Slope = d d l - -Area ABE 

Figure 76 shows a cantilever beam carrying a single concentrated load at a 
distance a from the free end. The equation of the elastic curve and the maximum 
deflection at the free end will be determined with respect to an origin at point A 
of Fig. 76, the free end of the beam. Figure 69e shows the type of conjugate 
beam and M/EI loading for this case, and Fig. 76 shows the actual conjugate 
beam with the M/EI values in position. The load at point A is equal to the 
area of the M/EI diagram =* ' 

2 \/El ~ a ^ s 
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The equation of the elastic ciirve for the portion of the given beam from A 
to C is given by a moment equation for M/El values to the left of point D of the 
conjugate beam. Thus 


Vd 


Wx 
2 El 


C I - ay 


The slope of the tangent to the elastic curve at D is equal to the shear to the left 
of D f thus 


dy 

dx 


- m o - «>’ 


Note that the moment and shear have negative values. 

For the portion of the given beam from C to B, the equation of the elastic 
curve is given by a moment equation for M/EI values to the left of any point, 
as E . Since the M/EI diagram is a triangle, whose center of gravity is readily 
located, the moment equation is readily written out. Thus 

Ve = — (M/El load at A)x + (area triangle CEF) (>£ CE) 

" ~mv- a),x+ {Hei (*-«)](*-«)} (£ -i-^- 

from which 

W 

Vb * QEI fr 3 - Sax 2 - 3 lx(l - 2a) - a 8 ] 


The slope of the tangent to the elastic curve at E is equal to the shear for M/EI 
values to the left of that point. Thus 

^dx ~ ~~W/EI load at A) + (area triangle CEF) 

- ' 2 w il ~ a)1 + 2 [m {x ~ 0) ] ( * _ a) 

from which 

Z = 2E'l lxl ~ 2ax ~ Kl ~ 2a)] 

The above values are the same as those given on p. 618. 

The maximum deflection occurs at point A and the value of this deflection 
is given by moments about point B of the conjugate beam. Thus 

Vmax = ~ 2 El 9 “ a ) %l + 0J ^ 

from which 

Vm a* 8=8 — gjjj (f — a) 2 (2l + a) 


Illustrative Problem. — A 24-in. cantilever beam made up of a 2 X 1-in. pieoe of wood 
laid flatwise supports a 20-lb. load at a distance of 18 in. from the free end of the beam. 
Determine the maximum deflection of the beam. Assume E — 1,500,000 lb. per sq. in. 

In this case I » ■* -= ~ in. 4 , Z — 24 in., and a » 18 in. Substituting in the 

12 1* o 

above equation for we have 

«, 2 9 (24 - 18) ‘ [2(24) + 18] - 0.307 in. 

6(1,500,000) (H) 

64c. Graphical Methods for the Determination of the Deflection 
of Beams. — As stated on p. 67 of Art. 64a, a graphical determination of the 
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Given Beam 


<■ 


deflection of a beam may be made by dividing the M/EI diagram into small 
areas, each of which is replaced by a force proportional to the area in question. 
These forces are applied at the center of gravity of each area. An equilibrium 
polygon drawn for these forces represents their moment diagram. Hence, as 
stated in Art. 64a, this moment diagram represents the deflection diagram for the 
given beam. 

Graphical methods for the determination of the deflection of beams are partic- 
ularly useful when the loading is complicated or when the moment of inertia of 

the beam is not constant. 
An algebraic solution for such 
cases is long and tedious. 
However, the results ob- 
tained by graphical methods 
are in general not as precise 
as those given by the algebraic 
solutions of the preceding ar- 
ticles, even when great care is 
taken in constructing the 
graphical diagrams. There- 
fore, graphical methods are 
recommended for use when 
a reasonably precise result is 
desired in a short time. When- 
ever possible use algebraic 
methods. 

To illustrate the applica- 
tion of graphical methods, 
graphical solutions will be 
given for the problems shown 
in Figs. 64 and 65. An alge- 
braic solution of these prob- 
lems is given in Art. 636, p. 
58. 

Figure 77 a shows a team 
with an overhanging end sup- 
porting concentrated loads 
(see Fig. 64 for an algebraic 
solution). This problem was 
chosen in order to explain the graphical method for beams with overhanging ends. 
The moment diagram for this beam is shown in Fig. 776. This moment diagram 
is applied as a load to the conjugate beam ABC. 

The form of the conjugate beam is determined by the following conditions: 
(a) The conjugate beam for the span BC of the given beam is a simple beam of the 
same span; (6) the conjugate beam for the cantilever AB of the given beam is a 
cantilever of the same span fixed at A and free at end B; (c) the deflections at 
pdints B and, C of the given beam are zero as these points form rigid supports; 
and (d) in the given beam the tangent to the elastic curve at B for the cantilever 
AB must have the same slope as the tangent for the span BC. 
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To satisfy the above conditions, the conjugate beam of Fig. 77b must consist 
of a cantilever AB fixed at A and supporting by a hinged connection at B a 
simple beam BC, which is also freely supported at C. Thus the conjugate beam 
moments at B and C will be zero, indicating zero deflection at these points in the 
given beam. The conjugate beam shears on either side of the hinge at B will be 
equal, indicating equal slopes for the tangents to the elastic curve in the given 
beam on either side of point B. All of the above conditions are therefore satisfied. 

To construct the conjugate beam moment diagram, divide the Af-diagram 
of Fig. 77 b into small areas and apply at the center of gravity of each area a 
force equal to that area. These forces are shown in amount and direction on the 
figure. The greater the number of subdivisions the greater will be the accuracy 
of the construction. Next construct the force diagram of Fig. 77 d, plotting the 
forces in order beginning at the left end of the conjugate beam. The pole distance 
H may be chosen at will. A convenient value is some multiple of EL Thus 
El 

if we make H = - the ordinates to the resulting equilibrium polygon will be 

n times the actual deflection. 

Suppose the deflection for the case under consideration is desired in foot units. 
For the given beam 1 = 215.8 in. 4 and E = 30,000,000 lb. per sq. in. Assume 
that the ordinates to the deflection diagram are to be represented at 100 times 
their true value. Then 


FZ _ (30,000,000) (144) (215.8) _ 44R0001h f , # 

H ~ 100 - (100)(12) 4 ~ 448,000 lb.-ft. 2 

Figure 77 c shows the equilibrium polygon constructed from the force polygon 
described above. The construction is started at any convenient point, as 1, 
and the complete equilibrium polygon is shown by 1-5-2-4. Since the deflections 
of points B and C of the given beam arc zero, the conjugate beam moments for 
these points must be zero. To represent this condition in the equilibrium polygon 
extend verticals from points B and C of the given beam to intersections at 1 and 
2 of Fig. 77 c. Through these points draw the line 1-2-3, which is the closing line 
for the equilibrium polygon and the base line for the conjugate beam moment 
diagram. Finally, the deflection of any point in the given beam is measured by 
the intercept on a vertical through that point between the equilibrium polygon 
and the base line 1-2-3. Ordinates below the base line indicate downward deflec- 
tions. The scale for deflections is the same as the distance scale for the given 
beam. Remember that these distances represent 100 times the true deflection. 

The deflection of A , the free end of the cantilever AB of the given beam is 
shown by the ordinate 3-4 of Fig. 77c. By scale this distance is 7.83 ft. as shown. 
The true deflection of A is therefore 7.83/100 — 0.0783 ft. To determine the 
maximum deflection locate by trial the maximum ordinate to the equilibrium 
polygon. This ordinate is found to be 5-6, and the distance as scaled is 9.30 ft. 
The corresponding deflection is 9.30/100 = 0.0930 ft. 

Figure 78 shows a beam of variable moment of inertia carrying concentrated 
loads (see also Fig. 65, p. 59). Two methods will be given for the graphical 
determination of the deflection of the given beam. In each case the conjugate 
beam is a simple beam of the same span as the given beam. 

First Method . — The M/EI diagram for the conjugate beam is divided into 
small areas as shown on the left side of Fig 786. At the center of gravity of each 
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area, a load is applied, which is equal to the area in question. The information 
for the determination of these areas was taken directly from Fig. 6 5<f. The 
resulting forces are shown in amount and in direction in Fig. 786. Figure 78 d 
shows the force diagram drawn for these forces. The pole distance H has been 
taken as E/ 100, or 290,000. Therefore, the equilibrium polygon shown on the 
left half of Fig. 78c represents 100 times the true deflection. By scale the 
maximum ordinate of this diagram is 67.0 in. Hence maximum deflection = 
0.67 in. 


eo,ooofb. 


eo,ooo/b. 


eo.oootb. 



and Given Beam Deflection Diagram 

^ * +1 “Si m *.403.300.000 >j 




M 


'f,ee*>,ooo,ooo--+ \ 
^/,os9,ooo,ooo*\ 
'o,ooo,ooo-~ H 

_ 77^,000,000- *>| 

Yr’&TflOOjOOO-^ 

force Polygon 
Second Method 
(e) 


Fig. 78. 


Second Method . — The Af- diagram shown on the right half of Fig. 786 is divided 
into small areas each of which is replaced by a force applied at the center of 
gravity of the area. Information for the determination of these forces was taken 
from Fig. 666. Figure 78e shows the force polygon plotted from these forces. 
The pole distance used for each force is the average of the values of El/ 100 taken 
from Fig. 65c for the corresponding moment area. Thus for the first force 


H 


(29,000,000) (4,518 + 5,160)(H) 
100 


1,403,300,000 lb.-in.* 
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Other pole distances were determined in the same manner. The right half of 
Fig. 78c shows the equilibrium polygon drawn for these forces and pole distances. 
Deflections given by this equilibrium polygon represent 100 times the true 
deflection. 

66. Deflection Coefficients. — The detail work involved in the solution of 
problems in the deflection of beams is greatly reduced by means of tables or 
diagrams. A few such tables and diagrams will be given for standard beams. 

Simple Beam with a Single Concentrated Load . — Figure 79 shows a simple 
beam with a load P at a distance kl from the left support, where & is a fraction 



Fia. 79. 


less than unity. From the preceding articles, the deflection at a point distance 
cl from the left support, where c is a fraction less than unity, is given by the follow- 
ing formulas: 

For point D, where c < k 

y = 6 ^J { cm -k)- OKI - k) } (l) 

For point E, where c>k 

pn 

y = m iwa-o-tia-c)! (2) 

In these equations y is the deflection in inches at any distance cl from the 
left support, E is the modulus of elasticity in pounds per square inch, and I 
is the moment of inertia of the constant cross-section of the beam about the 
neutral axis, measured in inches. 4 

Let F represent the expression in the brace of eq. (1) when c is less than 
k , and the expression in the brace of eq. (2) when c' is greater than k. Then, 
in general, 

* - m F ® 

The values of F for various values of c and k are given in Table 1, or may be 
found from Fig. 80. It has also been shown on p. 51 that when the deflection is 
a maximum, the relation between c and k is given by the equation 

C - 1 - Vpl - *') 

Values of c from eq. (4) are given in Table 1 and Fig. 80. 


( 4 ) 
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Table 1. — Values of F 

X* j 0.05 0.10 0.125 0.15 0.20 0.25 0.30 0.333 0.35 0.375 0.40 0.45 0.60 

0. 05 0. 0045 0. 0084 0. 0101 0. 0117 0. 0143 0. 0163 0. 017s|o. OI84L OI87I0. 0190 0. 0191 0. 0191 0. 0187 

0. 10 0. 0084 0. 0162 0. 0196 0. 0227,0. 0280 0. 0321 0. 0350 0. 0364,0. 0369 0. 0375|0. 0378 0. 0378 0. 0370 
0. 15 0. 0117 0. 0227 0. 0278 0. 0325|0. 0405 0. 0467 0. 0512 0. 0533 0. 0541 0. 0550 0. 0556 0. 0557 0. 0546 
0. 20 0. 0143 0. 0280 0. 0344 0. 0405|0. 0512 0. 0596 0. 0658 0. 0687 0. 0699 0. 0712 0. 0720 0. 0723 0. 0710 
0. 25 0. 0163 0. 0320 0. 0396 0. 0467i0. 0596 0. 0703 0. 0783 0. 0822 0. 0837 0. 0855 0. 0866 0. 0873 0. 0859 
0. 30 0. 0178 0. 0350 0. 0433 0. 0512j0. 0658 0. 0783 0. 0882 0. 0931 0. 0951 0. 0974 0. 0990 0. 0999 0. 0990 
0. 35 0. 0187 0. 0369 0. 0457 0. 0541 0. 0699 0. 0837 0. 0951 0. 1011 0. 1035 0. 1065 0. 1087 0. 1107 0. 1098 
0. 40 0. 0191 0. 0378 0. 0468 0. 0556jo. 0720 0. 0866 0. 0990 0. 1058 0. 1087 0. 1124 0. 1152 0. 1183 0. 1180 
0. 45 0. 0191 0. 0378 0. 0469 0. 0557 0. 0723 0. 0873 0. 1002 0. 1075 0. 1107 0. 1149 0. 1183 0. 1225 0. 1232 
0. 50 0. 0187 0. 0870 0. 0459 0. 0546,0. 0710 0. 0859 0. 0990 0. 1065 0. 1098 0. 1143 0. 1180 0. 1232 0. 1250 
0. 55 0. 0179 0. 0354 0. 0440 0. 0523,0. 0082 0. 0827 0. 0955 0. 1030[0. 1063 0. 1108 0. 1148 0. 1205 0. 1232 
0. 60 0. 0168 0. 0332 0. 0412 0 0491 0. 0640 0. 0778 0. 0900|0. 0972 0. 1005 0. 1049 0. 1088 0. 1148 0. 1180 
0. 65 0. 0153 0. 0304 0. 0377 0. 0449 0. 0586 0. 0713 0. 0827,0. 0894|o. 0925 0. 0967 0. 1005 0. 1063 0. 1098 
0. 70 0. 0136 0. 0270 0. 0335k?. &*99 0. 0522 0. 0636 0. 0738 0. 0799 0. 0827 0. 0866 0. 0900 0. 0955 0. 0990 
0. 75 0. 0117 0. 0232 0. 0288,0. 0343 0. 0449 0. 0547 0. 0636i0. 0689 0. 0713 0. 0747 0. 0778 0. 0827 0. 0859 

0. 80J0. 0096 0. 0190 0. 0236,0. 0281 0. 0368 0. 0449 0. 0522|o. 0566 0. 0586 0. 0615 0. 0640 0. 0682 0. 0710 

0. 85 0. 0073 0. 0145 0. 0180 0. 0215 0. 0281 0. 0343 0. 0399 ! 0. 0433 0. 0449 0. 0471 10. 0491 0. 0523 0. 0546 
0. 90 0. 0049 0. 0098 0. 0122 0. 0145 0, 0190 0. 0232 0. 0270 0. 0293 0. 0304 0. 0319 ( 0. 0332 0. 0354 0. 0370 
0. 95lo. 0025 0. 0049 0. 0061 0. 0073 0. 0096 0. 0117 0. 0136,0. 0148 0. 0153 0. OlOl'O. 0168U. 0179 0. 0187 

I I II l I 


For maximum deflection 


c 

0. 4234 0. 4255 

0.4272|o. 4292 

0.4343 

0. 4409 0. 4492^0. 4557 0. 4592 0. 4648 

0.4708[o. 48500. 5000 

F 

0.0192 0. 0379 

jo. 047ojo. 0558 

0.0724 

! 

0. 0873 0. 1002 0. 1075 0. 1107 0. 1150 

0. 1185jo. 12340. 1250 


Illustrative Problem. * A 20-in. 65.4-lb. I-beam supports two loads of 30,000 lb. each 
symmetrically placed about the center line of the beam. The span of the beam is 25 ft. 
and the distance between loads 15 ft. Determine the deflection at the beam center using 
deflection coefficients. E = 29,000,000 lb. per sq. in. and I = 1,169.5 in. 4 

For the given conditions k * 0.2 and c = 0.5, for each load, since the loads are sym- 
metrically placed on the beam. From Table 1, or Fig. 80, for k * 0.2 and c * 0.5, we 
find F = 0.071 for each load. Then 


_ 2PI* n7n 60,000(25 X 12) 8 0.071 
v ~ 6 El * (6) (33,915,500,000) 


0.565 in. 


Illustrative Problem. — A 15-in. 37.3-lb. I-beam, 10 ft. long, carries a load of 10,0001b. 
at a point 3 ft. from one end and a load of 5,000 lb. at a point 2 ft. from the other end. 
Determine the deflection at the center using deflection coefficients E — 29,000,000 lb. per 
sq. in. and I «* 405.5 in. 4 

With k - 0.3 and c « 0.5 for the 10,000-lb. load we find from Table 1 or Fig. 80, that 
F = 0.991. With k = 0.2 and c = 0.5 for the 5,000-lb. load we find from Table 1, or Fig. 
80, that F « 0.710. The total deflection at the center equals, the sum of the deflections 
caused by the two loads considered independently. Then, substituting in eq. (3) of the 


preceding article, we have 


tv lb. per Tbfmt lo**f 


s4 rr [10,000(0.991) + 5,000(0.710)] 

O al 

(120W3,460) .33. 

6(29^00,000) (405.5) u *°° 



Fig. 81. 


Simple Beam with a Uniform Load . — Figure 81 shows a simple beam of spaa 
l supporting a unif orm load of w lb. per ft. The deflection at any point distance 
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cl from the end of the beam, where c is a fraction less than unity, is as 
follows: 

v ~ mn [c(1 ~ c)(1 + c ~ cS)1 («> 

which may also be written, in terms of the total load W = wl, in the form 

V = 2 - C){1 + 0 - c>)] («) 


Let J represent the expression in brackets. Equations (5) and (6) may then be 
written 

wl*_ r _ Wl* T 

V 24EI ~ 24 El J C7) 

Values of J are given in Table 2 and in Fig. 82. 


Table 2. — Values op J 


c 

J 

1 C 

J 

0.05 

0.0498 

0 30 

0.2541 

0.10 

0 0981 

0 35 

0 2793 

0.15 

0.1438 

0 40 

0 2976 

0.20 

0.1856 

0 45 

0 3088 

0.25 

0.2227 

0 50 

0 3125 


Illustrative Problem. — A simple beam 12 ft. long, composed of a 10-in. 25.4-lb. I-beam 
carries a uniformly distributed load of 800 lb. per ft Find the deflection at the center and 
at the quarter-point using deflection coefficients. E * 29,000,000 lb. per sq. in. and I « 
122.1 in. 4 
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From Table 2 or Fig. 82, when c = 
0.5, J *= 0.3125 and when c *= 0.25, J « 
0.2227. Substituting these values of J 
in eq. (7) of the preceding article we find 
that at the center 


V 


12(200) (144) *(0.31 25) 
29,000,000(122.1) 


0.633 in. 



and at the quarter-point 

V 


12(200) (144) *(0.2227) 
29,000,000 ( 122. 1) 


0.451 in. 


Cantilever Beam with a Single Concentrated Load . — Figure 83 shows a canti- 
lever beam with a single concentrated load at the free end. The deflection at any 
point distance kl from the free end with respect to an origin at 0, Fig. 83, is given 
by the expression 


v-^Ki-W + a)] 


( 8 ) 
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Denoting the term in brackets by L, eq. (8) may be written 

PU , 

v ~ 6EI L W 

Values of L are given in Table 3 and Fig. 84. 


Table 3. — Values op L 


k 

L 

1 

k 

L 

0.0 

2.0 ’ 

i 

! 0.6 

0 416 

0.1 

1.701 

0.7 

0.243 

0.2 

3.408 

0.8 

0.112 

0.3 

1.127 

0.9 

0.029 

0.4 

0 864 

1.0 

0.000 

0.5 

0 625 




Illustrative Problem. — A cantilever 
beam 8 ft. long, composed of alO-iii. 25.4-lb. 
I-beam carries a concentrated load of 
4,000 lb. at its free end. Find the deflec- 
tion at the free end and at a point 4 ft. 
from the free end using deflection coeffi- 
cients. E * 29,000,000 lb. per sq. in. and 
/ - 122.1 in. 4 

From Table 3 or Fig. 84, when k = 
0. 5, L = 0.625 and when k = 0.0, L = 
2.0. Substituting these values of L in 
eq. (9) we find that at a point 4 ft. from 
the free end 



O 0.1 02 03 04 05 06 0.7 <25 03 AO 

Values of H 


Fig. 84. 
= 0.104 in. 

= 0.333 in. 


4,000(96)8(0.625) 

V = 6(29,000,000X122.1) 

and at the free end 

4,000(96)8(2.000) 

V " 6(29,000,000) (122.1) 


66. Deflection in Terms of Fiber Stress. — In the solution of problems in 
certain statically indeterminate structures, it is convenient to have an expression 
for beam deflection in terms of the extreme fiber stress on the section due to 
bending. To illustrate, consider the case of a simple beam of span l carrying a 
uniform load of w lb. per ft. As stated on p. 52, the maximum deflection for the 
given conditions is 

_ 5 wP 
Vma ‘ ~ 384 El 


To express this deflection formula in terms of fiber stress, we may proceed as 

Me 

follows: From the general formula for fiber stress, we have f = -j- Solving 

2/7 

for M, and letting d * depth of section «* 2c, we have, M For the given load- 

wl* 

ing conditions, we have, M = -g-* Equating these values of M f and solving for 
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w, we find w - 


16/7 
dl* ' 


On substituting this value of w in the above deflection 


formula, we derive 


5 f* , 1N 

Vmax ~ 24 Ed (1 ) 

Equation (1) expresses the deflection as a function of fiber stress instead of the 
loading. Note that the deflection is proportional to the fiber stress. 

Similar values may also be derived for other loading conditions. Such values 
are given as a part of Table 6, p. 95. 

Illustrative Problem. — A 10-in. 25.4 lb. steel I-beam, 20 ft. long, supports a uniform 
load. If the maximum fiber stress for the given loading conditions ih 15,000 lb. per sq in., 
determine the maximum deflection in inches 

For the given conditions the several terms of eq (1) have the following values: / ** 
15,000 lb. per sq. in., I — 20 ft. = 240 in., E = 30,000,000 lb. per sq. in., and d « 10 in. 
From cq. (1) 

(5) (15,000) (240) 2 


2/mox s 


(24) (30,000,000) (10) 


0.60 in. 


67. Limiting Deflection of Beams. — In designing beams, it is the usual 
practice to fix the allowable fiber stresses in bending and determine the beam 
section subject to the given conditions. However, there are certain types of 
construction in which it is desirable to place certain limits on the deflection under 
the applied loads. 

In practice this limiting deflection is obtained by specifying that the depth of 
a beam shall not be less than a certain fractional part of its span length. To 
illustrate the methods employed in determining these practical rules, consider 
the case of a simple beam uniformly loaded. Suppose the allowable fiber stress 
in bending to be / lb. per sq. in. and suppose the deflection is limited to Moo part 
of the span, a usual limit placed on ordinary construction. 

The desired relation may be determined by equating the allowable deflection, 

.jqq, to the maximum deflection in terms of fiber stress, as given by eq. (1), p. 82. 

Thus 

J_ 5 jg* 

300 '24 Ed 

Solving this expression for the desired ratio, we have 

^ - 0 .016 5 (2) 

Suppose the beam is of steel for which E = 30,000,000 lb. per sq. in. and allow- 
able / = 16,000 lb. per sq. in. From eq. (2) 

l (0.016) (30,000,000) _ 
d " (16,000) 

That is, the depth of the beam shall not be less then Ho of the span. When 
this condition has been satisfied, the deflection will not exceed the limiting 
value specified. For plastered eeilings, it is usual to specify a limiting deflection 
of Meo of the span. 

Table 4 gives general formulas and limiting spans for steel and wooden, beams 
for various standard loadings. These values are based on the formulas given in 
Table 6 on p. 95. 
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Table 4 


Loading 

condition 

Limiting deflection — 

300 

Limiting deflection — 

General 

formula 

3-° 016 7 

Limiting ratio span to 
depth 

General 

formula 

Limiting ratio span to 
depth 

Steel boams 

E *30,000,000* 
/ - 16,000 j 

Wooden 

beams 

E -750,000 
/- 1,000 

Steel beams 

E *30,000,000 
/ - 16,000 

Wooden 

beams 

E -750,000 
/- 1,000 

\wlbptrft.\ 

f *30 0 
( 1 

- — 12 0 
d 

* =0 0133f 
d f 

-—25.0 

a 

5, -10.0 
a 

r” 

1-0.020^ 
d / 

1 *37 5 
d 

1- *=15 0 
d 

*--0 0167f 
d / 

1 *31 25 

d I 

1 *12 5 
d 

wlb.perft fe | 
irr@wnmnnnnnnti 11 iil^ > 

1 

Lifttiii* g deflection — 

150 

Limiting deflection — 

l E 

^-0.01333^ 

1 * 25 
a 

d “ 10 

! 1 p 

d »00111^ 

d ~ 20 83 

j-8 33 

r f 

1 -0 0100^ 
d f 

! -IS 75 
d 

1 - 7 50 
d 

1 *0.00833^ 
d J 

I *15 66 

0 

j- 6 25 


68. Maxwell’s Theorem of Reciprocal Displacements. — Maxwell’s theorem 
of reciprocal displacements establishes a mutual relation between the deflections 
at any two points in a structure. This theorem, when considered in connection 
with the deflection of beams, may be stated as follows: If the load P at A, 
Fig. 85, causes a deflection A 2 at B, and the load P at B, Fig. 86, causes a deflec- 
tion A 3 at A , then, according to Maxwell’s theorem, A 2 = A 3 . Let Figs. 



Tig. So. Fig. 86. Fig. 87. 


85, 86 and 87 represent the deflections of a beam when the loads are applied gradu- 
ally. When A (Fig. 85) has received its full load, the work done is HPAi. 
With a full load P at A , let another load P be gradually added at B . The deflec- 
tions as shown in Fig. 87 will result. The point A with the full load P moves 
through the additional distance A 8 ; and the point B moves through the addi- 
tional distance A« as the load P is gradually applied at B. Hence the total work 
done is 

V 2 PA i + PAz + y 2 PAi 

If B is loaded first and then A is loaded, the total work done is 

HPA, + PA, + HPAi 

The total amount of Work done in each ease is the same, hence 

A, - At 

Maxwell's law may be verified by Table 1 on p. 79. When A and B are on the 
ride of the center, the values of k and c for Big. 86 become interchanged for 
Rg. 86. For F * 0.0668 when k ** 0.2 and e — 0.3; likewise 
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0.0658 when k «= 0.3 and c = 0.2. When A and B are on opposite sides of the 
center, the application is made as follows: In Fig. 85 let k «* 0.3 and c = 0.8; 
then in Fig. 86, k = 0.2 and c «* 0.7; whenceF = 0.0522 in each case. Maxwell's 
law renders excellent service in the solution of statically indeterminate structures. 

69. Approximate Method for Determination of Deflection of Beams. — Pro- 
fessor J. B. Kommers 1 has devised and published 2 a very useful and readily 
applied approximate method for the determination of the deflection of beams. 
This method, which is based on Maxwell's theorem of reciprocal deflections is 
intended for use in cases where combinations of concentrated and uniform 
loading would lead to a long and tedious solution by ordinary methods. The 
article mentioned discusses simple, cantilever, and restrained beams of uniform 
cross-section. 

Suppose a simple beam of span l carries a concentrated load W. When this 
load is at the span center, the maximum deflection occurs at a point under the 
load. When the load is at the right support, the maximum deflection occurs at a 
point 0.0773Z to the right of the beam center (see Art. 636, p. 51;. Therefore, 
no matter where a load may be placed on the beam the point of maximum 
deflection can not be more remote from the beam center than 0.0773 1. It is 
therefore evident that the mid-span deflection and the maximum deflection for 
any load, regardless of the position of that on the span, are very nearly equal. 
The method under discussion assumes that these deflections are equal. 

Figure 88 shows a simple beam supporting two concentrated loads W and P. 
According to Maxwell's theorem of the preceding article, the deflection produced 
at the beam center O by the load W at A is equal to the 
deflection at A produced by the load W at O. The 
same statement holds true for load P at B. Therefore, 
to determine the deflection of O for the loads shown in 
Fig. 88, place load W at 0 and calculate the deflection 
at A ; place load P at O and calculate the deflection at B . The sum of these two 
deflections will give very closely the total deflection produced at 0 by the two 
loads when in the position shown in Fig. 88. 

The deflection at a point distance x from the nearest support due to a central 
load W is given by the expression 

This equation may be used for the determination of the deflections required in 
the above discussion. However, the calculations may readily and rapidly be 
made by means of Table 1, p. 79, or Fig. 80, p. 78, and eq. (3), p. 77, which is 



Fig. 88. 


Defl. 



where P is any load, l span, and F = a coefficient which is a function of k 
and c where c = a fraction which expresses the distance from one support to 
the point of deflection in terms of the span length, and k » a corresponding 
fraction expressing the distance from a support to the load point. 

When the applied loads consist of a uniform load covering a part of the span, 
the load may be broken up into short sections which may be replaced by the 
total load on that section considered as applied at its center of gravity. 

1 Professor of Mechanics, The University of Wisconsin. 

1 Eng. Nvwe-Record, Jfaru 2, 1919, p. 44, 
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Illustrative Problem* Determine the maximum deflection for the conditions shown 
in Fig. 89, using the approximate method. 

Assuming the maximum deflection to occur at the beam center, c - H, For the load 

at A, k « H and for the load at B t k m (^T--) » 0.8. From Fig. 80, p. 78, or 

Table 1, p. 79, for the load at A, (o « k - H) t we find F « 0.107 and for the load 
at B, (e = J^, fc = 0.8) we find F ~ 0.071. From eq. (3), p. 78, we have 


• PF = (7,000) (0.107) + (8,000) (0.071) - 1,310 
n.fl .* n -? Fl> - (1.310)(15)«(1,728) 

Defl. at 0 - QEJ ( 6 ) (30,000,000) (215.8) ~ 0-1971 


As a check, the correct maximum deflection was calculated by the methods given in the 
preceding articles from which it was found that Defl. = 0.1970 in. 



I-beam, I*?HS 8 in* } 

E‘30, 000,000 lb per stj tn. 


Fiq. 89. 



I-beam, I m t£2 tin* J 
E* 30,000,000 tbper 3 + in. 


Fig. 90. 


Illustrative Problem. — Determine the maximum deflection for the conditions shown in 
Fig. 90, using the approximate method. Assume the uniform load to be divided into four 
sections. 

The values of k for the several loads, taken in order from the left end of the span, are 
as follows: 0.0625; 0.1875; 0.3125; and 0.4375. With c «■ H and the several values of k 
given above, the term PF of eq. (3) becomes 

PF - 2,000(0.0230 + 0.0680 + 0.1025 + 0.1225) « 632 
TW* (632) (16) *(1,728) n . 

Defl. at C (6) (30,000,000) (122.1) = 0-203 

By the exact methods, the true deflection is 0.2029 in. and the point of maximum deflection 
is 7.36 ft. from the left end of the beam. It may be of interest to note that the time required 
for the approximate solution was less than five minutes while the exact solution required 
nearly half an hour. 


0.203 in. 


For cantilever beams the maximum deflection always occurs at the free end. 
Hence no approximation is involved in the application of the method given above 



Fig. 91. Fig. 92. 


to cantilever beams. Figure 91 shows a cantilever beam with a load P at a 
distance hi from the free end. According to Maxwell’s theorem, the deflection 
at the free end A due to a load at C is equal to the deflection at C due to a load at 
A. Therefore eq. (9), p. 81, may be used to determine the deflection of point 
A for a load at C, or for the deflection of point C for a load at A. In one case.&Z 
represents the distance to the load point and in the other case it represents the 
distance tp the deflection point. Figure 84, p. 81, and Table 3, p. 81, may 
then be used in either case. 

To apply the method given above to the determination of the deflection of 
point A of Fig. 92 due to the loading shown, consider each load in turn as applied 
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at the free end A, and determine the deflection at the true position of that load 
by means of Table 3, p. 81, or Fig. 84, p. 81. The sum of these deflections is 
the required total deflection for point A . 

When the cantilever beam is covered by a partial uniform load, consider the 
uniform load as broken into short sections. Apply the total load on each section 
and solve as for concentrated load systems. 


Illustrative Problem. — Calculate the deflection of the free end of the cantilever beam 
of Fig 93 for the loads shown. 



£•30,000,000 !b.p*r Sfm. 


The values of k for the several loads, taken in order 
from left to right are 0.2, 0.5, and 0.8. From Table 
3 or Fig. 84, the value of PL of eq. (9), p. 81, is as 
follows: 

Load atC « (1.408) ('5,000) * 7,040 
Load at D ® (0.625) (10,000) = 6,250 
Load at E « (0.112)( 6,000) = 672 


Fig. 93. 


Then from eq. (9), 

VA = 1,728 

« (13, 962) ( 1,728)(10)» 

(6) (30,000,000) (795.6) 


2 PL * 13,962 


= 0.167 in. 


70. Deflection Due to Shearing Stresses. — The deflection of beams due 


to shearing stresses is generally small and may be neglected in most cases. 


However, in short beams, the deflection due to shear may 
be so large that it cannot safely be neglected. To assist 
in deciding whether shearing deflections need be considered, a 
method will be given for the determination of these deflections, 
and comparisons will be made with the deflection due to bending 
stresses. 

Figure 94 represents a beam element ABCD acted upon by 
shearing stresses of intensity v applied to the faces AB and CD. 
Due to the action of these stresses, the element is deformed to 



Fig. 94. 


AiBiCD . The modulus of elasticity for shear is equal to the unit shearing 
stress divided by the unit shearing strain. In Fig. 94, dy represents the shear- 


ing strain and hence ^ represents the unit shearing strain. If v * intensity 
of shearing stress and E, = modulus of elasticity for shear, we have 

E — uuit s hearing stress _ v 
* unit shearing strain dy 

dx 

from which 

dy v 
dx" E. 


If V = shear on section due to external forces, and A » area of cross-section, 
V 

v « the above equation becomes 

dy V 
dx" AE. 


( 1 ) 
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Equation (1) is a general expression for the differential equation of the elastic 
curve for shearing deflections when the shearing stress intensity is uniform over 
the section. Equation (1) is applicable to beam sections for which it is reasonable 
to assume uniform distribution of shearing stress, such as plate girder or I-beam 
webs. 

To determine the shearing deflection when the shearing stress intensity is 
variable the external work due to shear must be , 

placed equal to the internal work due to the shearing 

fiber stresses. Figure 95a shows a beam element A ■ i* 

whose length along the beam axis is dx. If V repre- *1 1/ 

sents the shear on a face of this element due to exter- __ t \ \ h * 

nal forces, and dy represents the vertical deforma- fa) (b) 

tion of the element due to shear, the average r--H 
external work done during the deflection of the Fm * 95, 

element is HVdy. The internal work done by the fibers of the element due to 

1 v* 

shearing distortion is equal to the elastic resilience due to shear, which is ^ jjr 

per unit of volume, where v = shearing stress intensity on any area as 1-2, 

V ^ 

Fig. 956. Fromeq. (3), p. 26, v = bzdz, where V = external shear, I » 

moment of inertia of section, and the other terms have the values shown on 
Fig. 956. Substituting this value of v in the above equation, noting that the 
volume of any fiber such as 1-2, Fig. 956, is bdzdx , we have, for all fibers in the 
beam cross-section 

1 V 2 h i 

Average internal work = 2 (2 bzdz ) 2 bdzdx 

Zrj 4 0 I * 

Equating the expressions for internal and external work, and solving for dy/dx t 
we have 

d dx-lS>,bl>{f.' hzdz )' dZ (2) 

In eq. (2) the integral expression depends for its value on the form of the beam 
section. It will hereafter be called the Section Constant and it will be denoted 
by N, that is 

N = Section constant = Jl* bzdz^dz (3) 

Equation (2) may then be written 

dy„VN 

dx ~ E. w 


= V EX' t bl>{f! hak )' di 


Equation (4) is a general expression for the differential equation of the elastic 
curve for shearing deflection when the shearing stress intensity is assumed as 
variable. 

The above analysis is based on the assumption that the effective shearing 
area of the beam is constant over the entire length of the beam. When the area 
of cross section is variable, the formulas become more complicated. 1 

The value of the section constant N of eq. (3) depends upon the form of the 
section. As an example of the application of eq. (3) to a specific case, consider the 


i Method* for the determination of shearing deflection for beams of variable oross-seetion are given 
in an article by Prof. S. E. Slocum which appeared in the Journal of the Franklin Institute, April, 1011. 
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rectangular section of Fig. 96. For the dimensions shown on Fig. 96 , 1 
d 

hi «* h% = g and b ~ b. Equation (3) then becomes 


f I £(/’“)■* 


Integrating the expression in parenthesis, 



Fig. 96. 


,, 144 f +2 ,/i 2 z J \„, 

^ 6 2 d«J_d 6 (8 2/ 


Integrating again, we have finally 

i v = i-2 = i.2 

where A = bd = area of section. By a similar process it can be shown that, for a 
circle, 

10 


70a. Application of General Formulas to the Determination of 
Shearing Deflection. — When the deflection at a certain point is desired without 
reference to that at any other point, the desired deflection may be obtained by 
writing eqs. (1) and (4) in the form of a definite integral, thus: 

From eq. (1) 

From eq. (4) (5) 

* 

where y = deflection of any point at a distance x from a convenient origin, as 
shown in Fig. 97. It is evident that the deflec- A 

tion at C of Fig. 97 is the sum of all such values on 9 m * T. j y 

as dy of Fig. 94 from A to C of Fig. 97. Hence A ^ ^ * 

the limits of integration for eqs. (5) are # to 0, \+ - * 

as indicated. ButJ^ Vdx = area shear diagram Fig. 97. 

from x to 0 ** moment at point x . Hence, when the shear is uniform across 
the section, 

1 M 

y = (area shear diagram from end of beam to deflection point) » (6) 

and when the shear is variable across the section, 

N NM 

y ** jr(area shear diagram from end of beam to deflection point) * (7) 

where M » = moment due to applied loads at the point whose deflection is desired. 
A few typical problems will now be worked out in detail to illustrate the applica- 
tion of the method described above. 
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Simple Beam with Uniform Load . — As shown above, the shearing deflec- 
tion at any point is proportional to the moment at that point due to the applied 
loading. For the conditions shown in Fig. 98 the moment at any point distance x 

w 

from the left end of the beam is M m = ^ x(l — x). Hence the general equation 
for shearing deflection at that point, is given by eqs. (6) and (7), 


and 


y « 


wx 
2 AE. 


(*-*) 


y = 


wxN 
2 E. 


d-X) 


( 8 ) 


Since the shearing deflection is proportional to M *, evidently the deflection is a 
maximum when M» is a maximum. Now M x is a maximum at the beam center 
and is equal to Hwl 2 . Hence 

ymax — ^ or uniform shearing stress j 


and 


ymax — 


wNl 2 
8 E. 


for variable shearing stress 


( 9 ) 


Illustrative Problem. — Assume that the beam of Fig. 
98 is a 3 X 12-in. wooden member and that the span is 
12 ft. and the uniform load is 300 lb. per foot I etcr- 
mine the deflection in inches at the center of the beam 
due to shear, assuming variable shearing stress across the 
beam section. 


pv lb per Ft 


vzzzzzzzzzzzzzzA ; zz 




1 111 1 ITTTm^ 


*(€-*) 

Moment Diagram 


TTTTp^rr^. 


Shear Diagram 

Elastic Curve 
Fio. 98. 



for 

Shearing Deflection 
Fig. 99. 


The desired deflection is given by eq. (9) with l *= 12, to — 300, N «■ ^ »(3) (12) * 
0.0333, and E * - ME~ (H) (1,500, 000) = 375.000. Then 

(300) (0.0 333) (144K12) _ m76 ^ 

VmM (8) (375,000) 

Simple Beam with a Single Concentrated Load — Figure 99 shows the moment, 
shear, and deflection diagrams for the given conditions. In the pairs of equations 
given belaw, the deflection for uniform shear is given first, and the deflection for 
variable shear follows: 
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At a point distance x from the left end on the portion AC of the given beam, 
Wx „ s „ 


M a = — j-(l — a). Hence 


y = jEi {l ~ a) 


{l -a) 


On the portion CB f where M , = ^ (/ — x), 

and (11) 

WNa n . 

V = ~E,l {l ~ x) \ 

Since re is of the first power in eqs. (10) and (11), the elastic curves are straight 
lines. Note that the shear is constant for each of the two portions of the beam. 
Hence, when the shear is constant, and therefore also, the slope is constant, the 
elastic curve is a straight line for shearing deflection. 

The maximum shearing deflection occurs where M» has its maximum value. 
This occurs at the load point, and 

M = WM 1 7 

max i 

Hence 

_ Wa{l — a) 

Vmax ~ AE,l 

and (12) 

_ WNa(l - a) 

Vmax gj 


Vmax — — 


At some point in the beam, the shearing deflection will be greater than at any 
other point. This is evidently the point of greatest moment in the beam. In 
Art. 48, p. 17, this point has been shown to be at the beam center, where, for 

Wl 

the conditions shown in Fig. 99, M = -j-* Hence, the greatest shearing deflec- 
tion is 

Wl 1 


Dlustrative Problem. — Assume that the beam of Fig. 99 is a 3 X 12-in. wooden mem- 
ber 12 ft. long, and that the applied load is a single concentrated load of 2,400 lb. placed 
8 ft. from the left end of the beam. Determine the deflection in inches at the load point, 
assuming variable shearing stress across the beam section. 

The desired deflection is given by eq. (12) with l « 12, W * 2,400, N «■ — — (3^(12) 


> 0.0333, and E, > 


(K)di500,000) « 375,000. 

_ (2,400) (8) (4) (12) _ nAA1 
(36) (375^000) (12) U,UUJ 


0.00569 in. 
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Cantilever Beams . — Methods similar to those explained for simple beams may 
also be used for the determination of the shearing deflection for cantilever beams. 
Figure 190a shows a cantilever beam fixed at the right end and supporting 
a uniform load. A deformed element is shown in Fig. 1006 and the shear diagram 
for the applied loads is shown in Fig. lOOd. The form of the elastic curve of the 
deflected beam is shown in Fig. lOOe. 



(e) 

Fig. 100. 


If the deflection is measured from an origin at point 0 of Fig. lOOe, the deflec- 
tion of any point C is given by the distance y, which is the sum of the dy values 
from 0 to C . We then have, assuming uniform shearing stress over the section, 

y = jjjr J g Vdx. But Vdx — M x which is the moment shown in the moment 
diagram of Fig. lOOd at a distance x from the free end of the beam. Hence, 


as before 

M. , 


II 

and 

M X N 


ii 


When the deflection is measured from an origin at point A of Fig. 100c, the 
deflection of point C is represented by the distance EC, which is the sum of the dy 
values from the fixed end B to point C. We then have, for uniform shearing 

1 C l 

stress on the section, y = J x Vdx. This integral represents the shear 
diagram area (Fig. lOOd) from C to B, and does not represent the moment at C, 
as in the former case. However, the above integral may be written, y ** -rjr 


|j [Vdfe — £ Vdx J. Now £ Vdx « total shear diagram area « AT*, and J] 
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Vdx = moment at C = M x . 


Hence for an origin at A, we may write 

y - 2b, [Mb - M * ] 


where Mb— maximum moment for cantilever beam and M x = moment at point 
whtere the deflection is desired. Therefore, the general equations become 


y = - A ■= [M b — M x ] for uniform shear 


N 


y = v, [M b — for variable shear 


( 15 ) 


These values are general and hold for any type of loading. 

The maximum deflection, y max of Fig. 100c, occurs at the free end of the beam. 
For an origin at 0 it is measured by FB, and for an origin at A it is measured by 
AO. In both cases, eqs. (14) and (15) reduce to the common form, 


and 


M max 

y max - AE ' 


for uniform shear 


Vmax 


NMmax 

~E~ 


for variable shear 


( 16 ) 


For the loading conditions shown in Fig, 100a, M max = H wl 2 f and 


we have 
and 


ymax = for uniform shear 
N 

ymax — ~ 2 j g - for variable shear 


( 17 ) 


71. Comparative Values of Bending and Shearing Deflection.— As shown in 
the preceding articles, the greatest deflection due to bending and to shearing 
stresses for symmetrical loadings occurs at the center of the beam. It will be of 
interest to compare these maximum values for standard common loading 
conditions. 

To illustrate the method employed in making this comparison, consider the 
case of a simple beam with a uniform load. From the preceding articles, the 

maximum deflection due to bending is Db —334 & n d the maximum deflection 


due to shear, assuming the shearing stress to be uniformly distributed, is D s = 
wl 2 

gjg • Noting that I = Ar 2 , where A = area of section and r = its radius of 


gyration, the ratio of shearing to bending deflection may be written 

B /r\2 
?. W 


— Q fi ® I ' I 

Db ~ 96 i?. 


( 1 ) 


This ratio is given in terms of E and E t) the bending and shearing moduli of elasti- 
city of the material composing the beam, and the radius of gyration of the beam 
section and the span length. 

Tests show that for steel beams, E § * OAE, and for wooden beams, E t * 
0.25 E, approximately. From an examination of the properties of rolled I-beams 
and channels given in the rolling mill handbooks it will be found that r « 0.4d, 
approximately, for all sections, where d « depth of section. For plate girders. 
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considering only the flange areas, it will be found that r = 0 5d. Wooden beams 
are generally of rectangular form. For such sections it is shown m Art. 9, p. 


011, that r 


Vl2* 


Substituting these general values in eq. (1), we have 


For plate girders 


Da 

Db 


- 60 


( 2 ) 


For I-beams and channels 


D s 

Db 


3m O' 


(3) 


For rectangular sections, the shearing stresses are generally not uniformly dis- 
tributed over the section, as shown m Art. 51c, p. 27. Under such conditions 
the multiplier 1.2 calculated as explained in Art. 70, p. 88, should be introduced. 
Substituting above v$lu^ of E , E, and r in eq. (1), we have 
For rectangular wooden beams 

Da 


Db 


= 3 84 


O' 


(4) 


Equations (2) to (4) express the relative shearing and bending deflection in terms 
of the depth of section and length of beam. Table 5 gives conesponding values 
for simple and cantilever beams for standaid loadings. 

Table 5. — Relative Deflection Due to Bending and Shear 





! 


Ds/Db 



Loading 

condition 

Bend- 

ing 

deflec- 

tion 

Db 

Shear- 

ing 

deflec- 

tion 

Ds 


Steel beams 


Wooden beams 
(rectangular) 

Plate girders 

I-beams and chan- , 
nels 

Gomral 

formula 

Limiting 


General 

formula 

; 

Limiting 

span 

SD =Dn 

l 

General 
j formula 

Limiting ‘ 
span 

SD=DB | 

span 

j Ds**Db 

IJinnfflllllllMyjyjjJn 

5 ul « 

| wl* 

i • •«)■ i 

l =2 45 d 

“(i)' 

J-l 96d 

Ml) 

1 96d 

\w!hperft.\ 
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1 SAEs 
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48EJT 

Wl 

4 AEs 


l =2 74 d 

"(ir 
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9<I l =»2 1 

i \ 
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\W 


wlbperft e 

rfiiuuijdQflvnfinnffirra! 

wl * 

8 El 

1 

ul* | 
2 AEs 

2S (1)‘ 

58 d 

-(I)* 

Z«* 1 2Gd 

!'«d)' 

1 26d 
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\ 1 




l v ’ 


n 

Wl * 

3 El 1 

Wl* 

AEs 

!l 875 (I)’ 

1 1 — 1 37 J 

1 2 (T 

1*1 09 od 

'■ *(D*. 

Z-l 095d 

w\ 



1 



\ */ | 



Tor steel, Es ~ 0 4E For I-beams and channels, r — 0 4 d\ Shear assumed as uniformly distributed 
For wood Eg * 0 25E For plate girders, r «• 0 5d / over aeotion . N *» 1 

For wooden rectangular beams, shear assumed as variable over section 

• JV- l 2 
* W A 


In the usual beam designed in practice for moment conditions, it will generally 
be found that the ratio of depth of section to length of beam varies from He to 
Ho, whil$ in plate girders a ratio of Ho is common. For these ratios the shearing 
deflections expressed as a percentage of bending deflections, as given by eqs. 
(2) to (4), are as follows: 
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Ratio depth to span length 

Ho 

Ks 

Ho 

Plate girders 

6.0 

2 66 

1.5 

I-beams and channels 

3.84 

1.71 

0 96 

Wooden beams 

3.84 

1.71 

0.96 


These shearing deflections are all so small compared to the bending deflection, 
that they reasonably may, and always are neglected in practice. However, for 
beams with depth ratios greater than Ho> the shearing deflection becomes a larger 
percentage of the bending deflection, and should not in general be neglected. 
To determine the span length in terms of the depth of beam for which shearing 

D a 

and bending deflections become equal, place = 1 in eqs. (2) to (4) and solve 
for l . Thus for a plate girder with a uniform load, we have 


Ds 

Db 


1 = 6 


Solving for Z, we have, l = 2.45d. Values for other cases are given in Table 5. 

Table 6 gives in convenient form for ready reference the general equations for 
moment, shear and deflection for simple and cantilever beams in common use. 
72. Deflection of Concrete Beams. 

72a. Maney’s Method. 1 — The deflection of a reinforced-concrete 
beam of whatever shape may be determined by the formula 

It 

D = c £ (e c £«) 


where 

D 

l 

d 

e c 


e. 


maximum deflection (if desired in inches, the units specified below 
should be used), 
span (inches). 

depth of the beam to the center of the steel (inches). 

fc 

unit deformation in extreme fiber for the concrete = -^r 


unit deformation in extreme fiber for the steel 


/• 
e ; 


c *= r in which 

Ci = the numerical coefficient in the formula for deflection of homogeneous 

W7 8 

beams, D — c\ ^ f depending on the loading and on how the ends 
are supported. 

c» = the numerical coefficient in the formula for bending moment, M = 
CstcZ 2 , 

for a simple beam loaded at center, c = H 2 or 0.0833 
uniformly loaded, c = or 0.1041 
loaded at the third points, c *= 2 Hie or 0.1065 
for a beam with fixed ends, loaded at center, c ~ *^ 4 or 0.0416 

uniformly loaded, c « Ha or 0.0313 
loaded at the third points, c « % 44 or 0.0347 

1 See paper by G. A. M&ney, presented before the seventeenth annual meeting of the American Society 
for Testing Materials. * 
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Table 6. — Properties of Simple and Cantilever Beams 






Loading Diagram 


Moment Diagram 


Smear Diagram 
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Deflection Diagram 
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Table 6. — Properties op Simple and Cantilever Beams — Continued 




Loading Diagram 


Moment Diagram 


5hcar Diagram 


Moment 

A foCetrrfBtoD-'Mj'rWM 
C to D: M g = Wert 

/*W =wa€ 

Shear 

AfoC: V~+W 
CtoD:V=0 
BtoP : 

Deflection 

A foCernrf&foP.'y, =%$t3M-pr)-/Fj 

C toD : /, « HfctbhfHd -*’] 
AtCnrrdDy *!g£Fl3-fi*)/br/ri* 
/««•. Krft-i 


Moment 

Hr’- 1 u*2‘ 

for ft ‘l 

Sheaf 

V x -inM 

fork V 
D eflection 
y s 0/fk*-4k+3J 
ymotxFtt? 4 for k-0 


Moment 

M m „xF'Wt Rtf B for k*/ 
Sheaf 

V x * Cons tew t~-W 
Vm»x-‘W 
Deflection 
y*0t(B+kXhkf 

Ymtix. ’$// 


Deflection Diagram 


AfoC:M x *0 
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M mmx --W4(!-*) fork-/ 

Sheaf 

AfoC: VI-0 

CtoB:V x *-W 
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Defl ection a 

A to C:y -J0 (£+0-3kXherf 

Cto 

y c *0/0-*)* for k‘* 
yirmx. fork'd 


Fiber Stress /n 
Term 3 Of Load/mg 
A fo CfmdBtoD: f* 

CMf-tm*'*** 

Deflection /n Terms Of 
Maximum Fiber Stress 
A foC ewef B fo D: 

/' ‘Hh 

C fo D:y,*&c [3HO-k)-0*J 
fork-t 


Fiber Stress /n 
Terms Of Load in o 

AfoB:f x -*$^ 

MB 

De fl ec noN Tn Terms Of 
Maximum Fiber Stress 

~A fo 8: y- 01^4^3) 

ymm.-Jf/c f°rk*0 


Fiber Stress Tn 
Terms Of Loading 

«-*¥* 

Deflection Tn Terms 
Maximum Fiber Stre. 
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Deflection Tn Terms Of 
Maximum Fiber Stress 
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726. Tumeaure and Maurer’s Method. 1 — Turneaure and Maurer 
recommend that 8 to 10 be used for n in the formulas which they have derived, 
and which are given below. They also state that the formulas presented are the 
result of modifying the deflection formulas for homogeneous beams in accordance 
with the following assumptions : 

1. The representative or mean section has a depth equal to the distance from 
the top of the beam to the center of the steel. 

2. It sustains tension as well as compression, both following the linear 
law. 

3. The proper mean modulus of elasticity of the concrete equals the average 
or secant modulus up to the working compressive stress. 

4. The allowance for iteel in computing the moment of inertia of the mean 
section should be based on the amount of steel in the mid-sections, since stirrups 
and bent-up rods do no* affect stiffness materially for working loads. 

The following are the deflection formulas for rectangular reinforced concrete 
beams: 


n __ Ci Wl 8 n 
D ~~ E.' bd* ' a 

a « H[Jc> + (1 - ky + 3np(l - &) 2 ] 
i ± 2np 
* ~ 2 + 2np 


( 1 ) 

( 2 ) 

(3) 


From eqs. (2) and (3), the value of a for any values of p and n may be computed, 
and then the deflection from eq. (1). The notation employed in the above 
formulas is as follows: 

D = maximum deflection (if desired in inches, the units specified below 
should be used). 

6 = breadth of the beam (inches). 

d = depth of the beam to the center of the steel (inches). 

W = total load (pounds). 

I = span (inches). 
p = steel ratio. 

Ei = modulus of elasticity of the reinforcing steel (pounds per square inch), 
n = ratio of the moduli of elasticity of steel and concrete. 

^ = a numerical coefficient depending on p and n. 
k — proportionate depth of the neutral axis. 

Ci = the numerical coefficient in the formula for deflection of homogeneous, 

Wl « 

beams, Ci depending on the loading and support. For example, 

for a cantilever loaded at the end, Ci = H 
for a cantilever uniformly loaded, c x « 
for a simple beam loaded at center, Ci * 
for a simple beam uniformly loaded, c\ « % g* 
for a beam with fixed ends, load at the center, Ci ** H 92 
for a beam with fixed ends, uniformly loaded, ci = 

* “ Principles of Reinforced Concrete Construction/’ 4th Edition, p. 154. 
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The following are the deflection formulas for reinforced concrete T-beams 
(referred to later) : 


n n 

Dm E.' bd* ' p 


0 

k = 


- H[k* - (l - \) (k - J,)* + f(l - h)> + 3pn(l 

:- b x )“+i 


n P + 6 


-fc) ! 


in which jfl is a coefficient depending upon the steel ratio and n, and other symbols 
as before. 


RESTRAINED AND CONTINUOUS BEAMS 

73. General Considerations. — A beam is said to be fixed or restrained when, 
as shown in Figs. 101a and 6, one or both ends are built into a wall in such 
a manner that the action of external forces tends to cause no rotation of the beam 
at the fixed end, or ends, as the case may be. Consequently, the neutral plane 
in its original position, AB , remains tangent to the elastic curve at the fixed end, 
or ends, when the beam is bent. 

Beams are often supported at several points along their length, as shown in 
Fig. 102. When the elastic line of the deformed beam forms a continuous curve, 

with the elastic lines in two adjacent spans, as AB 
and BC, joining at a support B in such a manner 
that the adjacent tangents DB and BE form a 
straight line DBE } the beam is said to be a con- 
tinuous beam. In some continuous beams the form 
of the structure in some of the panels is such that 


flestrwirud at Both Ends 

(b) Continuous Beam 

Fig. 101. Fig. 102. 

the elastic line is not continuous over the supports but forms a “cusp” or sharp 
point. Such beams are known as partially continuous beams. These beams are 
encountered in certain types of swing bridges. 

In the cases shown in Figs. 101 and 102, the presence of restraining moments 
which fix the ends of the beam or cause adjacent tangents to remain parallel, 
together with the unknown supporting forces, or reactions, present more unknown 
quantities than can be determined by the principles of statics. Such beams are 
said to be staticaUy indeterminate. 

Problems in the determination of the restraining moments and supporting 
forces may be solved by any of the general methods for deflection of beams given 
in the chapter on “Deflection of Beams” and in Appendix C. In the present 


Tangent to elastic curve at O, 
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M^W(hk)x.' 




M, (J-x) +M,x 

I ^ ) 


chapter the discussion will be confined to the solution by the Area Moment and 
Elastic Weight methods. 

The solution of problems in restrained and continuous beams requires an 
expression for moment at any point in the beam. This may be obtained from 
Fig. 103a, which shows the beam of Fig. 1016, . ^ 

or any span of Fig. 102, removed by cutting \ 

sections close to the wall or the supports. * I vc s ^ 

The end moments are shown by the arrows W, fa) 1 

Mi and M 2 . At any point distance x from <-* / 

the end of the beam, the moment may be , 
expressed as the effect of the load W and ^ 

the effect of the end moments Mi and M 2 slnn if ITTTrw 

considered as acting independently. These Af . a r/-*) +m,x (b) 

values are shown by digrams of Figs. 1036 ^ ) 

and c respectively. The values of the mo- "C f ' I I 

ments are indicated on the diagrams. ^ ^ JjJ 

After the values of Mi and M 2 have been 
determined by the methods given in the , y^TlTrrr>^ 

articles which follow, the diagrams of Figs. nr 

1036 and c may be combined to form the JX - — fa) 

moment diagram of Fig. 103d. It will gen- 
erally be found that the end restraining tv /ft per ft—y 

moments are negative. The shaded areas ("> ^ 

show negative moments near the ends of the v * v * 

beam and positive moment near the center. ^rr R TTirrr^ 

General equations for moment at any mlT J 

point may be written in the following (e) 

form: Fia. 103. 

From A to C 

M x - Mi + Vix (1) 

From C to B 

M 9 - Mi + Vix - W(x - kl) (2) 

To determine Vi take moments about B } from which 


W /ft pur 


P 


Fia. 103. 


V x = 


Mi) + JF(1 - k) 


Equation (3) gives the reaction at-the left end of the beam of Fig. 1016 or the 
shear at the left end of one of the spans of Fig. 102. The reaction at the right 
end of the beam is 

V t = \(Mi - Mi) + Wk (3 a) 

The shear at any point in the beam is given by the following equations: 
From A to C 

V 9 - +Vi (4) 

From C to B 

Vs * +Vi - W (5) 

Values of moment and shear may be determined from eqs. (1) to (5) as soon 
as Mi and M% are known. 
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Figure 103e shows a beam supporting a uniform load and subjected to end 
moments Mi and M%. The values of moments, shears, and reactions are as 
follows: 


M x = M ! + Vix - w f 

(6) 

V» = +Vi — wx 

(7) 

II 

*'**! ►— j 
/-s 

to 

1 

fis 

+ 

toi8 

(8) 

V* = j (Mi - Mi) + ^ 

(9) 


74. Restrained or Fixed Beams. 

74a. Analysis by Prof. Greene’s Area-mome*nt Method. Beam 
Fixed at One End , Free at Other End . — The beam in Fig. 104 is fixed or restrained 



at A, and freely supported at B. 
Under these conditions the reactions 
Ri and E 2 , and the resisting moment 
Mi at A, present more unknown 
quantities than can be determined by 
the principles of statics, and the beam 
is statically indeterminate. The ease 
with which problems of this kind are 
solved, depends to some extent upon 
the manner in which the M - diagram 
is drawn, for it may be represented 
in three ways, as shown in Figs. 104b, 
104c, or 104d. Each case will be con- 
sidered separately. 

In Fig. 104b, let Mi and M 2 
represent the bending moments at A 
and C respectively. The bending 
moment at B is zero. The line AB , 
(Fig. 104a), is tangent to the elastic 
curve at A, and the tangential de- 
viation t at B is zero. Therefore 


-hC 


Mxdx 


0 


or 



Mxdx = 0 


Hence the area-moment of QVUTP , Fig. 104b about Q is zero, or 


From statics 
and 


ilf 2 (3) (4) + M 2 (6)(10) + Mi(6)(14) - 0 
7Mi + 6Af 2 * 0 

Mi « —(640) (12) + 1822s 

M 2 * 6R 9 
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-45,360 + 1267? 2 + 367? 2 = 0 
and 

R* — 280 Mi « —1,440 

Ri = 260 M 2 = 1,680 

In Fig. 104c, the M-diagram is drawn in parts; QST is the M-diagram for the 
reaction at B , and TPU is the M-diagiam for the load at C. The area QST is 
positive, and the area TPU is negative. The area-moment of the total diagram 
about Q is zero. Therefore 


18#2 (0) (12) - (6,480) (6) (14) = 0 
R, = 280 

TS - 187? 2 « 5,040 
PF = (H) (5,040) - 1,680 
rfl = 5,040 - 6,480 = -1,440 


In the two preceding solutions no speculation was made as to the general 
form of the elastic curve. The curve ACB , Fig. 104a, might have had any shape 
whatsoever, so long as its tangent at A passes through B. It is not always wise 
to presume upon the general form of the elastic curve before computations are 
made; but in the present simple case it is quite safe to assume that the curve is 
concave on the under side near A , and concave on the upper side at C, with a 
point of contraflexure between. Hence the bending moment is negative at A , 
positive at < 7 , and zero at an intermediate point I ; consequently the M-diagram 
may be sketched as in Fig. 104d. In finding the area-moment, the area TIV , 
which is not a part of the diagram, can be included as positive area with QVI, 
and as negative area with TIU . 


From statics 
and 

Whence 


M 2 (3)(4) + M 2 (6)(10) - Mi(6)(14) = 0 
7Mi ~ 6M 2 = 0 

-Mi = -(540) (12) + 187? 2 

Mi = 67? 2 

Rt = 280 -Mj= -1,440 

7?x = 260 Mi = 1,680 


When an unknown ordinate in the M-diagram is represented by a symbol, it 
is generally better to assume that the ordinate is positive, as in Fig. 1046. If the 
solution shows that the ordinate is negative, the M-diagram may be re-drawn if 
desirable. Frequently the M-diagram may be constructed to advantage as 
shown in Fig. 104c. 

Only two independent static equations can be written for the solution of a 
system of parallel forces. In the present problem there were three unknown 
quantities to be determined, hence one elastic equation was necessary for a 
solution. 

The beam in Fig. 105a, fixed at A and simply supported at B, carries a total 
load TF, uniformly distributed. In Fig. 1056, QTU is the M-diagram for the 
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uniform load, and QTS is the Af -diagram for the reaction at B. If the tangent 
to the elastic curve is drawn through A, the tangential deviation t at B is zero, 
hence the area-moment of QSU about Q is zero. 


(«)&)©- ( 7 ) 0 ©- 

R 2 * HW 


R i = %W 


TS = %Wl 


The Af -diagram may now be drawn to scale as in Fig. 105c; the resisting 
inoment at A is 

SU = TS - TU = HWl - HWl = - HWl 



Beam Fixed at Both Ends . — The beam in Fig. 106a is fixed at each end. The 
Af-diagram is sketched in Fig. 1065 by assuming all ordinates positive. It 
cannot be drawn to scale until Afi, Af 2 , and M z are known. There are four un- 
known quantities involved in the external forces acting at the points of support. 
These are Ri, Ri,M iand Af 2 , for which four independent equations are necessary. 
The two static equations may be written thus : 

Ri + R 2 = P (1) 

M% = klR\ + Mi = (1 — k)lR2 + M 2 (2) 

Two elastic equations are necessary in addition to these static equations. 
Let <t> be the angle which the tangent through A makes with the tangent through 
B . Then, since 0*0, the area of the M-diagram between A and B is zero. 
Therefore 

(1 _ k )i = 0 (3) 

The line AB is tangent to the elastic curve at B, and the tangential deviation 
%t A is t% « 0. Therefore the area-moment of the Af-diagram about TU is 
zero. Hence 
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(T)(f ) + [« + K* - *)«1 

[ B+ |(, (4) 

A third elastic equation may be written by equating to zero the area-moment 
of the ilf -diagram about QP ; but obviously ihis equation would not be indepen- 
dent of eqs. (3) and (4). Equations (3) and (4) may be reduced to 

kMi + (1 - k)M* + Ms - 0 (3a) 

km 1 + (2 - k- F)M 2 + (1 + k)Mz = 0 (4a) 



M 

Fig. 106 . 


Solving eqs. (1), (2), (3a) and (4a) 

Ri = (1 - 3 k 2 + 2 k*)P M% = -* f (l - k)Pl 

Rz = (31 2 - 2 fc*)P Mz - 2fc 2 (l - A;) 2 PZ 

Mi = -1(1 - 1) 2 PJ 

Since the limits of k are 0 and 1, it is clear that Mi and M 2 are negative bend- 
ing moments and M 3 is a positive bending moment. 

The ilf -diagram in Fig. 106c is the same as in Fig. 1066, except that TQ has 
been drawn in the horizontal position. Let 

SV - Mz m M* + Ms 

From Geometry 

Mz - Mz + (1 - k)(M 1 - ilf 2) 

Hence 

. ilf| » M 3 — Mz *■ 1(1 — k)Pl 
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If the beam were simply supported (not fixed) at A and B ) the bending 
moment at C would be Mi = k( 1 — k)Pl. Therefore TSQ is the M - -diagram when 
the beam is not restrained at the ends by M i and M 2 . In a numerical problem 
the M-diagram should be sketched as in Fig. 106c, and Mi computed as for a 
simple beam. After the negative moments Mi and M 2 have been determined, 
the trapezoid TQPU may be revolved about TQ and the diagram drawn to scale 
as shown in Fig. 106d. 

The fixed beam in Fig. 107 supports a total load W , uniformly distributed. 
Since the loading is symmetrical, the resisting moment and reactions at B 



are the same as at A. The area TSQ is the M -diagram for a simply supported 
beam and the area TUPQ represents the resisting moment M at each end. The 
angle <f> between the tangents through A and B is zero. Consequently the area 
of the Af -diagram is zero. Therefore 



M « 


Wl 

12 


The bending moment at the center is 


Wl _ Wl Wl 
8 12 24 


and the ilf -diagram may be drawn to scale as shown. 


Illustrative Problem. — The reactions and resisting moments will be determined for the 
fixed beam in Fig. 108a. 

From statios 




sv - ®ce)(15) - 3,600 
Mi - -(640X9) + 24 R, + Mi 

„ 5,760 + Mi - Mt 

"* “ 24 
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The angle between the tangents through A and B is 

- 0 
or 

(M, + Afj) 24 , (3,600) (24) „ 

2 + 2 “ ° 

The tangential deviation at B is 


( 3,600)(1 5)(10) (3,600) (9) (18) , 24M,(8) , 24Jf,(16) „ 

*>. "* o' r o * o “ “ ^ 


Whence 


Mi - —2,250 
Mi = -1,350 


Ri - 437.5 
Hi - 202.5 


These results may be checked by the formulas given above. The M-diagram is drawn 
to scale in Fig. 108c. 

746. Analysis of Restrained Beams % m \ w % 

by Method of Elastic Weights ^ ^ 

Beam Fixed at Both Ends . — Figure 109a shows W V// 

a beam fixed at both ends and supporting a single /g - * 

concentrated load IF at a distance kl from the left y Given Beam / * 

end of the beam. In Fig. 1096 the restraining ** 

and supporting effect of the wall is represented by I w 

the moments M ! and M 2 and the forces V i and F 2 . ~ "*1 ** 

The directions assumed for these moments and v^ 5 M 'J 

forces wity be taken as positive. Let ab of Tig. /, 4_ > ^ 

109c represent the conjugate beam for the case (b) 

under consideration. Load this ^con jugate beam 
with an M/EI diagram formed by combining the T~7 ^n 
moment diagrams for simple beam effect due to ]/ \ 



r -f-H , 




Conjugate Beam 
<a rM p Low ding 

ri (c) 


Fig. 108. 


Moment Diaaram 
for Given Beam 

(a 

Fio. 109* 


the load W e nd the moment diagram for the effect of Mi and M%* Let ri and 
ft represent the conjugate beam reactions due to the M/El loading. 
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A necessary condition for fixed ends in a restrained beam is that the tangents 
to the elastic curve at the ends of the beam must have zero slope. Since the 
slopes of the tangents at the ends of the given beam are zero, the shears at the ends 
of the conjugate beam must be zero. But these shears are equal to the end reac- 
tions for the conjugate beam. Therefore r x and r 2 must be equal to zero. The 
values of Mi and M% may be determined subject to the condition that r x and r 2 
are equal to zero. 

Values of ri and r 2 may be determined for the conditions shown in Fig. 109c. 
The moment diagram for Mi and M 2 is divided into two triangles to facilitate 
the calculations. Distances to the center of gravity of the several triangles are 
shown on the figure. On placing equal to zero values of r x and r 2 obtained by 
writing moment equations about the ends of the beam we derive the following 
condition equations: 

2 Mi + M 2 = — Wkl(l — Jfe)(2 — k) 

and 

Mi + 2 M 2 = — Wkl(l -k)( 1 + k) 

Solving these equations for Mi and M 2 , we have 


Mi = —Wkl(l — k) 2 (5) 

M 2 WkH(l - k) (6) 

Equations (5) and (6) give the values of the end moments for the given beam of 
Fig. 109a. 

The supporting force or reaction at the left end of the given beam may be 
determined from eq. (3), Art. 73, by substituting values of Mi and M 2 as given 
by eqs. (5) and (6), from which 

Vi = W( 1 - k) 2 ( 1 + 2k) (7) 

From statics 

V 2 = W - Vi « Wk\S - 2k) (8) 

To determine the moment at any point in the given beam substitute values of Mi, 
M 2 and Vi in eqs. (1) and (2) of Art. 73. We then have the following general 
equations for moments : 


From A to C 
From C to B 


M, - W( 1 - k) 2 [x(l + 2k) - kl ] 
M* = Wk 2 [1(2 -k) - ( 3 - 2k) x] 


(9) 

( 10 ) 


To determine the moment under the load ^substitute x — kl in eq. (9) or (10), 
from which 

M c - 2Wk 2 l(l - k) 2 (11) 

The moment diagram for the given beam as plotted froiq eqs. (9) to (11) is 
shown in Fig. 109d. Note that the end moments, which are negative, are plotted 
below the base line ab while the positive moment at the load is plotted above the 
base line. The shaded area shows the complete moment diagram. 

* From the moment diagram of Fig. 109d it can be seen that the moment is 
zero at two points, one on either side of the load. To locate these points, place 
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M x from eqs. (9) and (10) equal to zero and solve for the values of x, 
x% represent these values of x. From eq. (9) 

kl 


and from eq. (10) 




x 2 


1 + 2 k 

2 -k 


Let Xi and 


( 12 ) 


l 


(13) 




3 — 2k 

Equations (12) and (13) locate the points of inflection , or the points at which the 
moment changes from positive to negative. It can also be shown that at these 
points there is a reversal of curvature in the elastic curve of the beam. 

The deflection at any point in the given beam 
may be determined by circulating the moment 
at that point in the conjugate beam due to the 
M/El loading. In Fig. 110 let ab represent the 
conjugate beam and let the figure adceb repre- 
sent the M/ El diagram taken from the moment 
diagram of Fig. 109d. Note that the moment 
areas amd and nbe are negative and are 
represented by forces which act upward and 
that area men is positive and is represented by 
a force which acts downward. Fig - 110 * 

To determine the general equation for deflection at a point distance x from 
the left end of the given beam, determine the moment of area adhg of Fig. 110 
about point g. On dividing this area into triangles and taking moments about 
point g , we have 

y = ~ / (2M I + M„) 



w 

r—r~ — r 

<_ -£•_ 
h/i 

3 

* 

. Lt*-. 

A 

7 * 

[A# 



from which finally 


IF 

v ~ m 


(1 — k) 2 £ 2 fcc(l + 2k) — 3 kl] 


(14) 


Equation (14) is the equation of the elastic curve for a point to the left of the 
load W. For a point to the right of the load and at a distance x from the left 
end of the beam, we derive 

y = m k,(l ~ * )l[(3 _ 2k)x ~ m (15) 

which is the equation of the elastic curve for a point to the right of the load W. 

The deflection of the given beam at the position of the load W may be deter- 
mined by substituting x ~ kl in eqs. (14) or (15), or the moment area on either 
side of the load may be taken about point/. In any event we derive 

y ° = m kH<1 ~ k)i (16) 

The maximum deflection in the given beam due to the load W occurs at the 
point where the conjugate beam shear due to the load W is equal to zero. From 
Fig. 110 it can be seen that zero shear occurs at point p which is so located that 
area nop 8 area nbe. Let x 0 8 distance from left end of beam to point of 
maximum deflection. Then 

Xo ** l ""2 (1 *— x$) ® g — gib 


( 17 ) 
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The maximum deflection may be determined by substituting x 0 from eq. (17) 
in eq. (15), or by calculating the moment area to the right of point p . Note that 
this moment area is a couple which is equal to area nop multiplied by the distance 
between the centers of gravity of the triangles nop and nbe. Performing the 
operation indicated, we derive 

v a ? _(l_r Qg) 

Vmax 3 El (3 - 2 jfc)* U ' 

Equation (18) gives the maximum deflection of the given beam for any position 
of the load W. 

The maximum deflection given by eq. (18) varies with the position of the 

load W. It can be shown that the 
*!°L _ js*2! -.Jy* greatest value of y. na m will occur at the 

\ r — T*" — beam center when the load W is placed 

t- - - _ JpL at that point. Let A represent this 

v/\ R > Given Beam R * \4/ deflection. Substituting k =* % in eq. 

fa) ' (18) we have 

a 1 Wl 8 , 1Q x 

A_ 192 El (19 ^ 

which is the greatest deflection of the 
M * given beam. 

When the given beam supports a 
uniform load the process is similar to 
that given above. In this case the 
simple beam moment diagram is a 
parabola. Due to symmetry, the re- 
straining moments M i and M 2 are 
!35o mo equal. The values of moments and 
\£tf\ 336 \ L* cr J 1 deflection for this case are given in 

h ' Table 1, Art. 74c. 



£_ 

1350 PH b 




Moment Diagram 
for Given Beam 


utsn Illustrative Problem. — Determine the 

Fig 111. end moments and reactions for the fixed 

beam shown in Fig. 111. 

Figure 1116 shows the conjugate beam loaded with the known simple beam moment 
diagram and an assumed end moment diagram. The conjugate beam reactions, n and r* 
must equal zero. From moments about the ends of the beam 

„ 04) (3,600) (24) (13) , /1\ 06) (\\ (8) n 

ri “ ~ (24) + la) (Ml)(24) (24) + \2/ (Ms)(24) (24) * ° 


„ 04) (3,600) (24) (11) 

. (24) 

From these equations we have 


+ (i)(JfO<24) g, + Q W0<24 


Mi + O.SAfa - —2,925 
Mi + 2.0 Mt - -4,950 

Solving for M\ and Mi, we have 

Mi - -2,250 ft.-lb. 

Mt m -1,350 ft.-lb. 

Figure 111c shows the bending moment diagram. 

The reactions may be determined from moment equations taken about the ends of 
the beam for the conditions shown in Fig. Ilia. Noting that Mi and Mt are negative 
moments, moments about the right end of the beam give 

+24JS, - (640X15) - 2,260 + 1,860 - 0 




Sec. 1-746] 


GENERAL THEORY 


109 


from which 

Ri - 437.6 lb. 

From summation of vertical forces or moments about the left end of the beam 

R 2 * 202.5 lb. 

Illustrative Problem. — Calculate the deflection under the load and the maximum deflec- 
tion for the beam of Fig. 111. 

The deflection under the load is given by area moments for the portion of the moment 
diagram of Fig. Ills which lies to the left of point C. Whence 

Vc ” fci{ G) 02,250 ^ 3 - 86 + (3) (5 ' 14)I ~ (a)^ 687 - 5 )* 3 - 86 )’^) } 

v. - ^ (4,010) ft. 

The maximum deflection occurs at the point for which the conjugate beam shear is 
zero. From Fig. 111c it can be seen that the shear is zero at a point (2HG.67) *= 13,34 ft. 
to the left of point B. The maximum deflection, equal to the area moment about this 
point for areas to the right, » 

V ma <" ^ (3) (6.67) Q (6.67) (1,350) - ^ (4,020) ft. 

Illustrative Problem. — Calculate the end moments, reactions, and maximum deflection 
for the beam shown in Fig. 112. 



Moment Diagram 
for Given Beam 

re) 

Fig. 112. 


The simple beam moment diagram is a parabola, as shown in Fig. 1126, and the end 
moment diagram is a rectangle, since from symmetry of loading, the end moments are 
equal. Placing the value of the conjugate beam reaction n equal to zero, we have 

ri - (MX%) (18.00°) (12) + (H)(MiK12) - 0 

from which 

Mi - -12,000 ft.-lb. 

Figure 112c shows the complete moment diagram. 

Since th e end moments are equal, eqs. (8) and (9), Art. 27, show that the end reactions 
are equal to each other and each is equal to half the applied load. Henoe 

Hi - 7,200 lb. 
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The maximum deflection occurs at the center of the beam due to symmetry of loading. 
It can be shown that the areas abc and cde are equal and that the distances between their 
centers of gravity is 3.0 ft. Hence 


V... - ~ (|) (6,000) (3.47)(3.9) ■ 


}j( 54,100) 


Beam Fixed at One End f Free at Other End —The beam of Fig. 113 may be 
analyzed by the methods used in the preceding article. Since the beam is freely 
supported at the left end, the moment at that point is zero. Let Mz represent 
the restraining moment at the right end of the beam. 

Figure 113c represents the conjugate beam with the M/El loading in position. 

The simple beam effect is shown by the tri- 
angle acb and the effect of M z is shown by the 
triangle abd. Since the slope of the tangent 
to the elastic curve at the right end of the 




given beam is zero, the conjugate beam reaction r 2 must be zero. In this case ri 
is not zero, for the tangent to the elastic curve at this point is not horizontal. 
Figure 113d shows the completed moment diagram. General equations for 
moments, reactions, and equations of the elastic curve are given in Table 1, 
Art. 74c. 


Illustrative Problem. — Calculate moments, reactions, deflection under the load, and 
maximum deflection for the beam of Fig. 1 14. 

Figure 114b shows the conjugate beam with the simple beam moment diagram in place. 
Since the right end of the given beam is freely supported, the end moment diagram is a 
tr iang le, as shown in Fig. 114b. To determine Mi, place the value of n, the left hand con- 
jugate beam reaction, equal to sero, whence, 

H (3/i)<18)(12 )_, H (2, 16 0 ) (18) (8) 
ri " (18) + (18) u 

from which 

M 1 - -1.440 ft.4b. 
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The right reaction Rt may be determined from moments about point B, Fig. 
from which 

I8B2 - (540) (12) - - 1,440 

Hence 

2 - 280 lb. 

From summation of the vertical forces 


Ri - 540 - £2 * 260 lb. 


The moment under the load is 


114a, 


M c = QRt - 1,680 ft.-lb. 


Figure 114c shows the complete moment diagram. 

The deflection under the load may be determined from area moments to the right of 
point C of Fig. 114c. In this case rt, the right hand conjugate beam reaction is not zero, 
for end A is not restrained. To determine n take moments about point B of Fig. 1146, 
using the value of M\ calculated above. The value of r2 is found to be 6,480, aB shown on 
Fig. 114c. Hence 

V. » £A(6,480)(6)-H(l,680)(6)*(p "| 

y. = (28,800) 


The maximum deflection occurs at the point where the conjugate beam shear is aero 
From Fig. 114c it can be seen that this point is located (2) (5.54) = 10.08 from the left 
end of the beam. Hence 


*- = B/6) (1 - 440)(554), d) -i/ (29 ' 500) 


74 c. Properties of Restrained Beams. — Table 7, on pp. 112 and 
113 gives in convenient form the principal properties of the common forms of 
restrained beams. Substitution in the general formulas will give the moments, 
shears, and deflection in any desired case. 

75. -Continuous Beams. 

75a. Analysis of Continuous Beams by the Area-moment Method. 

(Prof. Greene's Method ). — Two general methods of procedure may be adopted 
in the analysis of continuous beams by this method. In the first method, which 
is known as the Conventional Method, each problem is treated as a separate case. 
The results may be expressed in general formulas or numerical values may be 
obtained for moments and reactions. The second method, which is more general 
in nature, makes use of a relation which exists between the moments at three 
consecutive supports. This relation, which is known as the Theorem of Three 
Moments, is expressed in the form of an equation. In the following articles these 
methods will be given in detail. 

756. The Conventional Method. — The ease with which problems may 
be solved by this method depends upon the manner in which the moment 
diagrams are drawn and the selection of the tangent for which the intercepts are 
to be determined. For convenience in solving problems, all reactions will be 
assumed to act upwards and all moments will be assumed to act in a positive 
direction. Hence a negative result indicates that the reaction or moment acts 
in a direction opposite to that assumed. 

Beam on Three Supports — Single Concentrated Load . — In Fig. 115a let FG 
represent the tangent to the elastic curve drawn through C. The elastic curve is 
not shown and no speculation with reference to its form will be made. Its slope 
is unknown ; it may be positive or negative. One thing is certain. Since the two 
spans are equal in length, the tangential deviations t\ and t% are equal in magnitude. 
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Tab lb 7. — Properties of Restrained Beams 
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Table 7. — Propeuti es or Restrained Beams — Continued 
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They have opposite signs, since one is measured above the line AB and the other 
below it. Hence t\ = — t 2 . Figures 1 156, c, and d show three methods of drawing 
the moment diagrams. All ordinates will be assumed as positive. 

In Fig. 1156, all moments are expressed in terms of the end reactions. The 
bending moment is known only at A and B. At these points the moment is zero 
since the beam is assumed to be freely supported at the ends. We then have 

Elti - 12Ri(6)(8) + 12fi,(9)(18) + 30# s (9)(24) 
and 

Fit 2 = 30^s (15) (20) 

“4 But 

R, l\ — — <2 

Whence 

7 Ri = -43# 8 (a) 

From statics 
30#i - 180 - SORs 
Whence 

Ri = Rz + 6 (b) 

From (a) and (b) 

#i = 5.16 lb. 

# 2 = 5.68 lb. 

R* = -0.84 lb. 

From statics, the moment at point C is 
M c = 30# s = -25.2 in.-lb. 

The complete moment diagram is 
shown in Fig. 115e. 

In Fig. 115c, the M-d iagrams for 
the load at D and for the reaction at C 
are sketched separately. PQV is the 
M-diagram when the center reaction is removed and AB considered as a simple 
beam, supporting the load at D. PUV is the M-diagram when the load at D is 
removed, and AB considered as a simple beam held in equilibrium by the forces at 
A } By and (7. 

From area-moments about P and V we have 



(e) 

Fig. 115 . 


Elh - (96) (6) (8) + (96)(0)(18) + (0O)(9)(24) + M(15)(20) 

and 

EItt = (60) (15) (20) + M( 15) (20) 

But 

ti = — 1 2 

Therefore 

M * -85.2 in.-lb. 

The bending moment at C is 

Me * SU « 60 + M * —25.2 in.-lb. 
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To determine the reactions note that moments about C taken for forces on 
either side of this point must equal M a . Hence, for the section to the left of C , 

30/?i - (10)(18) =M C = —25.2 

and 

Ri » 5.16 lb. 

Also, for the section to the right of C, 

30/? 3 = M c = —25.2 

and 

/?s = -0.84 lb. 

Placing a summation of vertical forces equal to zero, to determine /?2, we have 

/?1 + /?2 + i?3 = 10 

from which 

Z? 2 = 5.681b. 

The value of /? 2 may also be determined from a moment equation about points 
A or B. 

In Fig. 115d, the M-diagram is drawn by first considering that AC and CB 
are simple beams, i.e., by assuming no continuity and no bending moment at 
C. Thus PQS is the M-diagram for the simple beam AC supporting 10 lb. at D. 
There is no corresponding diagram for CB, since there is no load in that span. 
The area PUV is then added to provide for the bending moment on account of 
continuity at C. 

Elh - (72) (6) (8) + (72) (9) (18) + If *(15) (20) 

EIt 2 = Me (15) (20) 

<i = —t 2 

Whence 

M c — —25.2 as before. 


After the reactions have been determined, the bending moments at C and 
D, and the deflection at any point may be computed. Figure 115e shows the 


completed moment diagram. The 
elastic curve when drawn will have the 
general configuration shown in Fig. 116. 

The general expressions for Ri, R 2l 
and Rz will now be developed in con- 
nection with Fig. 116. Let the tangent 
to the elastic curve be drawn through 
C and let t\ and t 2 represent the 
tangential deviations at A and B re- 
spectively. Then, from area-moments 



about A and B, we have 


Fig. 116 . 


Elk = Pk(l - ft)Z,(J Z,)| [% + \ (l - fc)z,] + mQ z,)(| z.) 


P2» 

■ r ^(k-k*) + 


Ml? 

3" 


m-it/Qz,)(|z,)- 


Ml? 

3 
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From similar triangles we have the proportion 


Whence 

Therefore 


tii —tii ili 1 12 


tll2 555 till 


M 


Ph*(k - k*l 
2 (h + h) 


(1) 


The values of the reactions may be determined by statics as in the problem 
given above, whence 


Ph(k - k*) 
2 ( 1 !+ h) ' 
Ph(k -Jc*J 

2 U 

PhKkj- k*) 

2 (li + ^ 2)^2 


Ri = P(1 - k) - - 
R 2 - Pk + 

Rs - - 


( 2 ) 

(3) 

(4) 


Since k is less than unity, k-k* is positive; hence M is a negative bending 
moment, and R 9 is a negative reaction acting downward. 

When the two spans are of equal length l , the reactions are 


+ 

3 

1 

CO 

a, 

it 

(5) 

:» = | (—2ft 3 + 6ft) 

(6) 

? (ft 3 - ft) 

(7) 


Beam on Three Supports — Uniform Loads. — In Fig. 117a the parabola PQS 
is the M-diagram, when AC is considered as a simple beam, and the parabola 
£7T is the M-diagram when CB is considered as a simple beam. The triangle 

PUV is added to represent the bending 
moment on account of the continuity. 
If the tangent to the elastic curve be drawn 
through C, and t\ and t 2 represent the tan- 
gential deviations at A and B respectively, 
then 



Elh - (18,000)(12)(%0(6) + M(6)(8) 

« 864,000 + 48 M 

EIt 2 « (81,000)(18)(%)(9) + M(9)(12) 

= 8,748,000 + 108M 

3li = — 2 ti 
M « -55,800 

The M-diagram may now be drawn to scale as shown in Fig. 1176. From 
statics 

—55,800 * 12R X - (12,000) (6) = I 8 R 9 - (36,000)(9) 

Ri - 1,350 
R 2 * 31,750 
R% - 14,900 
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The general expressions for iJi and R 2) and R% for a continuous beam of two 
unequal spans h and supporting unequal uniform loads Wi and w 2 per unit 
of length, will new be developed in connection with Fig. 118. The il/-diagram 
is drawn as in the preceding problem. If the tangent to the elastic curve is 
drawn through C, and k and U represent the tangential deviations at A and 
B respectively, then 


Elk 


W\h A Mix 2 
'24 + 3 

w 2 l 2 2 , Mh 2 
24 + 3 


l \l*i = — kh 1 

M M _ W}h a +Wsltl i (8) 

f 8(h + h) J 




When the spans are eaual in length l and the uniform load w per unit of length 
is the same in both spans, eq. (8) reduces to 

» - -f (9) 

Beam on Three Supports — Special Cases. — When a continuous beam supports 
a combination of uniform and concentrated loads, it will be found expedient to 
sketch the M-diagram in parts as shown in Fig. 1 19. The portion (a) is the Af- 
diagram for the concentrated loads when no continuity is considered at C; and 
the portion (6) is a similar diagram for the uniform loads. The continuity is 
provided for by the portion (c). If the tangent to the elastic curve is drawn 
through C, and t\ and k represent the tangential deviations at A and B, then 

Elk = (9,000) (6) (6) + (18,000)(12)(*)(6) + M(6)(8 
« 1,188,000 + 48M 

Elk - (6,000) (3) (4) + (6,000) (6) (9) + (6,000)(3)(1 ) + (81 000)(18)(«) 

(9) + Af(9)(12) 

= 9,396,000 + 108M 
3 h - 

M - — 62,100 

The reactions may npw be determined by the principles of statics. 
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-1,600 


The value of M may also be determined from eqs. (1) and (8). Equation (1) 
is applicable to the concentrated loads. For the load at Z>, P = 3,000, k = 
h «■ 12, and h = 18. Hence 

_ (3,00 0) (144 )(H - H)_ 7no 

M “ 2(12 + 18) ~ 2,700 

For the load at F } P = 1,000, A: = H, h = 18, and U = 12. 

Hence 

(1,000) (324) , fiftn 

M 2(12+18) ~ 1 ’ 600 

For the load at P, P = 1,000, k = Zi = 18, and ? 2 = 12. 

Hence 

M - (1,000) (324) (K -_^ 7 )_ __o ooo 

M ~ 2(12 + 18) “ 2,000 

Hence the bending moment at C, due to the three concentrated loads is 
M - -2,700 - 1,600 - 2,000 = -6,300 
Equation (8) is applicable to the uniform loads, where Wi •* 1,000, = 

2,000, h = 12, and Z 2 = 18. Hence 

u (1,000)(12 3 ) + (2,000) (18 3 ) snn 

M 8(12 + 18) ~ = _55 ' 800 

which agrees with the bending moment at C for the beam in Fig. 117. The total 
bending moment at C for the combined uniform and concentrated loads is 
M = -6,300 - 55,800 = -62,100 
as previously determined. 

The continuous beam in Fig. 120 supports a uniform load of 1,000 lb. per foot 

,-tooo tb p*r ft over a P art s P an AC. The area 

a &7////A c PQSTW is the M -diagram, when AC 

*—*«*—** e -- W is considered as a simple span. Let 

I _ * the tamrent to the elastic curve he 


M - - 


-55,800 


,-fOOO tb p*r ft 


b 3L ; is considered as a simple span. Let 

jjAr I the tangent to the elastic curve be 

W HT drawn through <7, and let h and U rep- 

0 resent the tangential deviations at A 

~ — — and B respectively. In 'finding the 

area-moment of PQSTW about P, the 

* Nr parabolic area QST is encountered. 

Fio 120 * 

This area has all the properties of the 

area Q'S'T', which is the Af -diagram for a simple beam 12 ft. long supporting a 

uniform load of 1,000 lb. per foot over its entire length; hence the area-moment 

of PQSTW about P may be found as follows: 

AreaiW (43,200)(3)(4) = 518,400 

QNO (43,200) (6) (10) = 2,592,000 

QTO (57,600) (6) (14) = 4,838,400 

TOW (57,600) (6) (22) = 7,603,200 

1 70Q Ann 

QST (18,000) ( 12 ) (%) (12) = i7 ’- g ^ 

Elti - 17,280,000 + il/(15)(20) 

Elh = Af(30)(40) 

2 <1 - -f« 

M « -19,200 


QST (18,000) (12) (%) (12) = 
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The reactions are statically determinate when M is known. The value of 
M may also be determined by the use of eq. (1) in which P is a concentrated load 
at the distance kl\ from A . In the present case let P represent the weight of an 
element of length dkh at the distance kh from A . Then 

P = 1,000 Udk 

Whence 

1,000 UKk - 

dM 2 (h'+h) 

value of M may be found by integrating between the limits k — 0.2 and k = 
0.6, hence 

M __r °«g,oooK3o») 

).2 2(30 + 60) ( 


J »U.I 
0.2 

-150,000 


k*)dk 


« — 19,200 

Beam on Four Supports . — The beam in Fig. 121 is continuous over four sup- 
ports. Two elastic equations are re- 
quired, in addition to the two static 
equations which may be written, for 
the determination of R h R 2 , R 3 , and 
R 4 . Let t x and h represent the tan- 
gential deviations at A and D, for the 
tangent to the elastic curve at C ; and 
let t 2 and U represent the tangential 
deviations at C and B , for the tangent 
to the elastic curve at D. Then 

at\ = — 1 % 

and t 2 = — aU 

PQW is the M diagram when AC is considered as a simple span, to which the 
diagram PUSV is added to provide for continuity. 

Eih - PH 1 - k)l )a0 3 [« + 2 (1 - w ] + *>60 60 
PI* „ ... , Mil* 



Fig. 121. 


Eih = Mi al ) (3 al ) + M* (J al )(* of) 


a*l* 


(2 Mi + Mi) 


Sit, - M, &)Qd) + «4«0(j“‘) 


= -f (■ Ml + 2 Ml) 


E1U 


6 

M 2 


G*)G«) 


M£ 

3 


Mi 

Mt 


—2Pl(k - fc*)( q + 1) 
3a 2 + 8a + 4 
Pl{k - k a )a 
3a* + 8a + 4 


Whence 


120 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. l-75c 


To determine the reactions, note that the moments to the right or left of any 
support is equal to the moment at that support, as given above. We then have 

» _ _ ^(* ~ **)(« + D o **(* ~ **)(«* + 3a + 2) 

‘ U ' ~3a 4 + 8a + 4 " 3 ” ' (3a s + 85'+4)a ~ 


n = p . , P(*_ - *2(2o* + 5a +_2) p _ , P(* - **)« 

1 ™ + (3a s + 8a + 4)a Hi “ + 3a* + 85 + 4 

76c. The Theorem of Three Moments. Area-Moment Method ,. — 
This theorem establishes a relation between the bending moments at any tiyee 
- *v,ibp*m consecutive supports of a beam. In 

Fig 122 let h md h reptesent the 

^ - - r — 4t - * lengths of two adjacent spans which 

^ support uniform loads of w\ and w 2 

/ per unit of length respectively. Let 

■ — ~ ~ ^331^3 Mo, Mi, and M 2 represent the bend- 

Fiq ~122 * ng moments ^ re< e supports, 

and let 1 1 and Z 2 represent the mo- 
ments of inertia of the cross-sections of the two spans. Let the tangent to the 
elastic curve be drawn through the middle support and let to and U represent 
the tangential deviations at the left and right supports respectively. From 
moment areas about points 0 and 2, we have 


Fig. 122. 


- WXi'OG'') -‘-"•GOG' 1 ) + «■ COCO 

Vhh* Mj,s Mill 

24 6 3 

m, - Of-) O'.) (a 1 -) + jf. (; '.)(!'.) + M, (‘ i.)Qi.) 


| • 

24^ 

From similar triangles 


toli — “ tji 1 


Whence 


Afor + 2 M 
l 1 


(h , k\ , M U 1/ n h* 
L \h + lJ + Mi h= ~ 4 \ 1 / 1 


* + ^/) 

1 * 2' 


Equation (10) is the general equation 

for the Theorem of Three Moments for ======*==. — (zjz =E====d= = 

uniform loads. * * 5! * ^ ^ 

When the continuous beam supports 
concentrated loads and W 2 as shown 

in Fig. 123, the parabolic simple beam — ” 

moment diagrams are replaced by tri- n0t l%% 

angular moment diagrams. By a process similar to the one given above, we 
derive 

TT + 2 " ■(/; + r.) + tt - ' m ~ ii% ' 

-jfktd - k t )(2 ~ kt)lt* (li) 


Fig. 123. 


m 2 - hw (id 
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Equation (11) is the general equation for the Theorem of Three Moments for 
concentrated loads. 

When several loads are included on any span a term must be added to the 
right hand side of eq. (11) to account for each load. 

To determine the moments at the supports of a continuous beam by means of 
the Theorem of Three Moments, eq. (10) or (11) must be written for pairs of adja- 
cent spans beginning at one end of the beam. Thus in Fig. 124 apply the Theorem 
of Three Moments to spans 1 and 2; then to spans 2 and 3; and finally to spans 
3 and 4. In this manner three independent equations are derived. 


\ » 

1 LL 

ULL 

* a | 

1 Spent 

t* Spent 1 ° SpanS 

Sptm4 | 



Fig. *21. 


Fig. 125. 


end 


i 


J Li 


From Fig. 124 it can be seen that there are five unknown moments to be 
determined. However, it is generally possible from the conditions of the problem 
to determine values of the moments at the two ends of the span. The number of 
unknowns may then be reduced, becoming equal to the number of condition equa- 
tions derived by the application of the Theorem of Three Moments. 

As stated above, the moments at the end supports may be determined from 
the conditions of the problem. If the beam is freely supported at the ends, the 
moments at tl^ese points are zero. When one or both ends overhang the 
support, as shown in Fig. 125, the end moments 
are determined as for a cantilever beam of the 
same dimensions. If one end of the beam is 
fixed, a shown in Fig. 126, the moment at A 
may be determined by assuming the conditions 
of restraint to be replaced by a span of zero 
length with a free support at the outer end of 
this span. On applying the Theorem of Three 
Moments to the given spans and 'the span of 
zero length, the moment at A is readily 
determined. 

The reactions at the supports may be determined by the principles of statics 
as soon as the moments at the supports are known. Similar solutions are given 
in the preceding article. 


i Li 


''Span of zero length 
Fig. 126. 


Illustrative Problem. — Determine the moment at the center support of the beam shown 
in Fig. 115, p. 114, using the Theorem of Three Moments. 

Since the beam carries a concentrated load, eq. ( 11 ) is to be used. When the moment 
of inertia of the beam is constant, Ii ** It. Since I appears in the denominator of each 
term, it divides out. For the conditions shown, Mi and Mi are zero and k o * 0.4. 

Substituting in eq. (11) we have 

120 M% - -(10) (0.4) (1 -0.43) ( 30)1 - -3,024 

from which 

Mi « -25.2 in.-lb. 

The inactions may be determined by statics, as in the discussion given on p. 113. 

Illustrative Problem. — Determine the moment at the center support of the beam of 
Pig. 119, p. 11-7, using the Theorem of Three Moments. Calculate the reactions due to 
the given loading. 
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Sine© the beam carries both uniform and concentrated loads, eqs. (10) and (11) may be 
combined and written in the following form. Noting that h * 1 2 for uniform cross-sec- 
tion, we have 

Molt + 2M\{1\ -f h) + Md% 38 — H (unh* + Wih*) — Wifci(l — fcj*)/i* 

- Wikzd - £ 2 ) (2 - ki)h*. 

For the conditions shown in Fig. 119, the several terms havo the following values: Mo * 0; 
M 2 « 0; Mi « Me; li - 13; h - 18; wi » 1,000; w* = 2,000; TFt * 3,000; FT a - 1,000* 
fci «= 0.5; fea — H and H* 

Substituting these values in the above equation, we have 
60Af c - - H[(l,000)(12)> + (2,000) (18)®] - (3,000) (V,) (1 - Y t ) (12)» 

- (1,000) (>£) (? 3 ') (%) (18) 2 - 1,000 (*•[) Oft) (%) (18) 2 

from which finally 

M c - -62,100 ft.-lb. 

To determine the reactions, note that the moment of forces to the left of the center 
support must equal Me . We then have 

12R a - (3,000) (6) - (12,000) (6) = -62,100 

from which 


Ra = 2,325 lb. 

A moment equation for forces to the right of the center support gives 
18 Rb - 1,000(6 + 12) - (36,000) (9) = -62,100 


from which 


Rb = 15,550 lb. 

From a summation of vertical forces, 

Ra + Rb + Re - 3,000 + 12,000 + (2) (1,000) + 36,000 
Solving for Rc we have, 


Rc - 35,125 lb. 



Illustrative Problem. — Determine the moment 
at the left end of the beam of Fig. 114, p. 110, 
using the Theorem of Three Moments. 

Figure 127a shows the given beam, restrained 
at the left end and freely supported at the right 
end. In Fig. 1275, the given beam is modified 
by substituting for the wall, a span of zero length. 
Let Mo, Mi and M 2 be the moments at the several 
supports. From the conditions of the problem. 
Mi = 0. Assume the beam freely supported at 


l000lb ' /ooon.o.rff. tud*" 9 * jam* pm 
K> l o m eo l o m f /o-'o'’ 3 /pip- \ w S 


m ,.! 


S2oon>p*rrt 


Fig. 127. 


Fig. 128. 


Ro , from which Mo 38 0. Applying eq. (11), noting that the several terms have the values 
Mo * 0, Af*»0, lx « 0, li = 18, Wi = 0, Wi — 540, ki » 0, ki ■ and/i »/*, 

we have 

(2) (Mi) (18) * - (540) (%) (1 - %) (2 - %) (18)* 

from which 

Mi - -1,440 

This agrees with the result obtained on p. 110 

Illustrative Problem. — Determine the moments and reactions at the supports of the 
continuous beam shown in Fig. 128. Assume uniform moment of inertia. 

Successive application of the Theorem of Three Moments as given by eqs. 10) and (11) 
to pairs of adjacent spans gives the following independent equations: 

20M1 + eoM* + ioMs - -(H) (1,000) (20)* - (10,000) (H) \H, (io>* 

lOMs + 40M* + 10M« « -(10,000) <H) (1 - H) (10)* - (%) (600) (10)* 
10M, + 40M4 + 10Mj - -(H) (600) (10)* - (H) (1,200) (10)* 
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The left end of the beam of Fig. 128 forms a cantilever. Hence Mi = —(1,000) (10) « 
— 10,000 jt -lb. Since the right end of the beam is freely supported, M * = 0. Reducing 
the above condition equations to their simplest form, we have 

Mi + 0.167M 8 * -36,250 
M 2 + 4M S + M a = -52,500 
M 3 -f M 4 = —45,000 

On solving these simultaneous equations, the values of the moments are found to be 
Mi = -10,000 Af; = — 36.01S 

Mz = -1,395 7l/ 4 = -10,900 

A/ 5 = 0 

All values are given in foot pounds. 

The reactions may be determined fiom the condition that the summation of moments 
to the right or left of any support must be equal to the moment given above, ^deter- 
mine R i, take moments about point 2, Fig. 128, for the forces to the left, from which 
+20#i - (1,000,(20 + 10) - (1,000) (20) (10) * Mz = -36,018 
Solving for Ri, we have R\ * 9,700 lb. 

The other reactions may be determined in a similar manner. In determining Rf, and 
Ri, it will be found best fe take moments for forces to the right of points 4 and 3. This 
will effect a consideiablo l eduction in the work required. The reactions determined by 
this process are as follows 

Ri = 9,700 Ri = 19,760 

R s * 3,590 Ri = 11,040 

R b = 4,910 

All values are in pounds. 

75d. General Methods for Determination of Reactions in Continu- 
ous Beams. — The reactions for continuous beams may be determined directly 
by means of the principles of statics. This 
method of determining reactions has been adopted 
in the preceding articles. The reactions may also 
be determined from general formulas expressed 
in terms of the moments at the supports. The 
determination of reactions by formulas has some 
advantages over a solution by means of the prin- 
ciples of statics. Thus when a formula is used 
any reaction may be determined without reference 
to the reaction at any other support. When the 
principles of statics are used, the value of any 
reaction is dependent on the reactions at other 
supports. Errors made in the determination of 
any reaction therefore affect the values of reac- 
tions at other supports. 

A general formula for reactions will now be derived for the conditions shown 
in Fig. 129a. Let the lengths of two adjacent spans be h and Z 2 and let wi and w* 
be the loads per foot on these spans. Figure 1296 and c show the two spans 
removed and all external forces shown in position. The reaction Ri at the junction 
of the two spans is 

Ri - V\ + F"i 

On substituting in this equation values of V\ and F"i determined from eqs, (3) 
and (3a) of Art. 73, modified to fit the conditions of Fig. 129, we have 
„ (M 0 - Mi) , (Mj - Mi) v>xh wdt 

It + h + 2 + ~ 2 ~ 



( 12 ) 
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Equation (12) is a general formula for reactions for uniform loads. ( When the 
beam supports concentrated loads, as shown in Fig. 129d, the general formula 
becomes 


Ri = , Ml) + + Wik, + Wt(l - la) (13) 

n 1 2 


On substituting in eqs. (12) and (13), the sign of the moment as determined from 
the Theorem of Three Moments must also be taken into account. 

The reactions at end supports in a continuous beam may be determined 
directly from eqs. (3) and (3a) of Art. 73, modified to fit the conditions of Fig. 
129. If Ro represents the left end reaction, we have, for uniform loads, 


p Mi -Mo. Wih 
Ro = h + 2 


and for concentrated loads 
Ro — 


Mi 


lx 


' + W x ki 


If R 2 represents a right end reaction, we have, for uniform loads, 

Mi — M 2 . w 2 h 
R * m ' h + 2 


and for concentrated loads 
Ri — 


Mi 


h 


' + W 2 (l — k 2 ) 


(14) 


(15) 


(16) 


(17) 


Illustrative Problem. — Determine the reactions for the beam of Fig. 119, p. 117, using 
eqs. (12) and (13) and the moments calculated on p. 122. 

The moment at the center support is Me “ —02,000 ft.-lb. This moment is repre- 
sented by Mi in eqs. (12) and (13). Since the ends of the beam are freely supported, M o 
and M 2 are equal to zero. To determine the reaction at the center support of Fig. 119, 
eqs. (12) and (13) may be combined and written in the form 

Rc = ~ 77 +T +W t + Wikl + ^ s(1 " ki) 

The several terms of this equation have the following values: Mi ** Me = —62,100, wi = 
1,000, wt = 2,000, Wi » 3,000, TV 2 ** 1,000, ki - 0.5, ki « H and M, li * 12, h « 18. 
Substituting these values in the above equation, we have 

Rc ** + + -~°-+ (H) (1.000) (12) + (M) (2,000) (18) + (3,000) (H) 

+ (1,000)(H) + (1,000)(«) 

from which 

R c - 35,125 lb. 

The reaction at the left end of the beam may be determined by combining eqs. (14) 
and (15), noting that Mo - 0. Thus 

Ra - - 62 jg 00 + (H) d.OOO) (12) + (3,000) (X) - 2,325 1b 

To determine the reaction at the right end of the beam, combine eqs. (16) and (17), noting 
that M% = 0, thus, 

Rb - - 62 ’- 8 °° + (M) (2,000) (18) + (1,000) (K) + (1,000) (H) - 18,550 lb. 

76«. The Theorem of Three Moments, Effect of Settlement of 
Supports on Moments and Reactions. — The formulas of the preceding articles 
are based on the assumption that the supports for the beam are rigid. If, due to 
any cause, the relative elevation of the supports is changed after the 1 beam is 
placed in position, the relation between the intercepts to and t , stated in Art. 76c 
must be modified to meet the actual conditions. 
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In Pig. 130 let A, B y and C show the original position of three consecutive 
supports of a continuous beam. Due to settlement of supports, these points 
take the positions shown at o, b, and c respectively. Let ho, hi and A 2 respectively 
represent the actual settlement of each support. At point b draw/fcd tangent to 
the elastic curve. Also, connect points b and c by a straight line and produce 
this line to an intersection at e with the vertical 
through point a. The distance ae shows the 
effect of settlement of supports on the position 
of point a. If the settlement of supports is 
proportional, or equal, ae will be zero and 
settlement will have no effect on the moments 
or reactions. 

For the conditions shown in Pig. 130, we have 

ef _ dc 
Lx I2 

But ef = to — ae and dc — t>, where to and U have the values given in Art. 76c. 
From similar triangles in Fig. 130 it can be shown that 

ae = (hi — h 0 ) + (h\ — hf)}* 

*2 

On substituting in the above equation, the value of ae and values of to and U 
as given in Art. 76c, we derive finally, 

For concentrated loads 

Mix + 2 M x (h + h) *+ M2I2 = -WM 1 - Ai % 2 - WMl ~ i *)(2 - W 

^ + as) 

For uniform loads 

Mali + 2 Mi(h + h) + Mi, = - K{wih* + w,h>) - GEl( ha J^ + kj ^) ( 19 ) 

Equations (18) and (19) give the Theorem of Three Moments for a beam of uni- 
form moment of inertia I when settlement of the supports has taken place. 



Illustrative Problem. — A 15-in. 42.9-lb. I-beam supported at three points 20 ft. apart 
forms a two-span continuous girder supporting a uniform load of 1,500 lb. per ft. Levels 
taken at the supports show that settlement of the supports has caused the following changes 
in elevation: left support 0.010 ft. ; center support 0.020 ft. ; right support 0.015 ft. Deter- 
mine the change in moment at the center support due to settlement. 

The required moment may be determined from eq. (19). Since the beam is freely 
supported at the ends, Mo and M 2 are zero. The terms in eq. (19) have the following 
values: Zi *= U =» 20 ft., wi * wi ** 1,500 lb., E =* 30,000,000 lb. per sq. in.; I = 441.8 
in, 4 , ho - 0.010, hi * 0.030, and hi *■ 0.015. Substituting these values in eq. (19), 
noting that E and I must be reduced to foot units, we. have 

K>M, - -(*)(1,SOOK20H2) 

- (6K30.000, 000)8.4, ("';») (•saL^sa? + i“? -«) 

from which 

Mi m -62,100 ft.-lb. 


For a similar beam on rigid supports, the center moment is Mi *» —75,000 ft.-lb. Settle- 
ment of supports has decreased the center moment 16 per cent. It is to be noted that the 
positive moments ^rill be increased to compensate for the decrease in center moment. If 
in any case, the center moment is entirely relieved, the beam becomes a simple beam with 
positive moment at all points. 



126 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-75/ 


75/. Continuous Girders on Elastic Supports. — When a continuous 
girder is supported by posts or columns the relative elevations of the several sup- 
ports may be effected by the distortion of these members. These changes in 

elevation have the same effect on moments and 
reactions as a settlement of the supports. 

Figure 131 shows two adjacent spans of a 
continuous beam supported by columns of 
height Ho, Hi and H 2 whose areas are Ao, 
Ai, and A 2 . Let Ro , Ri, and R 2 represent the 
final values of the stresses in these columns, or 
the reactions at the several points. For the con- 
ditions shown in Fig. 131, the deformation of the 

several supports is 

. _ RoHo , __ R\H\ , __ R 2 H 2 

1)0 ~ AoE 0 AiE l A 2 E 2 

where Eo , E h and E 2 denote the modulii of elasticity of the material composing 
the several columns. These deformations may be considered as settlements of 
the supports. On substituting these values in eqs. (18) and (19), we have 
For concentrated loads 



Moh + 2 Mi(h + h) + M 2 l 2 « -WM\ - ki 2 )li 2 - W 2 k 2 ( 1 - h)(2 - k 2 )l 2 2 

RqHo RiHi 

Vl\A qEq 

for uniform loads 


- H 


!,M,E <,, + W + iSf ’ 


£1 »• 


+ 2Mi(Zi + Iz) "b M 2 l 2 — — (w\li 3 + w 2 h z ) 

~ 6EI LiAo^o ~ UiAiE ^ 1 + w + hljil (21) 

Equations (20) and (21) give the Theorem of Three Moments for a continuous 
beam of uniform moment of inertia when the beam is placed on elastic supports. 
These equations are written in terms of the moments and reactions at the several 
supports. Values of the reactions, as given by eqs. (16) or (17), may be sub- 
stituted in the above equations if desired. However, the resulting equations are 
very cumbersome. An application of the above equations to a problem is given 
below. 


Illustrative Problem. — Calculate the moment at the center support and the reactions 
for the continuous beam shown in Fig. 132. 

Since the columns shown in Fig. 132 are relatively small, deflection under load may be 
expected and the supports considered as elastic. For 
the conditions shown in Fig. 132, the terms in eq. (21) 
have the following values: wi m wt « 2,400 lb. per ft., 

Zi » » 12 ft. - 120 in., Ho - Hi - Ho - 8' - 4" - 

100 in., Ao » Ai ® As ■* 6 sq. in., I •« 122.1 in. 4 , E = 

Eo ■ Ex — Ei * 30,000,000 lb. per sq. in., Mo and Ms 
are zero. Substituting these values in eq. (21), using 
inch units, and reducing the resulting expression to its 
simplest form, noting that Ro and R % are equal because of 
symmetry of loading, we have finally 

Mi - -360,000 - 0.424 (Eo - Ri) 



The reactions may be determined by placing moments about the center support equal to 
Mi. Thus, using inch units, moments to the left of R\ gives 

120/Zo - 1.440.000 - Mi - 60,000 - 0.424 + 0.424£i 
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from which 

Ro - 0.00352fti « 8,960 

Placing summation of vertical forces equal to zero, we have 
Ro + 0.5Ri - 24,000 

Solving these equations 

Ri - 29,830 lb. Ro * 9,085 lb 

The moment at the center support is 

Mi = 29,250 ft.-lb. - 351,000 in.-lb. 

For a beam on rigid supports, we find Mi * 30,000 ft.-lb. = 360,000 in -lb.; Ri » 30,000 
lb. and Ro = 9,000 lb. 

76 g. Analysis of Continuous Beams by the Method of Elastic 
Weights. — To analyze a continuous beam by the method of Elastic Weights, 
consider the several spans as independent 
beams restrained at the ends by the mo- 
ments which exist at the supports of the 
continuous beam. Since the tangents to 
the elastic curves fo* these restrained 
beams which meet at any support must 
have the same slope, the M/EI loads for 
adjacent spans are connected by the rela- 
tion that the conjugate beam shears for 
the ends of beams meeting at any support 
must be equal. 

Figure 133 shows any two adjacent 
spans in a continuous beam, and Figs. 

133 (6) and (c) show the conjugate beam 
and its loading for these spans. At any support as 1, the conjugate beam end 
shears must be equal, that is r\ — r'V For the conditions shown in Fig. 1336 

r’x = \WxkMl ~ W(g)(l + W + g Mth + J MoZ, 

and 

r": 1 = 2 wM* (1 - *,)(* *)(2 - k 2 ) + g Mxh+l MJ, t 
Equating these values, as indicated above, we derive finally 
Mdi + 2 M x (, h + h) + M 2 h = - Wik x (1 - k x *) h* - W 2 k 2 (1 - k 2 ) (2 -k 2 )l 2 * 
which is the Theorem of Three Moments for beam of uniform cross section under 
concentrated loads. 

On comparing the analysis given above with the similar solution given in Art. 
75c, using the Area Moment Method, it will be found that the operations in the two 
methods are practically identical. The same fact will be noted on comparing 
numerical problems. Since the two methods are similar, the solutions given in 
the preceding articles will answer for both methods. 

766. Coefficients for Moments and Reactions tor Continuous Beams. 
The solution of problems in continuous beams is greatly facilitated by the use 
of coefficients for moments and reactions at the supports. These will be given 
for beams carrying uniform and concentrated loads. 

Uniform Loads. — Figures 134A and 134B give the coefficients for moments 
and reactions in continuous beams over several supports due to a uniform load 


\tv, . w, 

LM J La*— 
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The values to the left and right of, any support in Fig. 134A represent the 
shears at these points and the sum of these shears represents the total reaction 
at any support. 

12 

of7 7f 7 Tfg 

8 8 9 

12 3 

oU eJT s\e ~7}o 
to /o /o 10 

1 2 3 4 

gf// /7l/5 /jfrj IS\l7 "7 ]p 

28 28 28 ~ 26 ~28 

12 3 4 5 

of/S 23^20 /6 T/y /9 Vs 20t23 7s]p 

88 38 39 39 38 38 

1 2 3 4 5 6 

0 14/ 63 fsS 49 fs/ jgfe S/^49 SS]€3 77] 0 

/04 /04 !Q4 / 04 104 104 J04 

1.2 3 4 5 6 7 

O fgg 6617S 87 f 70 72] 7/ 7/ \ 72 7of67 7s]d6 Sg] 0 

*2 /4? /42 142 142 /42 142 /42 

Fig. 134.4.. — Shears in continuous beams; supported ends; uniform loads on all spans; spans 
all equal. Coefficients of ( wl ). 



Fig. 1342?. — Moments in continuous beams; supported ends; uniform load on all spans; 
spans all equal. Coefficients of ( wl 2 ). 

Illustrative Problem. — Determine the moment and reaction at the second support from 
the left end of a continuous beam of five spans of 10 ft. each due to a uniform load of 1.000 
lb. per ft. 

On the diagram for the five span beam, the moment at the second support is —0.105 
t ol* and the reaction is J^g (23 + 20) wl. Hence M *■ — (0.105) (1,000) (100) * — 10,500 
ft.-lb. and R « (Hs) (43) (1,000) (10) - 11,3201b. 

Concentrated Loads . — Coefficients for reactions for concentrated loads will be 
given only for a beam continuous over two equal spans carrying a single load on 
one of the spans. To fix the position of the load, it will be assumed that the span 
is divided into a varying number of equal panels. Coefficients will be given for 
each load position. If desired, similar tables may be calculated for beams con- 
taining a greater number of spans. 
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* Reactions for a Two-span Continuous Beam 

(1000-lb. load on left hand span) 

\<~kl *j/000 

C- \ — *i< — z — >f 

Rt Rb R3 


Number of panols 

Values of k 

Ri 

Ri 

R, 

2 

H 

406.25 

687.5 

- 93.75 


H 

592.6 

481.5 

- 74.1 

3 

H 

240.7 

851.9 

- 92.6 



833.3 

1,333.4 

-106.7 



691.4 

367.2 

- 58.6 


i2 

406.3 

687.5 

- 93.8 

4 

& 

168.0 

914.0 

- 82.0 



1,265.7 

1,968.7 

-234.4 


H 

752.0 

296.0 

- 48.0 


H 

516.0 

568.0 

- 84.0 


H 

304.0 

792.0 

- 96.0 


H 

128.0 

944.0 

- 82.0 



1,700.0 

2,600.0 

-300.0 

"""* 

H 

792.8 

257.7 

- 40.5 


H 

592.6 

471.5 

- 74.1 


H 

406.25 

687.5 

- 93.75 

6 

H 

240.75 

851.8 

- 92.55 


H 

103.0 

960.7 

- 63.7 



2,135.4 

3,229.2 

-364.60 


M 

822.2 

213.8 

- 35.0 


H 

648.7 

416.9 

- 65.6 


H 

484.0 

603.5 

- 87.5 


H 

332.4 

763.8 

- 96.2 


H 

198.2 

889.3 

- 87.5 


M 

86.0 

970.9 

- 56.9 



2,571.5 

3,857.2 

-428.7 


H 

844.3 

186.2 

- 30.5 



691.4 

367.2 

- 58.6 



544.5 

536.1 

- 80.6 


u 

406.3 

687.5 

- 93.8 

8 

H 

279.8 

815.4 

- 95.2 


H 

168.0 

914.0 

- 82.0 


>8 

73.7 

977.6 

- 51.3 



3,008.0 

4,484.0 

-492.0 


H 

861.5 

166.0 

- 27.5 


H 

725.0 

32,7.8 

- 52.8 


H 

592.6 

481.5 

- 74.1 


H 

466.4 

622.8 

- 89.2 

O 

H 

348.4 

747.6 

- 96.0 

V 

H 

240.7 

851.9 

- 92.6 


H 

145.4 

931.4 

- 70.8 


H 

64.5 

982.2 

- 46.7 



3,444.5 

5, 111. *2 

-555.7 


Ho 

875.25 

149.5 

- 24.75 



752.0 

296.0 

. - 48.0 


H 0 

631.75 

436.5 

- 08.25 



516.0 

508.0 

- 84.0 


* H 

406.25 

687.6 

- 93.75 

1 A 



792.0 

- 90.0 

10 


210.75 

878.5 

- 89.25 

* 

jlo 

128.0 

944.0 

- 72.0 


Ho 

57.25 

985.5 

- 42.75 



3,881.25 

5,737.5 

-018,75 


Negative values indicate downward reactions. 
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Illustrative Problem. — A beam continuous over two 12-ft. spans supports the following 
loads: Left hand span — a 10,000-lb. load 4 ft. from the left end and a 20,000-lb. load 8 ft. 
from the left end. Bight hand span — a 30,000-lb. load at the center of the span. Deter- 
mine the reactions at the supports, using the above table of reactions. 

For loads on the left hand span use the values for three panels. The 10,000-lb load is at 
the J-6 point and the 20,000-lb. load is at the % point. For the load on the right hand span 
use the values for two panels, interchanging values for Ri and £3. The results are as follows : 
Load R x Rt R t 

10.000 (10)(592.6 ) = +5,926.0 (10) (481 .5) «+ 4,815 (10)(-74.1 ) « - 741.0 

20.000 (20) (240. 7 )=+4 l fi l4.0 (20) (851 .9) - +17 ,038 (20)( -92.6 )«- 1 ,852.0 

30 . 000 (30) ( -93 . 75) - -2 , 812 . 5 (30) (687 . 5) - + 20 , 625 (30) ( +406 . 25) - + 12 . 187 . 5 


Totals +7,927.5 +42,478 +9,594,5 

Illustrative Problem. — A beam continuous over two 20-ft. spans supports six 1,000-lb. 
loads. The loads are spaced 5 ft. apart, three loads being carried by the left hand span and 
three by the right hand span. Determine the reactions, by means of the abovo table. 

The given loading divides each span into four panels. Hence, use the values for four 
panels. The value of Ri for loads on the left hand span is given by the summation of 
values of Ri as given in the table. For loads on the right hand span the desired left, hand 
reaction is given in the table under the values for The results are as follows: 


Ri Rt Rs 

Loads in left hand span +1 ,265.7 +1 ,968.7 — 234.4 

Loads in right hand span — 234.4 +1,968.7 +1,265.7 


Totals +1,031.3 


+3,937.4 


+1,031.3 


76. Partially Continuous Beams. — It is frequently desirable to consider a 
structure in which the continuity is imperfect. A swing truss bridge on four 

supports, designed with parallel chords 
and very light web members in the 
center span, so that no shear can be 
transmitted between the two inside 
supports, is a structure of this kind. 
Such structures are called 'partially 
continuous and their treatment will be 
illustrated by the beam in Fig. 135. 

It is assumed that bending moment 
but no shear exists in the center span; 
hence Ri — —R* and the bending mo- 
ment M at B equals the bending moment at C. Since the continuity of the 
beam is broken at B and C , the elastic curve is not continuous, but forms cusps 
at these points; and the tangent FG to the elastic curve for A B at B is not tangent 
to the elastic curve for BC. Similarly the tangent EG to the elastic curve for CD 
at C is not tangent to the elastic curve for BC . 

FT 

Let di = Angle ABF, and 0< = Angle DCH, then 0, + 0, = <j> = Wroii 

area yv l ot/ 

The tangential deviations at A and D, being represented as measured above the 
axis of the beam, are considered negative. 



ti — Oil 
-~ti = $ 4 l 
ti -j- ti ~ —<f>l 

EH - Mai 
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EIU = Pk( 1 - + gd - *)/] 

+-G)G) 


mu = % l - 


Since 

Elti -|- ElU ~ — EI<t>l. 


Then 

PI 3 ,, , MP , MP 

T (* - k ) + - 3 - + T = - 

• Mai 2 

or 




Therefore 

Ri 

R 2 



The span in Fig. 136 consists of two restrained beams, connected at mid-span 
in such a way that shear but no bending moment can be transmitted from one 
beam to the other. The span, therefore, represents a different phase of partial 
continuity from that of the previous problem. The principle here involved is 
employed in the design of a bascule span 
composed of two leaves connected by a shear 
lock. The principle must be modified, how- 
ever, in its application to a bascule span, 
for the leaves do not as a rule have a con- 
stant moment of inertia ; nor are they in per- 
fect restraint at the points of support. 

A constant moment of inertia and perfect 
restraint will be assumed in finding the shear 
V on the pin-connection at C, when the beam 
CB supports the load P as shown. The M - 
diagram may be drawn very easily when the F IO# 136. 

partially continuous beam A CB is considered 

as two restrained beams sketched separately, with the shear at C considered as 
a force V, acting upward on CB and downward on CA. The bending moment 
at C is zero. The M-diagram for CB is best sketched in two parts — the area 
QST representing the bending moment of V, and the area TUW representing the 
bending moment of P. Since the continuity is broken at C, it cannot be assumed 
that the total area of the M-diagram is zero, although the angle <£ between AD 
and BD is zero. The absurdity of such an assumption is obvious when £ = 1, 
and the load P is at C, in which case it is clear that the M-diagram is a negative 
area throughout and cannot equal zero; neither can the tangential deviation at 
either A or £ be equated to zero for a similar reason. 
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let ti represent the tangential deviation for the beam AC and <i for the beam 
BC, then 

- O'OQ')© - - 3 H ) 

Whence 

V = P (3 ft* - fc 3 ) 

COLUMNS 

A column or strut may be defined as a long compression member. A short 
block under axial compression has the unit stress uniformly distributed over the 
cross-section. This is not necessarily true for a column because a column tends 
to deflect laterally due to lack of straightness, non-homogeneity of the different 
parts of the cross-section, and eccentricity of the load. The lateral deflection of 
the column sets up bending stresses so that the column cannot carry as much load 
as it could if it were very short. 

The term “ slenderness ratio” is used in discussing columns, and is the ratio 
of the length of the column to the radius of gyration. The slenderness ratio of 
practical columns will usually lie between a value of 40 and a value of 125. 
Columns with a slenderness ratio greater than about 150 are spoken of as long 
columns. 

77. Forms of Columns. — The top chords and end posts of bridges are com- 
monly made up of channels and plates, or angles and plates. These standard 
shapes may be put together in a variety of ways to produce an efficient column. 
Web compression members are commonly made of latticed channels, latticed 
angles, or combinations of angles and plates. For very large columns the sec- 
tions are made up of combinations of plates and angles, which are usually in the 
form of an H-section with cover plates on the two open sides. 

For the sake of economy it will generally be desirable to have the value of the 
radius of gyration of the column section practically equal with respect to the two 
principal axes, for the reason that the lower radius of gyration is the one used to 
determine the column strength. 

In order to obtain a column of great strength a compact box-like section is 
more desirable than one having unsupported outstanding legs. On the other 
hand, to obtain a large value of the radius of gyration for a column section the 
material should be placed as far away as is practical from the axis about which 
bending takes place. 

78. Difference Between Column and Beam Theory. — As will be shown in the 
later discussion, it is possible to calculate the unit stress in a column under axial 
load only when it is an ideal long column, and even then the unit stress is known 
only when the column carries its maximum load. It will be shown that for all 
columns of practical lengths the unit stress existing cannot be calculated, but that 
the design depends upon the use of empirical formulas which have in them certain 
constants determined from actual tests of columns. This fact leaves the discus* 
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sion and design of columns in a much more unsatisfactory state than is the case 
for beams. For all simple cases of beam loading it is possible to calculate the 
unit stress in the beam with a very satisfactory degree of accuracy, and the formu- 
las used have in them no empirical constants. 

79. Euler’s Formula for Long Columns. — The discussion of practical columns 
is made much clearer by discussing first an ideal long column which is supposed 
to be perfectly straight and homogeneous, and which carries an axial load. It 
has been found by actual tests that such a column, loaded within a certain 
critical load, may be deflected laterally, and will straighten again when the lateral 
push is removed. However, when the critical load has been reached, it is found 
that the column will remain deflected when the lateral push is removed. Further, 
it is found that under this critical load the column is in a state of indifferent 
equilibrium, such that the deflection under this load may be varied within quite 
wide limits. Euler’s formula 1 determines this critical load. 


1 In Fig. 137A consider an ! tal long column having round ends. The origin of coordinates is taken at 
the upper end, y being nweeured horizontally, and x vertically. In the discussion of the deflection of 
simple beams the formula M = is developed (see Art. 1, Appendix C, p. 612). This formula 

may be applied to all cases of flexure within the elastic limit of the materia). In the 
present case the moment at any distance x is —Py, the minus sign being used because 
it can be shown that the second derivative in this case is negative. Therefore 

- - p y 

Multiplying each side of the equation by dy, this may be integrated, and gives, 

» {£)' “ -ry' + c 

If the maximum deflection at the middle of the column is called /, it may be seen that 


when y * /, ^ •» 0, and hence C ■ 
Then 

Integrating this gives 


PA 


dy 

dx 


-ff)* 4 - 


i/*) 


-H 



+ Cx 


When y — 0, x * 0, and therefore Ci — 0 
Writing the equation in another form, 



V - /.in 

This equation must satisfy the condition that when x > 


( 1 ) 

I, y «■ 0, therefore, 


^ l » x, or a multiple of i 


This is Euler’s formula for long columns with round ends, and sinoe I — Ar*, 
it may take the form 

p n*ir*E 


or 


(3) 


Co) 


(t>) 

Fio. 137.B. 


(c) 


Inserting the value y for ^ in eq. (1) ( nlr representing any multiple 
of ir) gives 

- ( fllf _ 

y mf am y* (3) 


If values of os in terms of l are now substituted in eq. (3), using n ** 1, a curve is obtained as shown 
in Fig. 137 B (o). The curves obtained for n - 2 and n — 3 are shown in F»gs. 1375(6) and 1375(c). 
It is evident that Fig. 1375(a) shows the weakest case, and therefore columns with round ends are 
designed on the basis of eq. (2), using n ■* 1, 
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For long columns with round ends, Euler's formula for the unit load is 



where P — axial load, A - area of cross-section, l = length of the column, r * 
least radius of gyration, ~ = slenderness ratio and E = modulus of elasticity. 
For long columns with fixed ends, the formula is 


P 

A 


4tt 2 E 



It should be noted again that the value of P given by Euler's formula is the 
maximum load which the column can carry. It is the load under which the 
column will remain in a deflected position. It should also be noted that the unit 
stress which exists under this load is the elastic limit of the material, and that the 

]> 

formula does not enable the unit stress to be calculated. ^ as obtained fiem^the 


formula does not mean unit stress, but merely the value, which when multiplied 
by the area, will give the total load which the column can c irry. 

80. Ideal Column, Eccentrically Loaded. — In a manner similar +o that used 
in deriving Euler's formula, it can be shown that an ideal column, carrying a load 
having an eccentricity, e, will have a maximum stress. 



Here c is the distance to the extreme fiber from the neutral axis about which 
bending takes place, the other notation being the same as before. 

This formula makes clear that there is a perfectly definite relation in this 
case between unit stress, /, and unit load P/A, which was not the case for the 


Euler formula. 


When the columns are short the term sec~ 

r 


4 


becomes 


prac- 


tically equal to unity and the unit stress is then equal to P/A^l + ^ which is the 


ordinary formula for direct stress combined with bending. 

81. Limitations of Euler's Formula. — Figure 138 shows the Euler formula for 
round ends plotted with unit load as ordinate and slenderness ratio as abscissa. 


A column ,/ith one end round and one end fixed is approximately represented by the part of the 
column from A to C in Fig, 13 75(h). Substituting in eq. (2), n - 2, and replacing l by % l gives 


P 

A 



(4) 


which is the formula for the unit load for long columns fixed at one end and round at the other. 

In the same way the column from C to D in Fig. 1375(c) may represent a column fixed at both ends. 
Substituting in eq. (2) gives 

P 4 

A " jfy (5) 


.The case of a column with one end entirely free and the other end fixed is represented by the upper 
half of Fig. 1375(a) and the formula for this oase is 


P 

A * 




<e> 
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A value of 30,000,000 lb. per sq. in. was used for modulus of elasticity, and the 
curve therefore represents steel columns. If structural steel is being used an ulti- 
mate strength of about 60,000 lb. per sq. in. and a yield point of about 40,000 lb. 
per sq. in. may be expected. The curve shows that Euler’s formula gives absurdly 
high values for unit load unless the column has a slenderness ratio of 175 or greater. 
It will be $hown later that the results from Euler’s formul i hould not be used 
unless they are lower than one-third of the ultimate strength 



Fig. 138. 

Figure 138 also shows the case of an eccentrically loaded steel column, the 
material being loaded up to its yield point of 40,000 lb. per sq. in. and theeccen- 

6C 

tricity being such that - 2 = 0.05. The curve makes very clear the effect of eccen- 
tricity of load in reducing column strength. Comparing this curve with the 
Euler curve it will be noted that the effect of eccentricity is very great for low 

values of -> but that for large values o i - the two curves practically coincide. 

82. Columns of Practical Length. — Thus far only ideal columns have been 
discussed and it has been shown that Euler’s formula cannot be used for columns 
of practical lengths. Furthermore, practical columns are used under quite 
different conditions than have been assumed for the ideal column. Practical 
columns are not perfectly straight, are not likely to have exactly axial loads, are 
not homogeneous, are likely to have initial stresses, and the various parts of 
built-up columns are not likely to act as a unit because of imperfect connections. 
These facts, together with the limitations of Euler’s formula, have led to the 
development of a number of formulas which have in them constants obtained 
from tests on columns. Most of these formulas have a semi-theoretical basis. 
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83. The Rankine Formula. — The column formula developed by Rankine is 
based upon the assumption that columns fail by a combination of direct stress 

p 

and bending. The direct stress is /i = j and the stress due to bending is / 2 = 
Me Pfc 

-y- * -j-f in which P is the load on the column and / is the maximum deflection 
of the column. The maximum stress is 


/- 


P, Pfc 

A + ~r 


1 2 

The assumption is now made that the deflection, /, is proportional to -> 

c 

just as in the case for beams. Then, 


or, since I = Ar 2 y 



or 



In practice / as well as k are empirical constants which are given such values as 
to make the formula fit the results of column tests, / being dependent upon the 
kind of material, and k being dependent upon the kind of material and upon 
the end conditions of the column. The Cambria Steel Company's handbook uses 
the following constants for steel : 



Soft steel 

Medium steel 


Square 

ends 

Pin and 
square ends 

Pin ends 

Square 

ends 

Pin and 
square ends 

Pin ends 

f 

45,000 

45,000 

45,000 

50,000 

50,000 

50,000 


1 

1 

1 

1 

_ i 

1 

k 

36,000 

24,000 

18,000 

36,000 

24,000 

18,000 


Values of these constants for cast-iron columns are given in the chapter on 
Cast-iron Columns in Sec. 2. 

I P 

84. The Parabolic Formula. — At a value of, - equal to zero the value of j 

from the straight line formula is likely to be too high, and J. B. Johnson suggested 
that a parabola tangent to Euler's curve would fit better the results of column 
tests. The formula takes the form 


P 

A 
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The following constants are recommended by Johnson for mild steel: 

Mild Steel 
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For pin ends: 


V - 


y 

f 



where p « allowable average compressive stress. 

e = eccentricity in inches of applied load. 

c ~ distance in inches from N.A. to the extreme fiber in the direction of 
the eccentricity. 

I = length of member in inches. 

r = least radius of gyration in inches about axis of bending. 

E — modulus of elasticity. 

y = yield point ih tension, 33,000; 45,000; 55,000 p.s.i. for structural, 
silicon, and nickel steel, respectively. 

/ = factor of safety based on yield point, 1.76, 1.80, and 1.83 for structural, 
silicon, and nickel steel t respectively. 


BENDING AND DIRECT STRESS 


87. General Nature of the Problem. — In many cases, structural members 
which form a part of a composite structure are called upon to perform the Com- 
bined duty of tension (or compression) members and beams. Such members are 
said to be subjected to bending and direct stress. 

A few examples will now be given of what is meant by bending and direct 
stress. Figure 139a shows a simple beam carrying inclined loads. A section of 



Fig. 139. Fig. 140. Fig. 141. 


this beam at any point is shown in Fig. 1396. The force E represents the equilib- 
rant of all forces to the left of the given section. This force has been resolved 
into its vertical and horizontal components, as shown in Fig. 1396. By the prin- 
ciples of statics it can be shown (see also Art. 88) <fthat the force E may be 
replaced by the system of forces shown at the cut section of Fig. 139c. At the 
section in "question the beam is acted upon by a direct thrust T and a bending 
moment M . The transverse force V represents the shear on the section. Figure 
139 represents a case typical of bending and direct stress conditions. 

Figures 140 to 146, inclusive, show conditions resulting in structural members 
subjected to bending and direct stress. The conditions shown in Fig. 140 are 
typical of a truss member which also acts as a beam to carry either a roof or floor 
load. It may also represent the case of a tension or compression member 
stibjected to bending due to its own weight. Figure 141 is typical of cases in 
which eccentric connections are used for tension or compression members. The 
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case of a post or column subjected to transverse loading is shown in Fig. 142. 
As shown in Fig. 1426, bending and direct stress occur at interior sections. Figure 
143a shows a post or column which supports a load whose line of action does not 
coincide with the gravity axis of the member; Fig. 1436 shows the conditions at 
any section of the member. Fig. 144a shows the top chord of a roof truss where 
conditions made it necessary to support the roof at points between joints of the 
truss. Fig. 1446 shows the top chord member removed with the applied loads 
in position. This is a special case of Fig. 139. In Fig. 145a, the column support- 
ing the end of a roof truss also supports an applied load W ) due to a crane or 



machinery load. The column is subjected to the forces shown in Fig. 1456. 
In Fig. 146, the column carries the load from a knee-brace, thus forming a member 
in bending and compression. Many other illustrations of bending and direct 
Btress could also be given, but such cases would be combinations of those shown 
in Figs. 139 to 146, inclusive. 

Problems in the determination of fiber stresses due to bending and direct 
stress may be divided into two main classes: one in which the deformation under 
the applied forces may be neglected; the other in which these deformations may 
not be neglected. Let Fig. 147a show a post carrying a load P at a distance e 
from the gravity axis of the post. For the conditions shown, the moment at 




•'Hff 




-ft 

(a) (*>) 

Fio. 145. 




(a) 

Fig. 



section x-x is M « Pe . This moment is calculated on the assumption that the 
post is not deformed by the action of the applied load. Now assume that the 
applied load does deform the post, and assume that the full lines of Fig. 1476 show 
the deformed member. Point C , the center of gravity of the section, has moved 
to the position C', and the moment of the load P about C f is M c * P(d + e) 9 
where d is the horizontal distance between points A f and C". Note that the 
moment for Fig. 1476 is greater than that for Fig. 147a, and the difference in 
moment is due entirely to the deformation of the member. Similar conditions 
can be shown to exist in the cases Bhown in Figs. 139 to 146, inclusive. 
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Deformations of the nature described above take place in all elastic structures. 
However, there are certain classes of construction in which the members are so 
large that the deformation corresponding to d of Fig. 1476 is so small that it may 
be neglected without appreciable error. Members composing a concrete or 
reinforced concrete structure are generally of this nature. In steel structures, 
and to a certain extent in timber structures, the members are generally com- 
paratively slender, and the deformation corresponding to d of Fig. 1476 is often 
so large that if it is neglected, the stresses determined with deformation 
disregarded would be considerably in error. 

88. Determination of Total Fiber Stress, Deformation Neglected. 

88a. Homogeneous Materials. — Let Fig. 148 represent any section 
of a beam and let E be the equilibrant of all forces to the left of the section 

(conditions similar to Fig. 
^ r ,j ^ t ^ 139). Assume that E cuts 

the plane of the section at 
a point D which is located 
on one of the principal 
axes of the section. Resolve 
E into its vertical and hori- 
zontal components Ev and 
Eh , and assume these to be 
applied at point 7), as shown 
in Fig. 148a. At C } the 
center of gravity of the 
section, apply two equal and 
opposite forces each equal to 
Eh . These additional forces 
will not disturb the equi- 
librium of the system. From 
statics, the equal and opposite parallel forces E H (lettered 1 and 2 in Fig. 148) 
form a couple whose moment is 


Ooss section 



yj”l_ _ 

Fiber sm Mi! fiber 
due fa stress 
bending Compronxctm 
(d) (e) 


Stress at &0 

(f) 


Fig. 148. 


M = E H e 


( 1 ) 


The remaining force Eh (lettered 3 in Fig. 148) acts as a thrust or compression 
on the section. If this thrust is represented by N, we have 

N - E h (2) 

The vertical component Ev which acts across the section, represents the shear 
on the section. Since it is generally assumed that the fiber stresses under 
consideration are not affected by shear, no further consideration will be paid to 
this force. Figure 1486 shows the section with the several forces in position. 

The fiber stress at points A and B of the beam section of Fig. 148 is generally 
calculated on the assumption that fiber stress due to the combined action of bend- 
ing and direct stress is equal to the sum of the fiber stresses for bending and for 
direct stress considered as acting separately. The fiber stress due to the thrust 
N is uniform over the section and its value is 

/. - j 0) 

where f c *= stress intensity due to N, and A « area of section. Figure 148c 
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shows the variation in stress across the section, 
given by Art. 606, p. 22, as 


/*- 



The stress due to bending is 
( 4 ) 


where fb — extreme fiber stress due to bending; M = moment at section; c « 
distance from gravity axis to extreme fiber; and I — moment of inertia of section 
about gravity axis. For the conditions shown in Fig. 148 (positive moment), 
the stress on the top fiber A is compression and that on the bottom fiber B is 
tension. Figure 148d shows the variation in stress across the section. 

As stated above, the total fiber stress is equal to the sum of the stresses due to 
bending and to direct stress. At the top fiber A, the total stress is 


These stresses are to be added since both are compression for the conditions 
shown in Fig. 148. At the bottom fiber B, the total stress is 



Mc^ 


( 6 ) 


Since f c is compression and /& is tension, these stresses must be subtracted. 

Equations (5) and (G) are sometimes reduced to a simpler form by the follow- 
ing substitutions. Letting / and c represent general values for f Af Jb, C\ and c 2 
and using a plus or minus sign, these equations may be expressed by the single 
equation 

(N , Mc\ 


f 


(N Mc\ 
\A ± I / 


From Fig. 148a, it can be seen that M = E H e — Ne. From Art. 18 , p. 2, 
1 = Ar 2 , where r = radius of gyration of the section. Placing these values in 
the above equation, we may write 

( 7 ) 

Equation (7) gives the same results as obtained by substitution in eqs. (5) 
and (6). 

From eq. (6) it can be seen that the character of the fiber stress at B, Fig. 

N Mci N 

148a, depends upon the relative values of the terms ^ and -j - • If j is greater 


than the fiber stress is of the same character over the entire section (com- 
pression for the conditions shown in Fig. 148). Figure 148s shows the fiber 

N Me* 

stress variation for this case. When j = ~j~ the fiber stress at B is zero. Figure 

Mc% 1 N 

148/ shows the fiber stress variation. If ~j~~ is greater than j > the fiber stress at 


B will be tension, and Fig. 148# shows the fiber stress variation across the section. 

If in any case the equilibrant E of Fig. 148a acts in the opposite direction, 
the final fiber stresses given by eqs. (5) and (G) will have the same form. The 
character of stress, however, will be opposite to that indicated for Figs. 148c, 
/, and 0. "Equations (6) and (6) are general in nature and may be applied to 
any given case. The character of stress is best determined by inspection* 
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Special Values for Rectangular Sections . — For a rectangular section of width 
b and depth d, eqs. (5), (6), and (7) reduce to simple and useful forms. Since the 

d 

gravity axis is at the center of the section, Ci = c 2 = ^ The momen t of inertia 

bd z 

of a rectangle of width b and depth d is I = ^ * Also, the radius of 

I bd 8 d 2 

gyration of this rectangle is given by the expression r 2 = — 12 / ^ “ 12 


Placing these values in eqs. (5) and (6), we have 



and from eq. (7) 



( 8 ) 

( 9 ) 


For the special case shown in Fig. 148/, where the fiber stress at B is zero, the 
relation between e, the eccentricity of application of E {{ , and d, the depth of 
section, may be determined from eq. (9) by placing / = 0 in this equation, and 
using a minus sign. ‘Solving the resulting equation for e, we have 

e - Hd ( 10 ) 

That is, when the distance from the center of the rectangular section to the point 
of application of the force E H of Fig. 14So is equal to one-sixth of the depth of the 
section, the fiber stress on the more remote extreme fiber is zero. Since a similar 
relation holds when the force E u is applied at a point on the opposite side of the 
center, it can be seen from Figs. 148c, /, and g that when Eh is applied anywhere 
inside the middle third of the section, the fiber stress on the section is wholly 
compression or tension, depending upon the direction of E ff . This is the well- 
known middle third rule which is used in the design of masonry structures where 
no tension is allowed on the extreme fibers. From Fig. 147 and Fig. 148p, tension 

6c 

will exist on the extreme fiber when ^ >1, or when Eh is applied outside the 
middle third of the section. 

A few problems will now be worked out by means of the equations given in 
this article. Since the effect of deformation is neglected in the derivation of 
the equations used in solving these problems, it will be interesting and instructive 
to solve the same problems by means of the more exact solutions given in later 
articles. The reader may then judge for himself as to the proper method of 
procedure in any given case. 


Illustrative Problem. — A 2 X 12-in. steel eye bar, hinged at the ends and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stress at the center of the member due 
to direct stress and the bending due to the weight of the bar. 

For the conditions stated, N = 240,000 lb. ; A * 24 sq. in. ; b -» 2 in. ; and d =* 12 in. 
The weight of a 2 X 12-in. steel bar is 81.6 lb. per ft. Since the ends are hinged, the 
moment may be calculated as for simple beam conditions. Hence 

M - Kul* - (H) (81.6) (30) *(12) - 110,160 in.-lb. 

From eq. (8) 

/N 6 M\ f~ 240 ,000 . (6)(110, 160)1 

/ - [3 ± W) “ l~2*~ 4 “WcisT^J 
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Therefore 

/top fiber “ 10,000 — 2,295 * 7,705 lb. per sq. in. (tensile) 

/bottom fiber = 10,000 + 2,295 « 12,295 lb. per sq. in. (tensile) 

Illustrative Problem. — A portion of a top chord member of a roof truss is illustrated 
in Fig. 149. Find the extreme fiber stresses at the center and at the ends of the member 
for the loads indicated. 

For the conditions shown, N = 30,000 lb.; A *= (2) (2.09) = l500JbL 

4.18 sq. in.; ctop - 1-26 in.; cbottom - 4.00 - 1.26 = 2,74 in.; \ 

and I = (2) (3.38) = 6.7C in.» 

Fro n the chapter on Restrained and Continuous Beams if JA 

we note that, assuming fixed ends, the positive moment at the *J 

center is equal to + and the negative moment at the j/ 

ends is equal to — where W is the centrally applied load \\ 

in pounds and l is the span. Therefore M — l = (}-£) vr 

(1,500) (7) (12) - 15.750 in.-lb. Fio. 149. 

To find the extreme fiber stresses, eqs. (5) or (6) should be used. 

At center of member: 


- JVM 

Hop fiber 583 ' j* 

. N M 

/bottom fiber “ ^ j 

At end of member: 

__N Mi 

f top fiber j 

/bottom fiber » j 


Me 

30,000 

i 

05 

,750) (1.26) 

f 

4.18 

+■ 


6.76 

Me 

30,000 


a. 

,750) (2.74) 

I 

4.18 



6.76 

Me 

30,000 


(15 

,750) (1.26) 

I 

4.18 



6.76 ' 

Me 

1 

30,000 

4.18 

+ 

(1£ 

;, 750) (2.74) 
6.76 


= 10,110 lb. per sq. in. (compressive) 

= 790 lb. per sq. in. (compressive) 

\ 

= 5,240 lb. per sq. in. (compressive) 
— 13,560 lb. per sq. in. (compressive) 


Illustrative Problem. — Figure 150 shows a building column which is subjected to bend- 
ing stress under wind loads, due to the thrust of the knee brace. Find 
the extreme fiber stress. 

For the given conditions, N = 60,000 lb., M = 1,200,000 in.-lb., 
^ !-_= ► a — 26.00 sq. in., and with the angles placed 14H in. back to back, 

“ y the moment of inertia of the column section, I = 884.3 in. 4 
_ The extreme fiber stress may be found by using eqs. (5) or (6) 


- N Me 


(1,200, 000) (7.. 25) 


= 2,310 ± 9,850 


Therefore the extreme fiber stress on the side of the column adjacent 
to the knee brace is 

/ -» 2,310 + 9,850 = 12,160 lb. per sq. in. (compressive) 

On the opposite side of the column, the extreme fiber stress 
/ = 2,310 — 9, $50 = 7,540 lb. per sq. in. (tensile) 


886. Non-homogeneous Materials. — Reinforced concrete members 
form typical examples of structural units composed of non-homogeneous materials. 
Methods for the analysis of such members subjected to bending and direct 
stress are given in the chapter on "Members Subject to Direct Compression 
and Bending” in Sec. 6. 

89. Determination of Total Fiber Stress, Deformation Considered. — As 
stated in Art. 87, the moment at any point in a member subjected to bending 
and direct stress is influenced to some extent by the effect of the deflection of the 
member due to transverse loading. Two methods of analysis may be used in 
determining the total fiber stress in such members. One method, which is approxi- 
mate in nature, assumes that the elastic curve of the deflected member is similar 
in form to the curve for a similar member under the action of transverse loads. 
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The moment due to deflection is estimated on this assumption and combined with 
the moment due to transverse loads. The other method, which is exact in nature, 
makes use of the differential equation of the elastic curve, derived in Appendix C. 
In the discussion which follows, special attention will be given to the approximate 
method of solution. 

89a. Approximate Solution. — As stated above, the approximate 
solution is based on the assumption that the elastic curve for the member with 
the direct load removed is similar in form to the curve when the direct load is in 
place. It is also assumed that the deflection and moment under the combined 
loading are proportional to the deflection and moment for a similar member 
subjected only to transverse loading. 

Figure 151a shows a beam freely supported or hinged at the ends and subjected 
to a transverse uniform load of w lb. per ft. and a direct axial tension of N lb. 
At point C, the center of this member, the combined moment is 

M c = — Na = Me - Na ( a ) 


where Me represents the center moment in a simple beam under a uniform 
load, and M e represents the center moment due to the combined action of 
direct and transverse loads. 

It has been shown that for a simple beam uniformly loaded, the center moment 


5 

is M = H wl 2 and the center deflection is y ma x = 334 Jjjf m 
may be expressed in terms of center moment as follows 


This center deflection 


5 wl* 5 l* 72 , 5 MW 

Vmox - 384 M - 48EJ (h Wl ) - 48 EI 


Assuming deflection and moment due to combined loading to be proportional 
to corresponding values for transverse loading only, we may write 

M c f :M C : :y ma x:A 


from which 


A M ± _ 5 MP 
A = M.' Vmax ~ 48 El 



Cc) 

Fig. 151. 


Substituting this value of A in eq. (a), replacing 
% 8 by the closely approximate value of 3 f c > 
and solving for M € we derive, 


M 0 = 


Me 

1 + Nl * 
1 ^ 10 EI 


( 11 ) 


In Fig. 151a, N is shown as a tensile stress. 



If N is compressive, a minus sign is to be used in the denominator of 
eq. (11). 



Sec. l-89a] 


GENERAL THEORY 


145 


When the ends of the member are restrained, as shown in Fig. 152, the effect 
of deflection on the moment may be estimated by assuming the points of inflection 
to be located as shown. Then 


M a - M a ' - N 2 

where M 0 and M A are the center and end moments due to combined load- 
ing and Me ' and M A are corresponding values for a restrained beam when the 

direct stress N is removed. It has been shown that MJ = + 9 Ma' — 

~~Y2 W ^ 2 anc * = Reflection at C = We may then write A = 

MJ , 2 1 MaP 

16EI 888 32 ~Ef Substituting this value of A in the above equations, we 
derive 

M L Ml 

* , , N l* (12) 


T 64 El 

A general equation applicable to the usual loadings and conditions of end 
supports may be written in the form 

1 ±c n j: ™ 


where M = moment due to combined loading, M' = moment in member when 
direct load N is removed, l = span length, El = product of modulus of elasticity 
and moment of inertia of section, and C = a constant depending for its value 
upon the loading and end conditions for the member in question. When N is 
tension, use a + sign in the denominator of eq. (14) and when N is compression, 


use a minus sign. 

Values of the constant C are as follows: 

Hinged ends, uniform load (Fig. 151a) C = Ho 
Hinged ends, single concentrated load (Fig. 1515) C = Ha 
Hinged ends, two concentrated loads (Fig. 151c) C = J£ 4 (3 — 4k) 
Both ends fixed, uniform load (Fig. 152) 

C ® Ha for center moment 
C = K 4 for end moment 
Both ends fixed, single concentrated load 

C * Hs for center and end moments 
One end fixed, other end free, uniform load 
C ^ Hi for center moment 
C ^ Hi for end moment 

One end fixed, other end free, single concentrated load 
C « He for center moment 
C « Ha for end moment 



146 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 1-89 a 


Since absolute fixity of the ends of a restrained beam is seldom realized in 
practice, most designers use a value C = Ho for all cases. 

The fiber stress due to bending and direct stress may be determined from eqs. 
(5), (6), or (7) by substituting in these equations the value of M determined from 
the above analysis. 


Illustrative Problem. — A 2 X 12-in. steel eye bar, hinged at the ends, and 30 ft. long, 
is subjected to a pull of 240,000 lb. Find the fiber stresses at the center of the bar due to 
the combined effect of direct stress and weight of the member. 

Use eq. (14) with a + sign in the denominator and C — ^0* For the given conditions, 

N « 240,000, l - 30 ft. = 360 in., E = 30,000,000 and / = , “ * 777 ^ - 288. 

xz (1*) 

Hence 

1 ^ « (240,0 00) (360) 2 _ 

10 El (10) (30,000,000) (,288) U 


A 2 X 12-in. steel bar weighs 81.6 lb. per ft. Hence M' «= = (K) (81.6) (30) *(12) « 

110,160 in.-lb. From eq. (14) 


Then from eq. (8), 


M 


f 


M f _110,160 

■ , 1 NIP 1 + 0.360 

+ 10 El 


81,200 in.-lb. 


(N , 6 M\ = 240,000 (6) (81 £00) 

\A ± 6d 2 ) 24" ± (2) (12) 2 


and /top fiber = 10,000 — 1,690 = 8,310 lb. per sq. in. 

/bottom fiber = 10,000 + 1,690 = 11,690 lb. per sq. in. 


These are tensile stresses. On comparing these values with those given on p. 143, it 
can be seen the effect of the deflection is such as to cause a considerable decrease in the 
extreme fiber stresses. We therefore conclude that the effect of deflection should be con- 
sidered when calculating combined stresses in long tension members. 

Illustrative Problem. — Solve the Problem of Fig. 149 on p. 143, using eq. (14) Assume 
fixed ends. 

For the assumed end and loading conditions, C = ^ in eq. (14). With N — 30,000 

l ■» 7 ft. = 84 in., E = 30,000,000 and I = 6.76 in. 8 , we have 
1 Nl* _ (30,000) (84) 2 

48* El (48) (30,000,000) (6.76) 


For a central load of 1,500 lb. 

M = XWl * (H) (1,500) (7) (12) - 15,750 in.-lb. 

Then from eq. (14) 

M -rS° 1 7= 1MOOin -- lb - 

From eq. (7), using values given on p. 143 and M 16,100 in.-lb. f the combined fiber 
stresses are found to be as follows: 


At center of member: 


Aop fiber 

•^bottom fiber ~ 
At end of member: 

Aop fiber “ 
^bottom fiber *** 


N Me 
A + I 

30,000 (16,100) (1.26) 
4.18 ^ (6.76) 

N 

Me 

30,000 (16,100) (2.74) 

A Y 

4.18 (6.76) 

N 

Me 

30,000 (16,100) (1.26) 

A I 

4.18 (6.76) 

N Me 
A + I 

30,000 (16, 100) (2.74) 

* 4.18 + (6.76) 


= 10,190 lb. per sq. in. 
* 640 lb. per sq. in. 


» 4,170 lb. per sq. in. 
= 13,720 lb. per sq. in. 


All fiber stresses are compressive. 

On comparing these values with those given on p. 143, it can be seen that they are 
practically identical. We therefore conclude that for compression members whioh are 
reasonably rigid it is not necessary to take into account the effeot of deflection in calcu- 
lating combined fiber stresses. 
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896. Exact Solution. — As previously stated, an exact solution for 
moment and fiber stress due to combined bending and direct stress may be 
made by means of the general differential equation of the elastic curve given in 
Art. 1, Appendix C . To illustrate the general methods, an exact solution will 
be made for a beam hinged at the ends and acted upon by a uniform load of w 
lb. per ft. and a direct tension N, as shown in Fig. 151a. 

At any section distance x from the left end of this beam, the moment for the 
conditions shown in Fig. 151a is 

M x - jx y ~ N V ( 15 ) 


Placing this moment in the general equation for the elastic curve, we have 

■nrdfy , r wlx . WX Z 

EI di* “ ~ Mx = N V-~o + o 


El " 
we have 


‘ dx* u 2 ' 2 

Substituting this term in the above equation and integrating, 

„ , sy . , wlx WX 2 W 

y — C ie cx + c * + o\T OAT „2AT (^) 


To determine the constants of integration note from Fig. 151a that y = 0 when 
x = 0, and that^~ = 0 when z = The constants of integration are found 
to be 

c - w ( JL ) \ 

Ul cW\l+c c V 

and 

Ci = Cie« 

It is evident from Fig. 151a that the maximum combined moment occurs at 
the center of the beam. Let M c represent this maximum moment. To determine 

M e substitute x = ^ in eq. (15). The value of y in eq. (15) is obtained fromeq. 

(16) by substituting x = ^ an d values of Ci and C 2 as given above. Performing 
the operations indicated we have finally 

Me = ", [l - sec 2 ] = W l [A (l - sec *)] (17) 

As in the preceding article, the combined fiber stress may be determined from 
eqs. (5), (6), or (7) by substituting the value of M given by eq. (17). 


Illustrative Problem. — Solve the problem on p. 140, using the exact method as 
given by eq. (17). 

For the given conditions 

_ (240,000) ( 360) » 
ct * El (30,000,000) (288) 

and 

j VSM- 0.948 

From a table of hyperbolic functions, 

Seeh f - se 0.948 - 0.678 
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From p. 142, 
Then 


H wl* = 110,160 in.-lb. 


M - [<£0 - 2)] = a i0 .i6°)( 3 y a - 0-673) 


80,050 in.-lb. 


The exact value of the moment here calculated differs from the approximate value given 
on p. 144 by about 1.4 per cent. This difference between approximate and exact values 
is so small that we conclude that the approximate methods of Art. 89a are accurate enough 
for all cases encountered in practice. Similar conclusions hold also for fixed end members 
whether the direct stress is tension or compression. 

General formulas for moment in members with free and restrained ends sub- 
jected to a uniform load and with a direct stress N taken as tension or compression 
are given below. In these formulas w = uniform load per unit of length, l = 

N 

length of member, and c = where N — direct stress and El =* product of 
modulus of elasticity and moment of inertia of section. 

N is Tension 
Beam hinged at ends: 


Center moment 
Beam fixed at ends: 

Center moment 

End moment 

N is Compression 
Beam hinged at ends : 

Center moment 

Beam fixed at ends : 

Center moment 


- "(l-soohj) 

-c”0- 
_ w Id 
~ c 2 V 


cosech 


a' 0 * 11 ? 


S) 

-*) 


w ( d \ 

= \ ec 2 - 1 ) 

w (d d - \ 
= c 1 \2 coscc 2 - 1 ) 


End moment ^1— ^ cot 

90. Members Subjected to Unsymmetrical Bending. — In the preceding analy- 
sis it has been assumed that, the plane of bending coincides with the plane of a 
principal axis of the section. When the plane of bending does not coincide with 
a principal axis of the section, the fiber stress due to bending must be determined 
by the methods of unsymmetrical bending given in the chapter which follows. 
This fiber stress may then be combined with the fiber stress due to direct loading. 
The general formula for fiber stress may then be written 


N + m s * n 6 + ?*xa cos 


(18) 


In this equation, the notation is the same as given on p. 151. 

Illustrative Problem. — A 5 X 3}$ X H-m* angle is subjected to a compressive stress 
of 15,000 lb., applied through a gusset plate connection, as illustrated in Fig. 153a. Find 
the maximum fiber stress. 

The 5-polygon shown in Fig. 1536 is constructed and the neutral axis located by methods 
similar to those given in the following chapter on '‘Unsymmetrical Bending.” OX and OY 
are the principal inertia axes of the section. By measurement it is found that point A is 
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farthest from the neutral axis, henoe this will be the point of maximum fiber stress. The 
coordinates of point A with respect to the principal axes of inertia are xa *= +1.63, and 
V = +2.61. I v 2.25 in. 4 , I y ** 11.79 in. 4 , A * 4.00 sq. in., and e *= 2.21 in. Substi- 
tuting in eq. (11) 


'-!+*( 


IvVa sin 0 + I* x a coa 1 


(2.25) (2.61) (0.997) + (11.79) (1.03) (0.081) " 
(2.25) (11.79) 

^ 000 ^. 21 ) 040 ) _ 3 750 4 9 250 = ^ 


— 3,750 4 9,250 *= 13,000 lb. per sq. in. (compressive) 



Fig. 153. 


The fiber stress due to bending may also bo determined from the <S-polygon of Fig. 1536 
instead of by eq. (18). 

From Fig* 1536, £ = 3.62. 

TIiir» on 

This is within 1 per cent of the value given in the second part of the equation above. 


91. The Kern of a Section. — In Art. 88 it was shown that for a rectangular 
section, the fiber stress over the entire section was of the same character, com- 


pression or tension, when the resultant of 
external forces was applied at a point on 
the principal axis which is inside the mid- 
dle third of the section. The effect of 
bending in planes other than those of the 
principal axes will now be investigated 
by the methods used in the following 
chapter on “TJnsymmetrical Bending." 

Let Fig. 154a show a section of a beam 
acted upon by a force E which is the 
equilibrant of all forces to the left of the 



Fig. 154. 


given section. As shown in Fig. 154a, the plane containing the force E cuts the 


plane of a right section of the beam in the line OD , which passes through the center 
of gravity of the section. Figure 1545 shows a projection of the plane of the 
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right section of the beam. As in Art. 88, the force E may be resolved into a 
thrust T acting at 0 perpendicular to the section and a moment M acting in the 
plane of OD at an angle 6 with the principal axis OX . 

The effect of the thrust N is a uniform fiber stress over the entire section equal 


to 



and the effect of the unsymmetrical bending on any fiber, as A , Fig. 1546 as given 
by eq. (2), p. 153, is 

f b a ^ 6 ^ IxXA C0 S -'j 

where I x and I v are respectively the moments of inertia of the section with respect 
to the OX and OY axes. Values of other terms are as indicated in Fig. 154. 
The total stress on fiber A of Fig. 154 is then 

, / i / N . tljt(IvV a sin 0 + Lx a cos 9\ 

U A - IxIy ) 


From Fig. 154, M = E H e = Ne ; and also /„ = Ar„ 2 and I x = Ar* 2 , where A is the 
area of the section and r v and r x are the radii of gyration of the section with respect 
to the Y and X axes respectively. Substituting these values in the above equa- 
tion, we may write 


U - 


NT e(jr u 2 y A sin 9 + r x 2 x A cos 0) 
A L r t 2 r v 2 


(19) 


Placing f A = 0 in eq. (19) and solving for e, we have 

_*> v 

r v y A sin 9 + r x 2 x A cos 9 


( 20 ) 


Equation (20) gives the locus of all points at which the resultant thrust E H = N 
of Fig. 154 must be applied in order to produce zero stress on fiber A. 

On comparing the value of e given by eq. (20) and the value of S given by eq. 
(5), p. 154* it can be seen that the two equations are of the same form, but that 
eq. (20) has a minus sign while eq. (5) has a plus sign, and also that eq. (20) has 
terms containing the radius of gyration of the section where eq. (5) has terms 
containing the moment of inertia of the section. Hence, if we divide eq. (5) 
by —A, we obtain eq. (20). 

Since eqs. (20) and (5) are identical in form, it is evident that, with certain 
modifications, the discussion of the chapter which follows on $-lines and S- 
polygons may also be applied to eq. (20). 

Thus, by a line of reasoning similar to that given in the next chapter, it can 
be shown that for each extreme point of any section, eq. (20) represents a straight 
line. Any resultant force N « E H applied to the section between its center of 
gravity, O, Fig. 154, and the line represented by eq. (20) will cause a fiber stress 
over the entire section which is of the same character as fiber stress on the 
extreme point in question. If this is repeated for each extreme point of 
the section, a set of lines may be plotted which correspond to the $-lines of the 
chapter on “Unsymmetrical Bending.” 

If the several lines plotted from eq. (20) are produced so that lines from adja- 
cent extreme points intersect, a closed area will be formed which is known as the* 
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kern of the section. A resultant thrust T applied at any point in the kern of a 
section will cause fiber stresses of the same character at all points of the section. 
The kern of the section corresponds to the ^-polygon of the next chapter. 

The coordinates of the points of intersection of the lines forming the kern of a 
section may be determined by the methods given in the chapter on “ Unsymmetri- 
cal Bending '* for corresponding points on the ^-polygon. However, since eq. 
(20) may be obtained from eq. (5), p. 154, by dividing the latter by —A, where A 
is the area of cross-section, it is evident that the coordinates of the apexes of the 
kern of the section may be obtained from the coordinates of the apexes of the 
^-polygon for the same section by dividing these values by —A. 

The kern of a section forms a convenient graphical method of determining 
where loads may be placed on a given section without causing changes in the 
character of the fiber stress on the extreme points of the section. It can readily 
be seen that the middle third rule given in Art. 88a is a special case of the analy- 
sis of this article. 

Figure 155 shows the kern of the section for a few standard sections. 



Fig. 155. 

UNSYMMETRICAL BENDING 

In certain types of construction it is found necessary to place beam sections 
with their axes of symmetry at an angle to the plane of loading, as shown in Fig. 
156. For the conditions shown, the principal axes of the section and the plane 
of loading do not coincide, as assumed in the cases considered in the preceding 
chapters. Bending of the nature shown in Fig. 156 is known as un&ymmetrical 
bending . The brief treatment of the subject given in this chapter is confined to 
cases of pure bending only. 

92. General Formulas for Fiber Stress and Position of Neutral Axis for 
Dnsymmetrical Bending. — The full line rectangle of Fig. 157 shows a right section 
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of a straight beam of uniform cross-section subjected to a bending moment M 
acting in a plane which passes through the longitudinal axis of the beam, making 
an angle $ with OX, one of the principal axes of the section. In the work to 
follow, point 0 will be taken as the origin of coordinates, and the principal axes 
of the section, OX and OF of Fig. 157, will be taken as the coordinate axes. 
As the formulas are greatly simplified thereby, the properties of the section will 
be referred to the principal axes. These quantities are given directly or are easily 
calculated from data given in any of the structural steel handbooks. 




Let n-w of Fig. 157a represent the position of the neutral axis of the assumed 
section for the given plane of loading, and let a be the angle which the neutral axis 
makes with OX. Angle a and also angle 6 are to be considered as positive when 
measured in a counter-clockwise direction. Figure 1576 shows the fiber stress 
conditions on a line at right angles to the neutral axis, assuming linear distribution 
of stress 


Let P t Fig. 157a, be any fiber of infinitely small area a at a distance v from 
the neutral axis. Assuming positive (clockwise) moment, the intensity of fiber 

stress atP is / = —f\V, where f\ 
is the fiber stress intensity at 
unit distance from the neutral 
axis. The minus sign indicates 
compression, for, as shown in 
Fig. 157, the fiber under con- 
sideration is above the neutral 
axis. 

The moment of resistance of 
the section, which is equal to 
the stress on each fiber multi- 
plied by its distance from the 
neutral axis is Mr = 2/iat; 2 , 
where 2 represents the sum- 
mation for the entire rectangle. 
But Xav 2 is the moment of 
inertia of the section about the neutral axis (see Art. 15), which will be denoted 



by In- With this notation, Mr = fj n 


Substituting for/i its value — ~, we have 


Mr - -{I* 
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Since the beam is in equilibrium, the moments of internal and external forces 
at any section must be equal. Taking the neutral axis as the axis of moments, the 
external moment in a plane perpendicular to the neutral axis is M sin (0 — a). 
The moment of internal forces is the resisting moment of the section, which is 

given above as M R — — ^ Equating these two expressions 

v 

f - v E? (*_“"_«) 

In 

This expression can bo placed in a more convenient form by referring both v 
and In to the principal axes of the section. From Fig. 157a, v = y cos a — 
x sin a. Values of x and y are positive when measured upward and to the right. 
In treatises on Mechanics it i* shown that in terms of the principal moments of 
inertia of the section, I x and I y , the moment of inertia about the neutral axis is 
In — Ix cos 2 a + I v sin 2 a. Substituting these values in the general equation 
given above 

. _ M (y cos a — x sin a) sinj0 — a) 

* (Ix cos 2 a + ly sin 2 a) 


To determine the relation between the angles a and 0, a summation of external 
moments about any two axes will yield two independent equations from which 
the desired relation can be obtained. Two convenient axes are OX and OY, 
the principal axes of the section. 

For axis OX, using the value of v given above, 

M sin 0 = Xfiavy — 'Zfiiy 2 cos a — xy sin a) a 

But 'Lay 2 is the moment of inertia of the section about the axis OX, which is 
denoted by I x , and Laxy is the product of inertia of the section, which is zero 
for principal axes. Then, 

M sin 0 = fj x cos a 

In the same way, for axis OY, 


M cos 0 = — / Jy sin a 
Solving these equations for a, we have 

tan a — — - 1 cot 0 


( 1 ) 


which is the general equation for direction of the neutral axis for bending in any 
given direction. 

Substituting the value of a, as given by eq. (1), in the above expression for/, 
we have 

(I v y sin 0 + I x x cos 0\ 


/= 




which is the general expression for fiber stress at any point in a section of a beam 
due to a moment M acting in a plane at an angle 0 to the axis OX . This equation 
can be made to apply to any particular point, as A , Fig. 157a, an extreme point 
of the section* by substituting for x and y the coordinates of the point in question. 
Let these coordinates be xa and Va } and let f A be the resulting fiber stress. Then 


Ja - -M 


( l v yA sin B + 1*$a cos 0^ 


V 


Uy 


( 2 ) 
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Since in eqs. (1) and (2), ta, va, I x , and I v are constants for any given point in 
a given section, it follows that the direction of the neutral axis and the intensity 
of the stress are dependent upon the value of 6. For e = 90 deg., eq. (2) becomes 
Sa * My a/ lx , and eq. (1) becomes, tan a = 0, or, a = 0 deg. Again, for 0 = 
0 deg., eq. (2) becomes, /a == — Mxa/I v , and eq. (1) becomes, tan a = infinite, 
or, a — 90 deg. 

It will be noted that these special values of fiber stress are of the form given in 
Art. 60 6, p. 23, that is, / — M (c/J), where I/c is known as the section modulus of 
the section. Also, the neutral axis in each case is perpendicular to the plane of 
loading. This condition holds true only when the plane of loading coincides 
with one of the principal axes of the section, at which time the other principal 
axis is the neutral axis, a fact which can be verified by a study of the values of 
a given above. 

Equation (2) can also be written in the form 

U - - [(A/ sin 0) V j + (M cos 6) x * ] (3) 

As* shown by the substitutions made above, this expression is the sum of two 
quantities obtained by resolving the bending moment into its components parallel 
to the principal axes of the section. Then by adding the fiber stresses due to 
these component moments, there is obtained an expression identical to eq. (3), 
and on transformation, to eq. (2). This offers a simple and easily remembered 
method for the calculation of fiber stresses due to unsymmetrical bending. 

93. Flexural Modulus. — In Art. 606, p. 23, it is shown that for bending in 
the plane of a principal axis, the fiber stress in a beam is given by an expression 
of the form 

f - UWD - f h 

where for any given section I/c is a constant quantity known as the section 
modulus . 

In eq. (2), the reciprocal of the expression in parenthesis is seen to be a 
quantity of the same dimensions as the section modulus, but more general in 
nature, as it involves planes of loading other than the principal axes. Let S 
denote this quantity. Then 

/ = M/S (4) 

where 


I v Va sin e + I x xa cos 0 v j 

The expression of eq. (5) is known as the flexural modulus of the section. For any 
given direction of loading and for any given point in a section, S is a constant. 
Having given the value of 5 for any given conditions, the resulting fiber stress is 
obtained by substitution in eq. (4). 

94. The S-line. — For any point in a given section, the values of S as given 
by eq. (6), gives a measure of the strength of the section for bending in any 
direction. 

From analytical geometry it can be shown that eq. (5) is in the form of the 
polar equation of a straight line. A convenient graphical representation of the 
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t* 


variation in flexural modulus for various planes of bending is thus readily obtained. 
In Fig. 158, the line C-D shows the variation in flexural modulus for point A, 
one of the corners of a rectangular section. This is known as an /S-line of the 
section. The vector OE shows the value of S A for bending moment at an angle 9 
to OX, one of the principal axes of the section. 

It will be found convenient to express the equation of the /S-line in terms of 
rectangular coordinates. If y = S sin 6 and 
x = S cos 9 be placed in cq. (5), we have 

y = - I * XA . x + l* ( 6 ) 

Iy V a y A 

which is the slope form of the equation of the 
/S-line for point A , Fig. 158. 

95. S-polygons. — Every extreme point or 
corner of a section is liable to become, at some 
time, a point of maximum stress. In order to 
determine graphically which of several ex- 
treme points is the one having maximufti 
stress, it is necessary to plot the /S-lines for 
all such points. In this way the values of S 
for the several points can be compared. 

In Fig. 158, the line F-G represents the 
/S-line for point B. The equation for this line 
is similar to that for point A, and can be ob- 
tained from eq. (6) by substituting x B and y B , 
the coordinates of B, in place of the corres- 
ponding values for A. Thus the required 
equation is 

y = - i-— X + — (7) Fig. 158. 

iv y» y . 



As before, the vector OK represents the value of S B for bending at an angle $ 
to OX. Eq. (4) shows that the point of greatest stress is the one with the 
least S. Since vector OE is smaller than OK, fiber A has a greater stress than 
fiber B for the given plane of bending. 

Equations similar to eqs. (6) and (7) can be made up for each extreme 
point of the section. If all these /S-lines are plotted in Fig. 158, they will 
enclose a figure known as an /S-polygon. Examples of /S-polygons are given in 
Art. 96. 

/S-polygons can be constructed by two different methods. One method of 
construction is carried out by plotting the /S-lines, as given by equations similar 
to eqs. (6) and (7). The /S-lines for adjacent points of the section are run to an 
intersection, and the resulting enclosed figure will form the desired /S-polygon. 
Another and better method locates the coordinates of the points of intersection 
of adjacent /S-lines by the methods of Analytical Geometry. This is done by 
solving simultaneously equations such as eqs. (6) and (7) for adjacent extreme 
points of the section. This process is repeated for each pair of adjacent points 
of the section. The resulting codrdinates are plotted and connected up to form 
the complete /S-polygon. This latter method, which is the one used in the work 
to follow, will now be explained in detail. 
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To determine the coordinates of the intersection of the 8-lines for points A 
and B of Fig. 158, the equations for these lines, as given by eqs. (6) and (7), are 
to be solved simultaneously. Let x ab and y ab be the coordinates of the point of 
intersection — that is, the values of x and y common to the two equations. Then 


Iu(,Vb — Va) 
XaVb — XbVa 


I x (xa — xb)_ 
XaVb — XbIJa. 


( 8 ) 

(9) 


Similar values for pairs of adjacent extreme points will differ only in the subscripts 
of x and y . The resulting values, when plotted and connected up, will form the 
desired 8-polygon. 

Equations (8) and (9) give general values for the coordinates of points of 
intersection of 8-lines. Under certain conditions these equations take on a much 
simpler form. As shown in Fig. 158, extreme points A and B form an edge which 
is parallel to the axis OY , and xa = %b = d. If these values be placed in eqs. 
(8) and (9), the resulting equations # are 


and 


Xab — 

( 10 ) 

y ab = 0 

( 11 ) 


For two adjacent points, as A and N of Fig. 158, which form a side parallel to 
the OX axis, y A = Vn — c, and eqs. (8) and (9) become 


.T on = 0 (12) 

and 

V an — I x/c ( 18 ) 


In cases where 8-polygons are to be determined for sections which are irregular 
in outline, as shown in Fig. 159, where some of the sides of the section are not 
parallel to the principal axes, OX and OF, eqs. (8) 
and (9) must be used in the determination of the 
• coordinates of the 8-polygon. It is possible, how- 
ever, to make use of certain short cuts which will 
greatly simplify the calculations. This is done by 
revolving the axes of reference for coordinates of ex- 
treme points through such an angle that the side in 
question and the axes of reference will be parallel. 

Suppose that the coordinates of the intersection 
points of the 8-lines for adjacent points B and C 
of Fig. 159 are required. Choose a set of coordinate 
axes OU and OF, such that OV is parallel to the 
side 0-5. Let <t> be the angle which OU makes with OX, a principal axis of 
the section. This angle is to be considered as positive when measured counter- 
clockwise. If x and y be the coordinates of any point P with respect to the 
OX and OY axes, and u and v be the coordinates of the same point with respect 
to the OU and OF axes, it can be shown from Fig. 159 that 



And 


y *= v cos </> + u sin <t> 
x — u cos <t> — v sin # 
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In these equations u and v are considered positive when measured upward and to 
the right with respect to the axes OU and OF. 

Substituting in eqs. (8) and (9) values of x and y as given by the above equa- 
tions, using subscripts to correspond to the point in question, we have 

Xb = ~~ Ur 1 s ^ n ( Vb Vc ) cos 

( UcVji — UHVc) 

and 


Vbc 


= L^yjL 


vc) sin _0+_(wc — ub) cos 0] 
( UcVb — UBVc) 


Since the angle 0 was so chosen that OF is parallel to side J2-C, we have ub » 
u c *» 5, as shown in Fig. 159. Substituting these values in the above equations, 
we have 


Xbc 


+ 


Vbc — + 


Iy COS 0 

b 

/* sin 0 


(14) 


In using eqs. (14) it is to be noted that the coordinates x bc and y hc are referred to 
the principal axes of the section, for in deriving the equations given above, only 
the coordinates of the extreme points of the section were referred to the axes 
OU and OV. 

In a like manner, the coordinates of the intersection point of the &-lines for 
points D and C of the edge D-C, Fig. 159, parallel to the OU axis, are 

I v sin 0 
d 


x dv = - 


Vdi 




where 


cos 0 
d 

d = v D = v C - 


(15) 


In this discussion it has been assumed that C-B and C-D are perpendicular 
sides. If they are not perpendicular, it will be necessary to determine the proper 
value of 0 for each side in order to obtain the desired results. 

When a section has a re-entrant corner, such as F , Fig. 159, it is quite evident 
that for any given plane of bending the fiber stress at F is less than at D. This 
is due to the fact that F is nearer the neutral axis for the plane of bending than is 
D. Hence the &-line for point D lies inside that for point F, whose S-line will be 
located entirely outside the ^-polygon for the section. It is therefore necessary 
to draw $-lines only for the outside points of the section, as these points will be 
farthest from the successive positions of the neutral axis, and therefore have the 
least values of flexural modulus. 

A simple and definite test for the determination of the points for which &-lines 
need be drawn is given by rolling a right line around the perimeter of the section 
for which the ^-polygon is to be drawn. Since the successive positions of this 
rolling line are parallel to successive positions of the neutral axis as the plane of 
bending varies through all possible angles, it is evident that the points touched 
by this rolling line are those farthest removed from the neutral axis, and that 
they are points of possible maximum stress. It is to be noted that in rolling 
around the section, the right line will not cut across the section, which at once 
eliminates re-entrant comers. 
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For the section of Fig. 159, a line rolling as described above will touch points 
A , B , (7, D, and E. The polygon formed by connecting these points is known 
as the circumscribing 'polygon of the section. 

96. Construction of S-polygons. — The 8-polygons for a few of the standard 
sections used as beams will now be calculated and constructed in order to illustrate 
the principles set forth in the preceding articles. 

96a. S-polygon for a Rectangle. — The 8-polygon for a 2 X 12-in. 
rectangle will be computed and constructed. Figure 160 shows the section with 
the principal axes OX and OY in position. The principal moments of inertia are 
v /* = 288 in. 4 , and I v = 8 in. 4 ; and the 

coordinates of the extreme points of 
the section, which in this case are 
also apexes of the circumscribing 
polygon, are, x A = +1, y A = +6; x B 

— + 1 , Vb = — 6 ; x c = — 1 , yc — 

— 6; and, x D = — 1, Vd - i-6. 

Since the sides of the rectangle 

are all parallel to the principal axes 
of the section, the coordinates of the 
apexes of the /S-polygon are given by 
eqs. (10) to (13). For sides A-B and 
C-D, which are parallel to the OY 
axis, eqs. (10) and (11) are to be 
used. With I v = 8 in. 4 , and d = x A 
= x B = +1, eq. (10) gives, x a b = + Y\ 
= +8 in. 3 ; and eq. (11) gives, y a i = 0. 
This apex of the /S-polygon is located 
on the OX axis, as shown in Fig. 160. 
For side D-C the substitutions are 
similar to those for A-B, differing 
only in the signs of the coordinates of 
It will be found from eqs. (10) and (11) that x 0 d — —8 in. 3 , 



Fig. 160. — ^-polygon for 2 X 12-in. rectangle. 


the extreme points, 
and y C d ~ 0. 


Sides A-D and C-B, which are parallel to the OX axis, require the use of eqs. 
(12) and (13). For side A-D, with l x ~ 288 in. 4 and c = y A = y D = +6 in., 
eq. (12) gives Xo* — 0,and eq. (13) gives y ad = + 28 % = +48 in. 3 From the same 
equations we find for C-B, x c i> — 0, and y C b — — 48 in. 3 These apexes of the 8- 
polygon are located on the OY axis, one above and the other below the OX axis, 
as shown in Fig. 160. 

The complete 8-polygon is obtained by plotting the points determined above, 
and connecting by straight lines the points which have a common letter, as, for 
example, points da and ab are connected by a line denoted by a in Fig. 160; 
likewise, points ah and be are connected by a line denoted by 5. Following this 
procedure for all points, the complete 8-polygon is obtained, as shown in Fig. 160. 

It will be noted that the coordinates of the apexes of the 8-polygon, as y da) 
Xab, etc., are equal to the section moduli of the rectangle for axes OX and OY 
Respectively. This offers a convenient method for constructing this polygon 
witibout the use of eqs. (10) to (13). The section moduli can be calculated or' 
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taken from the steel handbooks, plotted on the principal axes of the section, 
and the polygon drawn as described above. 

966. S-polygon for a 10-in. 25.4-lb. I-beam. — Fig. 161 shows the 
polygon for a 10-in. 25.4 lb I-beam . As the circumscribing polygon for the I-beam 
is a rectangle, the methods of calculation are exactly the same as given above for 
the rectangular section. The detail calculations will not be given here. All 
data are shown on Fig. 161. 

96c. S-polygon for a 10-in. 25-lb. Channel. — The circumscribing 
polygon for a channel is also a rectangle, but as the axis 0 Y is not an axis of 
symmetry, the resulting ^-polygon will not be symmetrical about the OY axis, 
as in the case of the rectangle and I-beam. 



For a 10-in. 25-lb. channel, /* = 91.0 in. 4 , /„ 
= 3.4 in. 4 ; xa = +2.27, ija = +5.0; Xn = + 
2.27, Vb = —5.0; xc = -0.62, y c = -5.0;and, 
x D = — 0.62, y D = +5.0. (All coordinates in 
inches.) 


Y 

</L? 



Fig. 161. — <S’-polygon for a 10-in. 25.4-lb. Fig. 162. — S-polygon for a 10-in. 25-lb 
1. channel. 


Substituting these values in eqs. (10) to (13), the coordinates of the apexes of 
the S-polygon are found to be 

x. t = +3.4/2.27 = +1.49 in.* 

y*b = 0 
Xbe — 0 

y u = -91.0/5.0 = — 18.2 in.’ 
x C i = —3.4/0.62 = —5.48 in.’ 

Vd = 0 
X da = 0 

2 Ha = +91.0/5.0 = +18.2 in.’ 

These values when plotted give the S-polygon of Fig. 163, on which all data are 
shown. 
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96 d. S-polygon for an Angle Section. — The ^-polygon for a 5 X 
3M X H-in. angle will be computed and constructed. In the case of angle 
sections, the steel handbooks do not give directly the principal moments of inertia 
of the section. The moments of inertia given are those for the gravity axes of 
the section ( OU and OV of Fig. 163). By the application of a few well-known 
principles, the location of the principal axes and the values of the principal 
moments of inertia are readily determined. 

Figure 163 shows the angle section with the gravity axes OU and OV in posi- 
tion. The moments of inertia for these axes are I u = 9.99 in. 4 and I v = 4.05 

in. 4 Moments of inertia for principal axes 
are not given directly. However, the 
minimum radius of gyration of the section 
is given; this is a property of the minor 
principal axis of the section. From Art. 
18, 1 = Ar 2 , where A — area of section, and 
r — radius of gyration. For the section 
in question, A = 4.0 sq. in., and r v = 0.75 
in. Then, I y = (4.0) (0.75) 2 = 2.25 in. 4 

The value of I x , the moment of inertia 
for OX , the major principal axis of the 
section, can be determined from the well- 
known relation connecting the moments of 
inertia for principal and other axes, which 
is : Ix + I v = /« + Iv As I x is the only 
unknown, we have: I x — I u + /* — /„ = 
9.99 + 4.05 - 2.25 = 11.79 in. 4 These 
values may also be calculated from eqs. (11) and (12), p. 579, Appendix B. 

The value of the angle between the principal and gravity axes, angle XOU of 
Fig. 163, may be determined from eq. (15) p. 580. If <j> denote this angle, we have 

t tyi 2 J X y 

tan 2<t> = r ~ f 

1 y 1 x 



Fio. 163. — ^-polygon for a 5 X 3 Yi X 
angle. 


2 J x 


which may also be written 

tan * = (/,-/.) ± v\i,~ hr + 47 n 

In these equations, J xy — product of inertia of the section, as defined in Art. 6, 
Appendix B. To determine J xy for the angle section of Fig. 163, divide the figure 
into two rectangles ABFG and EGDC. The coordinates of the centers of gravity 
of these rectangles with respect to the origin at 0 are given on Fig. 163. Then 
Jxy = (3.0) (0.5) (1.41) (1.09) + (5.0) (0.5) (0.66) (0.84) = 3.69 in. 4 
Substituting in the first of the above equations, 

2 J 9 V 7.38 

I* -I. 5=3 4.05 - 9.99 
2<f> » 51° — 12' and <t> - 25° 36' 

From the second equation 

7 38 

tan <t> « 7 —=““ =, - —0.479 

v - 5.94 ± V(5.94) s + (4) (3.69) s 

- 25° 36' 


tan 2 <£ = ■— f 


= -1.24. 
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The gravity and principal axes are shown in their relative positions in Fig. 163. 
Values of tan <t> for angle sections are given in the steel rolling mill handbook. 

As shown in Fig. 163, the sides of the circumscribing polygon, ABODE , are 
not parallel to either of the principal axes of the section. The coordinates of the 
apexes of the ^-polygon are to be calculated by eqs. (8) or (9) ; or, by rotating the 
axes of reference as explained by Fig. 159, eqs. (14) and (15) can be used. As 
the latter method is the simpler, it will be used here. 

Axes OU and OV are parallel to sides A-B, C-D, D-E , and E-A of the 
circumscribing polygon, and will be used as the new axes of reference. The 
angle <j> is seen from Fig. 163 to be 25 deg. 36 min. 

For side A-B, which is parallel to the OV axis, eq. (14) is to be used. With 
<l> = 25 deg. 36 min., l v = 2.25 in. 4 , and u A = u B - 2.59 in., we have, 


(+2.25) (0.902) 


- +0.784 in. 3 


( + 11_.79) (0.432) 
2.59 


+ 1.97 in. 


In plotting these points it must be remembered that x ab and y ab are referred 
to axes OX and OY , the rotation of axes of reference having been made only with 
respect to the extreme points of the section. 

Side D-E is also parallel to the OV axis, and eq. (14) is to be used, which gives 


(+2.25) (0.902) = 
-0.91 


-2.23 in. 3 


(+11.79) (0.432) 
-0.91 


— 5.60 in. 3 


Sides A-E and D-C are parallel to axis OU. 

_ (—2.25) (0.432) _ 

1.66 

(+11.79)(0.902) _ 


Substitution in eq. (15) gives 
- 0.586 in. 3 

+6.41 in. 3 


and 


Xde — 
Vdc = 


(-2.25) (0. 432) 
-3.34 

(+11.79) (0.902) 
-3.34 


+0.291 in. 3 
: -3.18 in. 3 


The side B-C of the circumscribing polygon is parallel to a pair of rectangular 
axes shown by OR and OT in Fig. 163. These axes make an angle of 33 deg. 40 
min. with the gravity axes, or 8 deg. 4 min. with the principal axes of the section, 
as shown in Fig. 163. This angle can be calculated, or scaled with a protractor 
from a large layout of the section. Since the axis OR is in the fourth quadrant 
with respect to the axes OX and OY, 

0 « (360° - 8°4') * 351 deg. 56 min. 

Using eq. (14), with <£ as above and b = 1.51 in., as shown on Fig. 163, we have 


(+2.25) (0.990) 


= +1.48 in. 8 


i+Jinn-o m . 

1.51 


Plotting these points with respect to the OX and OY axes, and connecting the 
proper points, the complete ^-polygon is obtained as shown in Fig. 163. 
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96e. S-polygons for Z-bars and T-bars. — Two rolled sections which 
are used occasionally as beam sections are the Z- and T-bars. -S-polygons for these 
sections are shown in Tig. 164. The detail work of calculating these polygons will 
not be given, as the methods are similar to those used above. 

Figure 164a shows the ^-polygon for a 5 X Z\i X V+in. Z-bar. The coordi- 
nates of the apexes of the ^-polygon, referred to the principal axes of the sec- 
tion, are* 

Xab = —0.600 in. 3 , y a i = +8.56 in. 3 ; x be = +0.848 in. 3 , y be = +4.38 in. 3 ; 

Xcd = +1.89 in. 3 , .2/c d — 0; x a / = —1.89 in. 3 , y a / = 0; 

x 9f « —0.848 in. 3 , y 4f = —4.38 in. 3 ; x d < = +0.600 in. 3 , y dt = —8.56 in. 3 


\ 

\C/<7 



Fia. 164. Fio. 165. 

Figure 1646 shows the ^-polygon for a 4 X 4 X > 2 “hi. T-bar, for which the 
coordinates of the <S-polygon are: 

Xab = 0, y ab = —2.02 in. 3 ; x d * = 0, y de = +4.83 in. 3 ; 

x 9d = +1.40 in. 3 , y cd = 0; »•/ « -1.40 in. 3 , y ef = 0; 

= +1.69 in. 3 , = —1.71 in. 8 ; x a j = —1.69 in. 3 , y„/ = —1.71 in. 8 

97. Solution of Problems in Unsymmetrical Bending. — Problems in unsym- 
metrical bending can be solved algebraically by the use of eqs. (1) and (2), or 
by semi-graphical methods involving the use of ^-polygons. A few simple prob- 
lems will be worked out to show the general methods employed. 

In problems involving the determination of fiber stress in a* given beam section 
under bending in any direction, the desired result is generally the maximum fiber 
stress and the fiber on which it occurs. A complete solution of this problem 
can be obtained by two methods. In the first method, the stresses are computed 
for all extreme fibers of the section. On comparing these values, the maximum 
can readily be determined. By the second, and better method, the neutral 



Sec. 1-97] 


GENERAL THEORY 


163 


axis of the section is located on a large scale layout of the section. From this 
sketch the fiber most remote from the neutral axis is determined by insj action, 
or by scaling if necessary, and a fiber stress calculation made only for this fiber, 
thus giving the required maximum stress intensity. 

Illustrative Problem. — A 10-in. 25-lb. channel section is used as a beam to support a 
moment M acting in a vertical plane. Figure 105 shows the position of the channel and 
the direction of the plane of bending with respect to OX and OY , the principal axes of 
the section. The solution will be carried out for both of the general methods outlined 
above. 


Algebraic Solution. — The moments of inertia of the section, as given by the 
steel handbooks, are: I, = 91.0 in. 4 , and /„ = 3.4 in. 4 The coordinates of the 
extre ne points of the section are: x A = +2.27, y A = +5.0; x B = +2.27, y B = 
— 5.0; xc = —0.62, t/c — 5.0; and, xd = —0.62, y D = +5.0. (All coordinates 
in inches.) 

From eq. (2), with 9 = 60 deg., as shown in Fig. 165, and with the coordinates 
given above, we find for point A, 

r _ _ M \ (+3.4) (5.0) (0.866) + (91.0)(2.27)(0.50)1 _ +14.72 + 103.8 

!a ~ (91) (3.4) 309.5 M 

f A - — 0.3835il/ 

The minus sign indicates that the fiber stress is compressive. 

For fiber 7J, substitution in eq. (2) involves the same quantities as for A } 
except that y B is negative. The first term in the numerator of the above expres- 
sion then becomes negative. Using the same form as given above, we have 

^=- rl -io9 + 5 103 ' 8M =-°- 2875M 


In the same way, we have for points C and D 

’ (+3.4) ( — 5.0) (0.866) + (91.0) (-0.62) (0.5)1 
~ (91) (3.4) “ J 

+ 14 ‘^nA 28 ' 2 ^ = +0-13861H 

309.0 


and 


fc = 
fc “ + 


fl> - + 


>14.72 + 28.20 
309.5 


= +0.04355M 


The plus signs indicate tensile stresses. 

On comparing the calculated values, it will be found that fiber A has the 
maximum fiber stress, and that the stress intensity is 0.3835 M lb. per sq. m., 
compression. 

Proceeding with the second method of solution outlined above, we find from 
eq. (1) that the angle between the axis OX and the neutral axis for the given plane 
of bending is 

(-91.0) (cot 60°) (-9 1.0) (0.5774) 

3.4 3.4 


tan a = 


-15.46 


from which, a = 93 deg. 42 min. In Fig. 165 the neutral axis, as located by this 
angle, is shown in position. It is evident by inspection that fiber A is most 
remote from the neutral axis. A single substitution in eq. (2) for fiber A 
gives the desired result. The calculations are as given above for point A ; they 
will not be repeated. 
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Solution by Means of an S-polygon . — On Fig. 165 there is given a solution of 
this problem by means of an ^-polygon. The ,8-polygon is constructed from the 
calculations made in Art. 96 and shown on Fig. 162. 

From eq. (4) of Art. 93, the fiber stress at any point is / = M/S , where S 
is the flexural modulus of the section. As explained in Art. 94, the value of S 
for any point in the section is the distance measured along the plane of bending 
from the origin to the intersection of the plane of bending and the &-line for the 
given point. These intercepts are shown on Fig. 165, each with a subscript 
corresponding to the point for which the value of S is given. Then from eq. (4), 
the fiber stresses are: f A = M/ 2.60 = 0.385M, f B — M/ 3.50 = 0.286M, fc^ 
ilf/7.18 = 0.139M, and fn = M/23.05 = 0.0435M. 

The character of fiber stress is not given directly by the ^-polygon. To 
determine the character of the fiber stress, locate the position of the neutral axis, 
as shown in Fig. 165. For positive moment, all points below the neutral axis 
will be under tensile stress, and points above the neutral axis will be under com- 
pression. Thus in the case under consideration, points A and B are abo\e the 
neutral axis and are under compression, while C and D are below the neutral axis 
and are under tension. These results are checked by the algebraic solution given 
above. 

niustrative Problem. — A 5 X X angle with the longer leg vertical carries a 

moment M acting in a vertical plane, as shown in Fig. 166. Required the intensity of 
the maximum fiber stress and the fiber on which it occurs. 

This is the angle section for which the 8-polygon is calculated in Art. 96 and shown 
on Fig. 163. The principal moments of inertia of the section are: I x — 11.79 in. 4 , and 
I v «■ 2.25 in. 4 In Fig. 166 the principal axes OX and OY are shown in position. 

Algebraic Solution . — The fiber of maximum stress intensity will be determined 
by plotting the position of the neutral axis on the angle section. Fromeq. (1), 
with e — 115 deg. 36 min., as shown on Fig. 166, we have 

( — 11.79) (cot 115° 36') . OK1 aoA . 

tan a. — = + 2.51, or, a — 68 deg. 1/ mm. 

2.2 O 

The position of the neutral axis is shown on Fig. 166. It will be found that fiber 

C is most remote from the neutral axis, and is 
therefore the fiber of maximum stress intensity. 

The coordinates of point C must be referred to 
the principal axes of the section, OX and 07, in 
substituting in eq. (2). This information is not 
given in the steel handbooks. It can be obtained 
by scaling from a large scale drawing of the 
section, or it can be calculated by means of the 
formulas for rotation of the axes of reference given 
for the conditions shown in Fig. 159 of Art. 96. 
The values of u and v to be used in the formulas 
of Art. 96 can be found in the steel handbooks, 
for OU and OV are the gravity axes of the sec- 
tion. Then for u c — — 0.41, v c = — 3.34, and 
« 25 deg. 36 min., we have, yo — (—3.34) (0.902) — (0.410) (0.432) = — 
3:19, and, x c - (-0.410) (0.902) + (3.34) (0.432) - +1.07, both values in 
inches. Calculated and scaled values were found to check. 
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Substituting in eq. (2) the values of Xc and yc given above, and 6 — 115 deg. 
36 min., the fiber stress at C is found to be 


fc 

fc 


+0.450M 


(2.25) (-3. 19) (sin 115° 36') + (11.79)(1.07)(cos 115° 36')] 


(11. 79) (2.25) 


Fiber C is under tensile stress, as indicated by the positive sign of the result. 

In calculating the tables of safe loads on angle sections given in the steel 
handbooks, it is usually assumed that the neutral axis is horizontal for all planes 
of bending. If the neutral axis be assumed to be parallel to the shorter leg of 
the angle of Fig. 166, the fiber stress at C is found to be: fc = Me/ 1 = 3.34 
ikf/9.99 = 0.334 M y a result only about 75 per cent of the true stress given above. 

Solution by S-polygon.~- The 5-polygon solution of the preceding illustrative 
problem is shown on Fig. 166. This polygon is constructed from data calculated 
in Art. 96 and shown on Fig. 163. From an inspection of Fig. 166, it can be seen 
that for the given plane < f bending, fiber C has the least 5, and is therefore the 
desired fiber of maximum stress. By scale from Fig. 166 we find Sc = 2.22 in. 8 
Therefore, fc = M/2.22 = 0.450M, which checks the result obtained by the 
algebraic method. As fiber C is located below the neutral axis, the fiber stress 
is tensile. 

The design of beams subjected to unsymmetrical bending is greatly simplified 
by the use of 5-polygons. Where several possible loading conditions are involved, 
the algebraic calculations are long and tedious, while the semi-graphical 5-polygon 
offers a comparatively simple and easily understood method of solution. 

In designing by the 5-polygon method, the process consists in comparing 
graphically the flexural modulus required for any plane of bending with that 
furnished by the assumed section. From eq. (4), Art. 93, 5 = M/f . Having 
given the bending moment to be carried and the allowable working stress, the 
required flexural modulus is readily determined. 

The required 5 is plotted to scale on a set of coordinate axes placed in the 
proper position in space. The 5-polygons 
of the trial sections are then plotted to scale 
on the same set of axes. In order to answer 
the requirements of the design, the 5 fur- 
nished by the trial section must be equal 
to, or greater than, the required value. 

Illustrative Problem. — Design a wooden 
beam set with its faces at an angle of 30 deg. 
with the vertical, and subjected to an unsym- 
metrical bending moment acting in a vertical 
plane. The span of the beam is 12 ft., and 
the allowable working stress in the timber is 
1,000 lb. per sq. in. Determine the beam sec- 
tion required to support a net uniform load of 
300 lb. per ft. 

As the weight of the beam section is not 
known to begin with, it will be assumed to be 
25 lb. per ft. The total load to be carried is then 325 lb. per ft.; the bending moment in a 
vertical plane is M » \iwl 2 * (325)(12) 2 (12) « 70,200 in.-lb.; and the required flexural 

modulus is S ** M/f « 70,200/1,000 *= 70.2 in. This is shown to scale in the proper 
position in Fig. 167* 


Y 
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From the 5-polygon of a rectangle shown in Fig. 160, Art. 69, it can bo seen that for 
bending at an angle of 60 deg. with the axis OX , fibers A and C have values of S which are 
equal and smaller than those for D and 5. It is evident, then, that it is nccossary to draw 
only the 5-line for point A in order to determine the proper section. 

In Fig. 167 the 5-lines for several rectangular sections are shown. The 6 X 10-in. 
section is too small, for the 5 furnished by the section is not equal to that required by the 
moment. The 6 X i2-in. section is a little too large, but as beams usually come in even 
inch sizes, it will be adopted. 

Before this section is finally adopted, the assumed weight must be checked up. At 

4 lb. per ft. board measure, a 6 X 12-in. section will weigh (12 X Ji2)4 = 24 lb. per ft. 
As the weight assumed in the calculations was 25 lb. por ft. a revision is not necessary. 

98. Investigation of Beams. — An important problem in the investigation of 
the relative value of the various rolled sections when used as beams is their 
moment carrying capacity. By means of the 5-polygons of the sections, a direct 
comparison can be made. Thus, if it be required to determine the relative 
moment carrying capacity of an I-beam and a channel of the same depth and 
weight per foot — as for example, a 10-in. 25.4-lb. I-beam and channel — we can 
refer to the 5-polygons for these sections. Figure 161 gives the 5-polvgon for a 
10-in. 25.4-lb. I-bcam, and Fig. 162 gives the 5-polygon for a 10-in. 25-lb. channel. 

These polygons are drawn to the same scale so that the relative strength of 
the two sections is proportional to their sizes. It can be seen at once that the 
advantage is in favor of the I-beam section. In the same way, any sections can 
be compared by this method. 

Another problem of considerable importance is the determination of the planes 
of greatest and least strength for any given section. In this way it is possible to 
place a section in such a position that its plane of greatest resisting moment 
coincides with the plane of the bending moment, and the section is used to its 
greatest advantage. It is also possible to avoid loading a beam in the plane of it 
least resisting moment. 

From eq. (4) of Art. 93, it can be seen that the fiber stress varies inversely as 
the value of 5. Therefore the plane of greatest strength is the one with the 
largest 5, and the plane of least strength is the one with the smallest S. The 
values are measured as shown by the vector OE of Fig. 158. 

The plane of greatest strength in bending of the rectangle, I-beam, and channel 
sections, as shown by their 5-polygons, (see Figs. 160, 161, and 162) is in the plane 
of the OY axis. By an inspection of the 5-polygons, it can be seen that the plane 
of least strength is perpendicular to the 5-lines, for on these planes the values of 

5 are a minimum. There will be four such planes for the rectangle and I-bcam 
sections, one for each 5-line. For the channel section there are two planes of 
least strength, one perpendicular to the 5-line a and another perpendicular to 
5-line b. 

The angles which these planes make with the axis OX can be determined from 
a large scale drawing of the section by means of a protractor. The angles can 
also be determined by means of a proposition of Analytical Geometry which 
states that when a line is perpendicular to a- given line, the slope of the perpen- 
dicular is the negative reciprocal of that of the given line . Thus from the equation 
of the 5-line for fiber A , as given by eq. (6), Art. 94, the slope of the perpendicular 

is + T Hr* For the rectangle of Fig. 160, we find from the data given in Art. 

** *i 
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96(i, that the angle between the OX axis and the plane of least strength, as deter- 
mined from the above equation, is 

tan of slope = + Hss X % = +0.167, or slope angle = 9 deg. 30 min. 
This plane is shown in position on Fig. 160. 

The determination of the planes of greatest and least strength of the angle 
section, for which the S-polygon is shown in Fig. 163, is not as simple a matter as 
for sections of rectangular form due to the unsymmetrical form of the S-polygon. 
From an inspection of the S-polygon of Fig. 163, it is evident that the angle section 
has its greatest strength as a beam for the plane of loading for which the fiber 
stresses, and hence the values of S , for fibers A and D are equal. This plane can 
be located by trial by means of a straight edge and a pair of dividers. It can also 
be located by means of eq. (5) of Art. 93. If values of S , as given by eq. (5) for 
fibers A and 2), be equated and the resulting expression be solved for 0, the result 
will be the desired plane of greatest strength. Performing the operation indicated 
above, we have 


tan 6 = 


lx xa + XD 
Iy VA + VD 


For the angle section whose S-polygon is shown in Fig. 163, x A = +1.61, y A 53 
+2.60; x D - +0.59, y D = —3.40; I x = 11.79, and I v = 2.25. Fromtheabove 
equation 


tan 6 = 


11.79. 1.61 +0.59 = 

2.25 2.60 - 3.40 + 1 


or, 0 = 86 deg. 2 min. This plane of loading is shown in position on Fig. 163. 
The plane of least strength is determined by methods similar to those used for 
the rectangle. It is shown on Fig. 163. 

In the above discussion the planes of greatest strength have been located and 
are shown in position on a few of the sections in general use as beams. To secure 
the best results, it is evident that the section should be so placed that the plane of 
bending and the plane of greatest strength coincide. It is not possible, however* 
to realize these ideal conditions in all cases. This is due to the fact that th& 
methods of attaching the beam section to its sup- 
ports determines the position of the beam. Thus 
beams supported on a sloping surface must usually 
be set with their faces perpendicular to the support- 
ing surface. 

When an angle section is used as a beam, it 
should be placed as shown in Fig. 168a, for as shown 
by the S-polygon, this position is very close to its position for greatest strength 
for bending in a plane which is vertical or nearly so. At the same time, attach- 
ment to the supporting structure is readily made. 

Z-bars are seldom used as beam sections, as it is difficult to obtain them except 
in large quantities. From the S-polygon for this section, Fig. 164a, it can be 
seen that for the position shown in Fig. 1686, the section is advantageously 
placed for bending in a vertical plane. t 

The T-bar, as shown by its S-polygon, Fig. 1646, does not form an ideal 
beam section, due to the fact that the fiber stresses on the extreme fiber of the 
stem are muoh greater than those on the flange. In any case it is desirable that 
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the section be placed with the stem down. The upper, and wider face, is then in 
compression, which increases the lateral stiffness of the section. 

In some types of roof covering, T-bars closely spaced, are used to support 
tile or short span slabs carried directly on the T-bars. The stem of the T is 
placed up, the bottom flange forming a support for tlje tile. From the discus- 
sion given above, it can be seen that the T-bar is not well placed in this type of 
construction, for the narrow stem of the T is in compression, and is liable to fail 
due to insufficient lateral support, unless low working stresses are maintained. 
The material is then not used to as great advantage as in the other sections 
considered. 

99. Tables of Fiber Stress Coefficients for Beams. — The variety of conditions 
encountered in problems in unsymmetrical bending renders it impractical to 
attempt any very extensive tabulation of fiber stresses in beams. Each case must 
be worked out by means of the general equations or the ^-polygon methods given 
in the preceding articles. Where ^-polygon methods are to be used to any great 
extent, it will save time if the ^-polygons of standard sections be plotted on 
tracing cloth, or some transparent material. The required S can be plotted on 
a sheet of paper, as explained in the illustrative problem, p. 163. By laying the 
plotted ^-polygons over the required S, and shifting to different sections, the 
desired section can readily be determined. 

There is, however, one very important and frequently encountered condition 
of unsymmetrical loading for which tabulations of fiber stress can be made. The 
case referred to is that of loading in a vertical plane on sections inclined at an 
angle to the vertical. 

Table 1 gives coefficients for I-beams; Table 2 gives values for channels; and 
Table 3 gives values for angles. The fiber stress in any case is obtained by multi- 
plying the moment, M, by the coefficient given in the tables. The sketch shows 
the conditions for which the values are given. These tables were taken from 
articles by R. Fleming, which appeared in the Eng. Rec., March 3, 1917, and in 
the Eng . News-Rec ., Feb. 27, 1919. 


fertica! 

loading 



Table 1. — Fiber Stress Coefficients, Bending Moment 
Due to Vertical Loading on I-beams 






Pitch of roof in inches per foot 



I-beam 

section 

0 

1 

2 

3 

4 

5 

0 

7 

8 

6-in 12.6-lb. 

0. 138 

0.212 

0 284 

0.352 

0.415 

0 473 

0.526 

0.573 

0.614 

7-in. 15.3-lb. 

0.097 

0. 153 

0.208 

0.200 

0.308 

0.353 

0.393 

0.430 

0.461 

8-in. 1/3. 4-lb. 

0.070 

0,114 

0.157 

0. 106 

0.234 

0.2G8 

■»* 

0.328 

0.352 

2-in. 21. 8 -lb. 

0.053 

0.088 

0.121 

0 133 

0 183 

0.210 

0 235 

0.257 

0.277 

10-in. 25 4-lb. 

0.041 

0. 089 


0 122 

0 lift 

0 168 

0. 1S8 

0.206 

0.222 

12-in. 31.8-lb. 

0.028 

0.050 


0.091 

0 110 

0. 127 

0.113 

0. 157 

0. 170 
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Table 2. — Fiber Stress Coefficients, Bending Moment 
Due to Vertical Loading on Channels 


Channel 

Pitch of roof in inches per foot 

section 











0 

1 

2 

3 

4 

5 

. 6 

7 

8 

6-in 8.2 -lb. 

0.231 

0.396 

0. 657 

0.709 

0.851 

0.982 

1. 101 

1.207 

1.301 

7-in. 9.8 -lb. 

0 166 

0.296 

0.422 

0.542 

0.655 

0.758 

0.852 

0.935 

1.010 

8-in. 11.6-lb. 

0. 124 

0.228 

0.330 

0.427 

0.517 

0.600 

0.676 

0. 743 

0.804 

9-in 13 4-lb 

0 095 

0.18Q 

0.263 

0.342 

0.415 

0.483 

0.545 

0. 600 

0. 650 

10-in. 15. 3 -lb. 

0.075 

0 14* | 

0.214 

0.279 

0.340 

0.397 

0.448 

0.494 

0.535 

12-in. 20 7 -lb. 

0.047 

0 004 

0.1*1 

0.184 

0.225 

0.203 

0.298 

0.329 

0.357 


I yerhcaf 
Y loading 



Vertical-nX 

loading I 



Table 3. — Fiber Stress Coefficients, 
Bending Moment Due to Vertical 
Loading on Angles 


Angle section, 
inches 

Pitch of roof in inches per foot 

0 

1 

2 

3 

4 

5 

6 

7 ! 

1 

8 

2K 

X 2 

X Vi 

3.49 

3.30 

3. 11 

2.88 

2.68 

2.46 

2.30 

2.14 

2.01 

2M 

X 2 

X «« 

2.91 

2.76 

2.61 

2.41 

2.22 

2.04 

1.90 

1.78 

1.67 

3 

X2K 

X K 

2.33 

2.22 

2.10 

1.98 

1.85 

1.71 

1.60 

1.49 

1.38 

3 

X2M 

XMs 

1.89 

1.83 

1.73 

1.63 

1.51 

1.41 

1.30 

1.24 

1.15 

3M 

X2K 

X X 

1.80 

1.69 

1.60 

1.46 

1.35 

1.22 

1.15 

1.06 

1.12 

3K 

X2K 

x 

1.47 

1.39 

1.31 

1.22 

1. 14 

1.02 

0.96 

0.89 

0.93 

4 

X 3 

X 

1.06 

1.00 

0.94 

0.88 

0.81 

0.75 

0.69 

0.65 

0.66 

4 

X 3 

X M 

0.92 

0.87 

0.81 

0.75 

0.70 

0.63 

0. 59 

0.55 

0.52 

5 

X3M 

XK« 

0.68 

0.65 

0.61 

0.56 

0.51 

0.47 

0.43 

0.41 

0.48 

5 

X3M 

X X 

0.60 

0.57 

0.53 

0.48 

0.43 

0.40 

0.37 

0. 35 

0.41 

6 

X 4 

X X 

* 0.41 

0.38 

0.35 

0.32 

0.29 

0.27 

0.25 

0.27 

0.30 

6 

X 4 

X Xo 

0.35 

0.33 

0.31 

0.28 

0.25 

0.23 

0.22 

0.23 

i 0.26 


100. Variation in Fiber Stress Due to Changes in Position of the Plane of 
Bending. — The ^-polygon shows in a striking manner that small changes in the 
position of the plane of loading cause relatively large changes in the fiber stress 
on a given point in the section. This variation in position of the plane of loading 
may be due to a variety of causes. The deflection of the beam under loading may 
tend to twist the section about its longitudinal axis, thus changing the position of 
the plane of bending from that assumed in the design. In the case of wooden 
beams, warping of the timber may have a similar effect. To counteract these 
effects) the beam should be held rigidly in line by some form of lateral support. 
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Bridging in wooden floor construction is one method of providing this lateral 
support. 

The effect of a small change in the position of the plane of loading will now be 
shown graphically by means of an 5-polygon. Figure 169 shows a portion of the 
5-polygon of a 10-in. 25.4-lb. I- beam, data for which are given in Art. 96 b. n 
comparison will be made of fiber stresses for bending in the plane of the OF axis, 
v and for bending in another plane 1 deg. away from the first 

plane; that is, for 0 = 90 deg. and 89 deg. respectively. By 
scale from Fig. 169, we have Si = 24.4 in. 3 for 0 = 90 deg., 
and 5 2 = 21.3 in. 3 for 0 = 89 deg. The resulting fiber 
stresses are:/i = 0. 04099 M, and/2 = 0.04795M. These 
values differ by 14.6 per cert of/i. Values of 5 are also 
indicated for bending planes at 5 and 6 deg. from the axis 
OY. At this place the stresses differ by about 7.5 per 
cent. 

It can be seen by comparing the calculated values 
given above, and also by inspection from Fig. 169, that 
this percentage is a maximum for planes of loading near 
the OY axis. 

An exact measure of the change in fiber stress can be 
determined by differentiation of eq. (2) of Art. 92. 

Thus 

fl v y 1 cos 0 — I x x 4 sin 0) 

IJy 



df = 


I de 


In this expression df is the change in fiber stress on a fiber 
A y coordinates xa and y A , due to a very small change de in the position of the 
plane of bending. This angular change dd is to be measured in radians (a 
radian is 57.3 deg.). 

The percentage change in fiber stress is given by dividing df by the value of/ 
for the given 0. Then 

Percentage change in fiber stress = y- 
= I v y A co s 0 — /*££sin0 ^ 

I v y A sin 0 + I x xa cos 0 

As stated above, this rate of stress change is a maximum for a loading plane at the 
OY axis. With 0 = 90 deg., the above equation becomes, when 0 is expressed 
in degrees, 

df __ (IxXa\/ 


)G5) 


/ WM 

As an application of this equation, consider the case solved graphically in Fig. 
169. For a 10-in. 25-lb. I-beam, /* - 122.1 in. 4 , I v = 6.9 in. 4 , x A = 2.33 in. and 
Va — 5.0 in. Then 

Percentage change = df/f = (57.3) (^X^) 


= 14.4 per cent 

It will be noted in the above equation that the predominating factor is the ratio 
of principal moments of inertia, /*//„. For sections in which this ratio is large — * 
that is, in narrow deep sections the fiber stress increase is large for a relatively small 
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change in the direction of the plane of loading. To avoid this effect, beam sections 
should be chosen from rolled shapes or rectangular sections which have consider- 
able lateral rigidity. If narrow sections must be used, they should be thoroughly 
braced to prevent overturning. 

It is also interesting to note the change in position of the neutral axis due to 

changes in the plane of bending. This effect is best studied by means of eq. (1), 

Art. 92. For the beam section considered above, suppose, as before, that the 

plane of bending is 1 deg. from the axis OY , or 6 = 89 deg. in eq. (1). Then 

. , T /T v . , (-122.1) (0.01746) 

tan a = — ( Ix/Iy ) cot e = J^r - - --- 

o.y 

tan a = - 0.309, or, a = 180° - 17° 10' 

It will be noted that a 1-deg. change in the position of the plane of bending causes 
a 17-deg. change in the position of the neutral axis. 

Table 4 gives the parentage change in fiber stress and the corresponding 
change in the position uf the neutral axis due to a 1-deg. change in the direction of 
the plane of bending from the OY axis of standard I-beam and channel sections. 
These values were calculated by the methods given above. 


Table 4. — Percentage Increase in Fiber Stress and Change 
in Position of Neutral Axis for a One-Degree 
Change in Direction of Plane of Bending 



Section 

J* 

Iy 

Increase in 
fiber stress 
(per cent) 

Change in 
slope of neu- 
tral axis 

a 

(degrees) 

20-in. 65.4-lb. I-beam 

41.8 

22.8 

36° 10' 

18-in. 54.7-lb. I-beam 

37.5 

21.8 

33° 15' 

15-in. 42.9-lb. I-beam. . . . 

30.2 

19.3 

27° 50' 

12-in. 31 .8-lb. I-beam 

22.7 

16.5 

21° 35' 

10-in. 25.4-lb. I-beam 

17.7 

14.4 

-4 

O 

I-* 

© 

9-in. 21 . 8-lb. I-beam 

16.4 

13.8 

16° 0' 

8-in. 18.4-lb. I-beam 

15.0 

13.1 

1 14° 40' 

7-in. 15.3-lb. I-beam 

13.5 

12.3 

13° 20' 

6-in. 12.5-lb. I -beam 

11.8 

11.5 

11° 40' 

15-in. 33.9-lb. channel 

38.1 

23.2 

33° 40' 

12-in. 20.7-lb. channel .... 

32.8 

21.4 

29° 50' 

10-in, 15.3-lb. channel .... 

29. 1 

19.9 

27° 0' 

9-in. 13.4-Ib. channel 

26.3 

18.5 

22° 25' 

8-in. 11.5-lb. channel .... 

24.8 

18.2 

20° 35' 

7-in. 9.8-lb. channel 

21.5 

16.5 

20° 35' 

6-in. 8.2-lb. channel 

18.0 

15.2 

18° 0' 


101. Deflection of Beams Under Unsyxmnetrical Bending. — The amount and 
direction of the deflection of a beam subjected to unsymmetrical bending is often 
desired. To determine the desired deflection, the bending moment can be resolved 
into its components parallel to the principal axes of the section and the deflection 
determined for these component moments by means of the usual formulas for the 
case in question. The required resultant deflection is equal to the vector sum of 
the component deflections. 
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Suppose the rectangular section of Fig. 170 is subjected to bending in a plane 
at an angle 0 to axis OX due to a uniform load of w lb. per foot. Required the 
amount and direction of the resulting deflection. 

As the components of moment parallel to the axes OX and OF are proportional 
to the components of the applied load for these same axes, the deflection parallel 
to the axes can be written from the deflection formula for uniform loading, which 



d = 3 ^ 4 j x£i ( see Sec. 1 , Art. 636). For the component of load parallel 

to the OX axis, we have from the above formula 

j __ 5 l 4 w cos e 
x 384 E I v 
and for the load parallel to the OY axis, we have 

, _ 5 l 4 w sin e 
v 384 E ‘ I x 

where d x and d v are the components of deflection for the OX and OY axes 
respectively. 

The vector sum of these deflections is 


d - (tf x 2 + d v *)K 

where d is the desired deflection. Substituting the above values of d x and d v , 
we have 


7 __ 5 wl 4 /I x 2 cos 2 $ + sin 2 0 \M 
384 ' E\ 1*1? ~ ) 


(16) 

From Fig. 170a the angle which the resultant deflection makes with axis OX is 

L (17) 


tan fi = 


h 


tan 0 


As this expression is the negative reciprocal of that given in eq. ( 1 ), Art. 92, it 
can be seen that the direction of deflection is perpendicular to the neutral axis 
for the given plane of bending. 

If the loading conditions differ from those assumed in the above analysis, it 
is only necessary to change the value of the constant ^ g of eq. (16) to meet the 
required conditions. 
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The amount and direction of deflection can also be determined by graphical 
methods which are based on certain properties of the ellipse. Equation (16) can 
be written in the form 


d 


5 wl A 1 
384* E X d’ 


This value of D can be shown to be the equation of an ellipse with major and 
minor axes 7* and Figure 170 b shows the D-ellipse fora rectangular section. 
The vector D, measured as shown in Fig. 1706, gives the denominator of the 
above equation for loading on the given plane. 

As stated above, the direction of deflection is perpendicular to the neutral axis. 
The neutral axis can be located by means of the inertia ellipse of the section. A 
complete discussion of the ineitia ellipse will be found in advanced works on 
Mechanics, to v hich the reader is referred. 

Figure 170c shows the inertia ellipse for a rectangular section. It is con- 
structed with major and minor axes equal to the radii of gyration of the section for 
the axes OX and OY. To locate the neutral axis, draw through point 0 a line 
parallel to the plane of bending. Draw a-a, any chord of the ellipse parallel to 
the plane of bending. Bisect this chord, and through its center point draw a line 
n-n which passes through the point 0. This line is parallel to the direction of the 
neutral axis for the given direction of bending. This construction is based on the 
fact that eq. (1) expresses the relation which exists between the conjugate diam- 
eters of an ellipse. 

A line perpendicular to n-n gives the direction of the desired deflection, as 
shown in Fig. 170c. 
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DESIGN OF STEEL AND CAST-IRON MEMBERS 

STEEL SHAPES AND PROPERTIES OF SECTIONS 

1. Steel Shapes. — The steel used in structures is in the form of single pieces, 
or combinations of two or more pieces, to which the general term shapes is applied. 
The procedure in the manufacture of these shapes consists of the following opera- 
tions: (1) smelting iron ore and producing pig iron; (2) converting the pig iron 
into rectangular prisms of steel, called ingots; and (3) rolling the ingots to the 
desired shapes. The shapes used in building construction are square and round 
rods or bars, flat bars or flats, plates, angles, channels, I-beams, H-sections, 1 zees 
and tees. Flat members 6 to 7 in. wide and less are usually designated as bars 
or flats ; over 6 to 7 in. wide are designated as plates. Zees and tecs are not now 
used to any great extent. Zees have been used extensively for columns but ’ are 
rapidly becoming obsolete. H-sections are designed for use as columns. 

The process of rolling I-beams, channels, angles, etc. is in general as follows: 
The ingots are brought to a uniform temperature in the soaking pit , and then are 
taken out and passed several times through a set of rolls, called blooming rolls. 
These rolls give to a piece only the general shape (rectangular, flat, or square) of 
the finished product. The next step is to pass the steel through the roughing 
rolls , and then the piece is passed to the finishing rolls where the final shaping 
takes place. The pieces, still very hot, are then passed on by movable tables 
to circular saws where they are cut into required lengths. 

The method of increasing sectional area of standard shapes is shown in Fig. 1. 
For example, suppose it is desired to roll channels or I-beams having the same 
depth, but different thicknesses of web. These sections are 
always rolled horizontally and the increase in thickness of web 
is accomplished by changing the distance between the rolls, the 
effect being to change the width of flange as well. Thus, two 
beams with the same height but different weights differ simply 
by a rectangle as shown. It will be seen, also, that for an 
angle with certain size of legs the effect of increasing weight is to change slightly 
the length of legs, and to increase the thickness. 

Bethlehem beam, girder and H-sections are shaped by four rolls instead of the 
two grooved rolls used for manufacturers’ standard shapes. The use of so many 
rolls makes possible a variation of height as well as width, and both are increased 
with additional weight in H-sections. 

Plates when rolled to exact width, the width being controlled by a pair of 
vertical rolls, are known as universal mill or edged plates. Plates rolled without 
the width being controlled have uneven edges and must be sheared to the correct 
width. Such plates are known as sheared plates. 

1 Modem designation by American Institute of Steel Construction is wid^fiange section. 
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The properties of the standard shapes manufactured by the different steel 
companies are the same. The standard shapes of the American Institute of Steel 
Construction are rolled by all mills, but each company also has its own list of 
special shapes. These special shapes, which are different for the different mills, 
are not as likely to be in stock as the standard shapes. 

Standard I-beams are rolled in depths from 3 to 24 in. and standard channels 
from 3 to 15 in. The different depths of standard I-beams are: 3 to* 8 in. con- 
secutively, then 10 in., 12 in., 15 in., 18 in., 20 in., and 24 in. For channels, 3 to 
10 in., consecutively, then 12 in. and 15 in. For each depth of I-beam and chan- 
nel, there are several standard weights. 

Minimum sizes of steel shapes are more likely to be found in stock and are the 
most efficient for resisting bending considering the weight of material used. The 
rolls are made especially for these sections and the heavier sections for a given 
depth of beam are obtained by spreading the rolls as explained above. 

2. Properties of Steel b ciions. — The fundamental properties of sections may 
be said to be: sectional dimensions, location of the center of gravity, and the 
moments of inertia about the various axes. The distance from the center of 
gravity to the most stressed fiber c; the section modulus S; and the radius of 
gyration r, follow from these. The methods of finding the properties of sections 
are given in Section 1 and Appendix B. 

To facilitate the work of the designer, properties of steel sections are published. 
The facility with which a designer can find and use these properties, which are 
given in manufacturers’ handbooks and elsewhere, has much to do with the 
amount of work which he can accomplish. 

Beams . — The steel manufacturers’ handbooks give very complete tables of 
properties of steel beam sections. Uniformly loaded I-beams, channels, and 
angles should be selected from the tables of safe or allowable uniform loads. 
These tables can also be adapted for otheT loadings, such as for a load concen- 
trated at the center, in which case a beam should be selected which will carry 
twice the load, uniformly distributed. For a number of load concentrations, 
approximately equal in amount and spacing, the load may be considered as 
uniform. 

For irregular loadings on I-beams and channels the moment and shear should 
be computed and the tables used which give the allowable resisting moment and 
shear of the various shapes. If desired, however, the beams may be designed by 
computing the section modulus and selecting the proper size of beam from the 
tables of properties. Angles, tees and other miscellaneous shapes used as beams 
must usually be designed by use of the section modulus, as few tables of safe 
loads or resisting moments and shears are given for these shapes. 

Bethlehem and Carnegie-Illinois wide-flange sections differ from the American 
standard sections rolled by all manufacturers. The beams have heavier flanges, 
and, where moment is the consideration, they are lighter for the same strength 
than other sections. Their webs are lighter than in standard sections. Bethle- 
hem girder sections are, for their depths, the strongest sections rolled. They have 
nearly twice the carrying capacity of the manufacturers’ standard section for the 
same depth, but they are uneconomical where there is room for a deeper section. 
Tables of uniform loads for Bethlehem sections are given in Bethlehem Hand- 
books. The common properties are also given. 
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Built-up' steel beam properties usually have to be computed with the proper- 
ties of the component parts as a basis. Some properties of the more common 
plate-girder sections are given in the principal steel handbooks. 

Columns . — I-beams are occasionally used as columns. Their properties will 
be found as noted under beams. Wide-flange (H-sections) and subway sections 
are rolled for columns. The A.I.S.C. Handbook lists sizes from 8 to 36 in. with 
properties.* It also lists a 14-in., W.F. 320-lb. section with various-sized cover 
plates, as well as subway, plate, and angle sections. 

There are also patent columns, such as Lally columns 1 and cast-iron columns 
for second-class construction or light loads, whose properties are given in books 
issued by the manufacturers. 

Struts and Ties.— In the design of struts and t ; es, it is found convenient to 
have tables giving the values of the radius of gyration r, and also tables giving 
net areas deducting rivet holes. The principal steel handbooks give values of r 
for pairs of different angles back to back, and also the net areas for angles. It 
should be noted that the minimum r for a single angle is not about an axis parallel 
to either leg. This minimum r is given in the tables of the properties of angles. 

STEEL BEAMS . 

3. Stress Conditions to Be Met. — In order that a steel beam may be able to 
perform the service required of it satisfactorily, it must be secure against failure 
by bending, flange buckling, vertical or horizontal shear and web crippling. At 
the same time it must not deflect to such an extent as to endanger or damage 
dependent construction. By carefully selecting the type of section to be 
employed, large economies may often be effected in meeting each of the above 
tendencies to failure. Where bending moment and tendency to excessive deflec- 
tion are of paramount importance, the selection of beams possessing heavy 
flanges and large depth in relation to area will be found in the interests of econ- 
omy. If the beam be without lateral support for a long distance in relation to 
its width, the selection of a broad-flanged type is desirable. Where shear and 
the accompanying tendency to web crippling are large, it may be prudent to 
select relatively shallow beams with heavy webs which do not require stiffening 
or reinforcing. To meet any stress condition, it is most desirable to utilize, where 
possible, single rolled sections, of standard rather than special type, ajid so obviate 
the relatively expensive procedure of building up a section from several shapes 
and plates. 

4. Proportioning for Moment. — In selecting a rolled section, such as air 
I-beam, channel, angle or tee for the resistance of a given bending moment, it is 
convenient to employ the flexure formula f/c = M/I in the form S = M/f, 
where S } known as the section modulus, = I/c . Having found the' required 
section modulus S by dividing the computed bending moment by the permissible 
fiber stress, all that is necessary in designing for moment is to find from a book 
of tables a section having a section modulus at least as great as that required. 
It should be remembered, however, that adequacy for moment is by no means a 
guarantee of entire safety. 

Illustrative Problem. — If the permissible bending stress on a steel beam which is sub- 
jected to a bending moment of 30,000 ft.-lb. is 16,000 lb. per sq. in., suggest a suitable 
section. 

1 The Lally Column Co., New York and Chioago. 
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Care must be taken to express the bending moment in the formula in inch-pounds 
since the unit of length involved m the permissible fiber stress and in the tabulated section 
moduli is the inch. 


(30,0 00) (12) 
16,000 


22.5 


An economical section would be the standard mill beam, 10-in., 25.4-lb. I-beam for 
which the section modulus = 24.4. Relative pound prices and availability would govern 
the choice, provision being made of course for sheai , web crippling and flange buckling (see 
Arts. 16, 17 and 15 respectively). 

Illustrative Problem. - -If a girder of 21-ft. span, consisting of one 18-in., 54.7 lb. I-beam, 
is to be loaded by two equal concentrated loads at the third points (including the weight 
of the girdei), and the permissible flexural stress == 16,000 lb. per sq. in., find how great 
each of the concentrated loads may safely be, so far as bending is concerned. 

If P be one of the concentrate 1 loads, the maximum moment = (P) (7) (12) — 84P in.-lb. 

Moment of resistance of section, or its ca mcity to resist moment 


Hence 


M • Qf - f 88. 4) (16,000) * 1,415,000 in.-lb. 


P 


1,415,000 

84 


16,850 lb. 


Great saving in time in proportioning beams for moment may be effected by 
using the tables of flexural capacity for rolled sections in the handbooks. By 
using these tables it is possible to find very easily the necessary size of rolled shape 
to carry a given uniform load over a given span, or to find the carrying capacity 
of a given beam over a given ppan. 

The table of safe loads per foot of span given in the A.I.S.C. Handbook is based 
on the formula 

22,500_ 

' ~ l 2 

1 + 1,8006* 


where l = laterally unsupported length in inches and b = width of flange in inches. 
Where ~ is 15, this formula allows a stress / of 20,000 p.s.i., which is the maximum 

regardless of y Where - = 40, the stress / is reduced to 11,910 p.s.i. Ratios 

greater than ~ = 40 are not recommended. 


Illustrative Problem. — What is the safe total load in pounds on a 7-in., 15.3-lb. I-beam 
of 9.37-ft. span? 

Solution: l *112.44 in., b *3.66 in., \ *28; from A.I.S.C. table or formula, 

o 

/ - 15,670 p.s.i. The reduction ratio * “ 0.784. By M * 12 ** 

W * (15,670) (10.4) vTjfILr *4 * 11,680 lb., which includes the weight of the beam. 
( 9 . 37 ) 12 

From table of allowable loads in A.I.S.C. Handbook the allowable load is, for a 9-ft. 
beam, (15,400) (0.784) * 12,040 lb. 

In tables of capacity, the weight of the beam is included, so that if the super- 
imposed, or net, load is desired, the weight of the beam must be deducted from 
the quantity taken from the tables. 
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AOx 


*-o\ 


AO 


5. Economic Section for Flexure.— In most cases it is more economical for 
the resistance of moment, so far as the beam itself is concerned, to select a section 

of the minimum weight available 
for a given depth than to use an 
intermediate or a maximum 
weight. The addition of area to a 
section that comes from thickening 
the web and widening the flanges 
an equal amount, as is done in 
widening the rolls to produce the 
heavier weights of I-beams and 
channels, is much less effective in 
increasing the bending capacity 
than would be the addition of area 
by increasing the depth. For a 
rectangular section the section 
modulus increases as the square of 
the depth and as the first power of 
the width. A somewhat similar 
rule applies to variations in width 
and depth of rolled sections. 
From Fig. 2 it is seen for standard I-beams: (1) that the section modulus per 
square inch of sectional area is in every case greater for the minimum weight than 
for the maximum weight beam of the same depth, and (2) that this quantity 
gradually increases with the depth of beams. It is, therefore, economical of steel, 
so far as moment is concerned, to utilize the deepest practicable sections available. 
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Fig* 2. — Comparison of flexural efficiency of 
standard I-beams of minimum and maximum 
weights. 


Illustrative Problem. — Compare the bending capacities per square inch of area of the 
following standard I-beams: 15-in., 45-lb.; 15-in., 55-lb.; and 18-in., 54.7-lb. 


Beam 

Section 
modulus 
(in. 3) 

Area 

(in.*) 

Section 
modulus 
per sq. in. 
of area 

Relative 

efficiencies 

15-in., 45-lb 

GO. 5 

13.12 

4.61 

1.09 

15-in., 55-lb 

G7.8 

16.06 

4.22 

1.00 

18-in., 54.7-lb 

88.4 

15.94 

5.55 

1.32 


It is thus evident that by increasing the depth of beams from 15 to 18 in. with little or 
no change in weight, the bending capacity per unit of area or volume is increased at least 
32 per cent. 

Formerly, only the so-called “ standard” sections of I-beams were to be had, 
but in 1902 in Germany and in 1908 in America the rolling of broad-flanged beams 
on the Grey mill began. The Bethlehem series of beams brought out at the 
latter date was designed to have the same bending strength as standard sections 
then existing but with generally 10 per cent less weight. This result was attained 
by thinning the web and widening the flange, thus dispensing with what was gen- 
erally unnecessary shear material and adding it in the flanges where it was useful 
for the major requirement, the bending moment. Such beams are called wide 
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flange and are in general use today. They are rolled by Bethlehem and Carnegie- 
Illinois mills. Care must be taken in using these beams, to see that the safe 
stresses in shear and web crippling are not exceeded (see Arts. 16 and 17). 

6. Relative Efficiencies of Beams and Channels. — In selecting a rolled 
section for a given duty, the respective advantages of the I-beam and the channel 
should be studied. The fact that I-beams have a larger percentage of their 
area in the flanges that have channels and a smaller percentage of their area 
in the web, would indicate the superiority of the I-beam for flexure and the chan- 
nel for shear and web crippling. If then, the governing stress is a flexural one, 
the I-beam is best, but if it is shear or web crippling, the channel is best. 

The truth of this will be evident from the comparative figures for representa- 
tive beams and channels listed in Table 1 . In the second column the amount of 
section modulus per square inch of each I-beam is seen to be greater than that 
for the channel with which it is most naturally compared. On the other hand, 
in the third column it is that the percentage of shear area is higher for chan- 
nels than for the corresponding I-beams. As is explained in Art. 16, it is assumed 
that the entire shear is resisted by the web, taking its area as the depth of the 
beam d multiplied by the web thickness t. 


Table 1. — Relative Flexural and Shearing Efficiencies of Typical I-Beams 

and Channels 


Section 

Section modulus per 
square inch of total 

area, 

A 

Shearing area per 
square inch of total 

area, Q 

A 

8-in. 11.5-lb. channel 

8-in. 18.4-lb. I-beam 

2.41 

2.66 

0.523 

0.405 

10-in. 15.3 lb. channel 

3.00 

0.538 

10-in. 25 . 4-Ib. I-beam 

3.30 

0.420 

10-in. 35.0-lb. channel 

2.24 

0.798 

10-in. 35.0-lb. I-beam 

2.86 

0.581 

12-in. 20.7-lb. channel 

3.55 

0.557 

12-in. 31.8-lb. I-beam 

3.89 

0.453 

15-iiV 33-9 lb. channel 

4.22 

0.607 

15-in. 42 . 9-lb. I-beam 

4.72 

0 .492 

15-in. 55.0-lb. channel 

3.55 

0.757 

15-in. 55 . 0-lb I-beam 

4.22 

0.606 



7. Location of Neutral Axis of Punched Beams. — When holes are punched or 
drilled through the flanges or web of a beam on the tension side of the neutral 
axis, some diminution of bending capacity is thereby brought about. It is 
customary to assume that if holes on the compression side are filled with rivets, 
no reduction of strength is occasioned. Such could not be assumed, however, for 
holes filled with loosely fitting bolts. 

Before the effect of holes on the tension side can be calculated accurately, 
it is necessary to determine the position of the neutral axis of the punched beam. 
If it be assumed that this axis is at the center of gravity of the right section passing 
through the rivet holes in question, the moment of inertia and section modulus 
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of the net section must then be computed about that axis — a time consuming 
operation if many cases have to be considered. 

There are reasons, however, for believing that the position of the neutral axis 
does not change greatly by reason of the insertion of a few holes on the tension 
side even though they be spaced at the minimum practicable distances apart. As 
the deformation of the beam, and hence the stress variation in it, depends upon 
the gross rather than on the net section, the position of the neutral axis is likely 
to be affected more by the gross section between the rivet holes than by the net 
section through them. In order to show the small movement of the neutral axis 



$ "rivets; /’ holes 

fa) 

Fig. 3. — Effect of holes ori tension side of beams on position of neutral axis. 

that results if the predominance of the gross section be given due weight, con- 
sider the two extreme cases shown in Fig. 3: One a 24-in., 79.9-lb. I-beam with 
three horizontal rows of 1-in. holes in the lower half of the web and two rows of 
holes of the same size in the tension flange, the web and flange holes being oppo- 
site; the other a 6-in., 12.5-lb. I beam with a line of %-in. holes along the center 
line of the web and two lines of holes in the tension flange, the holes being opposite. 
Assume a longitudinal spacing of 3 in. in the first case, Fig. 3a, and of 2 in. in 
the second case, Fig. 36. 

That no important change in the position of the neutral axis is brought about, 
even in the case of such extreme punchings as those shown, seems probable when 
one considers the small diminution of volume brought by the insertion of the holes. 
The volume of the holes in a 3-in. longitudinal section of the 24-in. I is 2.56 cu. in. 
or 3.7 per cent of the gross volume of the section. If the moment of the volume 
of the holes be taken about the neutral axis of the gross section and be divided by 
the net volume of the 3-in. length, the upward shift of the neutral axis is found 
to be 0.32 in. For the 6-in., 12.5-lb. I, the loss of volume of a 2-in. length of 
beam brought about by the punching shown in Fig. 36 is 6.1 per cent of the gross 
volume, and the movement of the neutral axis would be 0.14 in. If the neutral 
ads is assumed as located at the center of gravity of the net sectional area through 
a transverse line of holes, this eccentricity would be respectively 0.90 and 0.55 in. 
for the two beams of Jig. 3. 
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Just where the neutral axis actually lies at a reduced section it is impossible 
to say, but no doubt it is somewhere between the two extreme positions found, and 
rather nearer the neutral axis of the gross section than a consideration of net 
sectional area alone would indicate. Since in the examples the arrangement of 
rivets is an extreme one and the beams selected are of minimum-weight sections, 
in which the effect of punching is relatively important, the change in position of 
the neutral axis brought about by punching cannot be great in the average case. 


Table 2. — Maximum Alteration in Position of Neutral Axis of Rolled Beams 
and Girders Caused by Two Opposite Holes in One Flange 
Note: For one hole in one flange, take 47 per cent of the “shift” figures given 


Section, 

American 

Standard 

I-beams 

(in.) (lb.) 

Dia. of 
holes = 
dia. of 
maximum 
rivet •+ 

H in. 

Shift 
of neu- 
tral 
axis 

(in.) 

Ratio 
of shift 
to 

depth 

of 

beam 

Wide-flange 

section 

I-beams 

(in.) Ob.) 

Dia. of 
holes » 
dia. of 
maximum 
rivet -f 

M in. 

Shift 
of neu- 
tral 
axis 

(in.) 

Ratio 
of shift 
to 

depth 

of 

beam 

3 X 

5.7 

0.50 

0.32 

0.105 

10 X 

21 

0.875 

0.463 

0.0468 

3 X 

7.5 

0.50 

0.23 

0.075 

10 X 

29 

0.875 

0.557 

0.0545 

4 X 

7.7 

0.625 

0.39 

0.099 

12 x 

25 

0.875 

0.560 

0.0472 

4 X 

10.5 

0.625 

0.27 

0.068 

12 X 

36 

0.875 

0.601 

0.0491 

5 X 

10.0 

0.625 

0.45 

0.090 

14 X 

30 

1.0 

0.627 

0.0452 

5 X 

14.75 

0.625 

0.28 

0.057 

14 X 

42 

1.0 

0.687 

0.0482 

6 X 

12.5 

0.75 

0.52 

0.086 

16 X 

36 

1.0 

0.696 

0.0440 

6 X 

17.25 

0.75 

0.35 

0 059 

16 X 

50 

1.0 

0.727 

0.0447 

7 X 

15.3 

0.75 

0.48 

0.069 

18 X 

47 

1.0 

0.678 

0.0379 

7 X 

20.0 

0.75 

0.35 

0.050 

18 X 

55 

1.0 

0.731 

0.0403 

8 X 

18.4 

0.875 

0,63 

0.078 

21 X 

59 

1.0 

0.706 

0.0338 

8 X 

25.5 

0.875 

0.50 

0.063 

21 X 

73 

1.0 

0.771 

0.0363 

10 X 

25.4 

0.875 

0.64 

0.064 

24 X 

74 

1.0 

0.783 

0.0329 

10 X 

40.0 

0.875 

0.39 

0.039 

24 X 

94 

1.0 

0.791 

0.0326 

12 X 

28.0* 

0.875 

0.60 

0.050 

27 X 

91 

1.125 

0.799 

0.0297 

12 X 

31.8 

0.875 

0.68 

0.056 

27 X 114 

1.125 

0.897 

0.0329 

12 X 

55.0 

0.875 

0.50 

0.042 

30 X 108 

1.125 

0.815 ’ 

0.0273 

15 X 

42.9 

0.875 

0.70 

0.046 

30 X 132 

1.125 

0.902 

0.0298 

15 X 

75.0 

0.875 

0.54 

0.036 

33 X 125 

1.125 

0.942 

0.0285 

18 X 

54.7 

1.0 

0.90 

0.050 

33 X 152 

1.125 

1.025 

0.0306 

18 X 

70.0 

1.0 

0.70 

0.039 

36 X 150 

1.125 

0.977 

0.0273 

20 X 

65.4 

1.0 

0.82 

0.041 

36 X 194 

1.125 

1.021 

0.0280 

20 X 100.0 

1.0 

0.70 

0.035 






24 X 

79.9 

1.0 

0.94 

0.039 



* 



24 X 120.0 

1.0 

0.82 

0.034 

' 






* Standard mill beam. 


In any accurate investigation of stress conditions at a cross section a knowl- 
edge of the extreme possible position of the neutral axis is of assistance. To show 
the alteration in position of the neutral axis brought about by an arrangement 
of rivet holes as severe as is likely to be commonly encountered in average 
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practice, Table 2 has been computed. The figures therein contained are based 
on the extreme assumption that the neutral axis depends only on the extent and 
disposition of the net sectional area at the transverse section in question. Two 
opposite holes of a diameter equal to the size of the maximum permissible rivet or 
bolt plus H in. are assumed to be located in one flange only. The sections are, in 
general, the minimum and maximum weights of American standard and wi de- 
flange sections. From the right-hand column it is seen that the alteration in 
position of the neutral axis is, in relation to the depth of the beam, a maximum 
for the shallowest and lightest beams and a minimiim for the deepest and heaviest 
ones. It ranges from 10.5 per cent for a 3-in., 5.7-lb. I to 2.7 per cent for a 
36-in., 150.0-lb. wide-flange beam. The shift is, in general, greater for the lighter 
weights of any depth of beam than for the heavier weights of the same depth. 
With the aid of this table it is easy to determine the shift of the neutral axis for 
any rolled beam with two maximum holes in one flange. If there be but one hole 
in one flange, the shift in position of the neutral axis ranges from about 45 to 48 
per cent of that for two holes in one flange, the former figure applying to very 

shallow, light beams and the latter to deep and 
heavy ones. An average of 47 per cent may be 
safely taken. 

8. Proportioning of Punched Beams. — If it be 

assumed that the neutral axis of a punched beam 
passes through the center of gravity of the area of 
the reduced section, the capacity of the beam, even 
considering rivet holes in the tension side only, may 
be calculated in the same manner as the capacity 
of an unpunched beam from the formula M = Sf. 
The section modulus is to be taken for the net sec- 
tion, being equal to the net moment of inertia di- 
vided by the distance of the extreme fiber from 
the neutral axis. For an assigned working stress, 
the capacity of the beam is consequently reduced in 
the same ratio as the reduction of section modulus. 

This reduction is brought about by two causes. First, while the depth of the 
tensile portion of the section is increased, its area is reduced, since the diminution 
of section caused by the rivet holes is greater than the increase of section due to 
the upward shifting of the neutral axis. In the second place, the compression* 
area is lessened,, as will be seen from Fig. 4, and the maximum stress developed 
on the extreme compressive fiber, if the maintenance of a plane section be assumed 
(as usual), will be only 



where/* * extreme fiber stress on tensile side; c — distance from center of gravity 
of gross section to extreme tensile fibers, and e — shift of neutral axis towards 
compression side due to insertion of holes. In the case of, say, a 24-in., 79.9-lb. I, 
with two holes in the tension flange, 



Fig. 4. — Reduction in 
working stress on extreme 
compressive fiber due to effect 
of holes on tension side. 


/* 


, /12 - 0.94^ 
h \12 + 0.94/ 


0.855ft 
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The calculation of the moment of resistance of a typical section oh the assump- 
tion that the neutral axis passes through the gravity axis of the net section will 
illustrate the procedure necessary for exact analysis. 

Illustrative Problem. — Compute the safe moment of resistance of a 16-in., 76-lb. 
standard beam with two 1-in. rivets through one flange. / = 16,000 lb. per sq. in. Assume 
the neutral' axis to pass through the center of gravity of the net section. 

Statical moment of two lj's-in. holes through 1 J'fg-in. metal of flange taken about 
axis through center of section = (2) (1.125) (0.813) (7.16) — 13.10 in. 3 

Shift of neutral axis — statical moment of holes + net area of section — 

2L85 - (2)(L1?5)(#1I3) " °' 66 m ‘ abovo Cenler of web ‘ 

Moment of inertia of net section about center of gravity of net section is 
I +Ae* +«) 2 

where I = moment of inertia of gross section about its own gravity axis; A — gross area 
of section; e = shift of neutral axis; a = area of two holes; d — depth of beam; g = thick- 
ness of beam flanges at rivet lines, or grip. This is 

687.2 + (21.85) (0.66) 2 - 1.63 (l 5 -- 0 — “Ml? + 0.66)* = 599.75 

Section modulus of reduced section = 599.75/(7.5 + 0.66) = 73.5, as compared with 
91.6, the section modulus of the gross section, a reduction of 19.6 per cent. 

Safe moment of resistance — Sf ~ 73.5(16,000) = 1,176,000 in.-lb. 

9. Net Section Modulus. — Obviously the accurate computation of the section 
modulus and moment of resistance of a punched beam on the supposition that the 
neutral axis is at the center of gravity of the net section is too laborious a task to 
be often undertaken. To obviate this labor, Table 3 has been computed. This 
gives generally for the minimum and maximum weights of American standard and 
wide-flange beams, and standard channels, the percentage of gross section modu- 
lus developed with holes in the flanges. The holes are J-£ in. larger than the 
maximum rivet or bolt specified for the section considered in the handbooks. In 
the case of beams, the punchings assumed are one hole in one flange or in each 
flange, and two opposite holes in one flange or in each flange. For channels, one 
hole is assumed in one or in each flange. 

In order to appreciate the relation of the reduction of section modulus on the 
above hypothesis to that obtained on the assumption that the neutral axis does 
not move, the percentage reductions for unsymmetrical punchings on the latter 
basis have been listed parallel with the others. The grip, or thickness of the 
flanges at the rivet lines has been taken at the fractional values given in the hand- 
books, and the moment of inertia of the holes about their own gravity axis has 
been neglected. Since the error involved in these assumptions is unimportant, 
and may be offset by the selection of somewhat different gages from those 
assumed, this procedure is justifiable, the more so because of the uncertainty 
as to just where the neutral axis actually ^does lie. The diameters of the holes 
have been taken as the diameter of the maximum rivet or bolt plus H in. 

From a study of T&ble 3 it is evident that the percentage reduction of section 
modulus brought about by punching of the flanges is greatest for shallow, light 
beams and channels and least for deep, heavy ones, ranging, in the case of two 
holes in one flange, from 41.6 to 10.2 per cent. For beams of a given depth, the 
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Table 3. — Uncorrected Percentage op Gross Section Modulus Developed 
by Beams and Channels with Holes in Flanges 


Percentage of gross section modulus developed 


Section 

Diameter 
of holes «= 
diameter of 
maximum 

Neutral axis at center 
of gravity of net 
section 

Neutral axis at center 
of gravity of gross 
section , 

(in.) 

(lb.) 

A in. 










One hole 

Two holes 

One hole 

Two holes 

One hole 

Two holes 




in one 

in one 

in one 

in one 

in each 

in each 




flange 

flange 

flange 

flange 

flange 

flange 

Standard 








I-beams 








3 X 

5.7 

0.50 

78.8 

58.4 

89.0 

78.0 

78.0 

56.0 

*3 X 

7.5 

0.50 

85.2 

67.8 

90. 1 

80.2 

80.2 

00.4 

4 X 

7.7 

0.625 

80.6 

61.4 

89.0 

78.0 

78.0 

56.0 

4 X 

10.5 

0.625 

80.0 

70.3 

90.5 

81.0 

81.0 

62.0 

5 X 

10.0 

0.625 

82.8 

64.4 

89.6 

79.2 

79.2 

58.4 

5 X 

14.75 

0.625 

86.6 

73.0 

91.7 

83.4 

83.4 

66.8 

6 X 

12.5 

0.75 

82.2 

64.4 

89.8 

79.6 

79.6 

59.2 

6 X 

17.25 

0.75 

86.1 

72.3 

91.5 

83.0 

83.0 

66.0 

7 X 

15.3 

0.75 

85.0 

70.4 

91.5 

83.0 

83.0 

66.0 

7 X 

20.0 

0.75 

88.0 

76.2 

92.6 

85.2 

85.2 

70.4 

8 X 

18.4 

0.875 

83.9 

67.3 

90.4 

80 8 

80.8 

61.6 

8 X 

25.5 

0.875 

85.4 

70.7 

91.0 

82.0 

82.0 

64.0 

10 X 

25.4 

0.875 

86.2 

72.4 

91.9 

83.8 

83.8 

67.6 

10 X 

40.0 

0.875 

90.2 

80.0 

93.7 

87.4 

87.4 

74.8 

12 X 

31.8 

0.875 

87.4 

74.7 

92.5 

85.0 

85.0 

70.0 

12 X 

55.0 

0.875 

89.8 

79 . 3 

93.5 

87.0 

87.0 

74.0 

15 X 

42.9 

0.875 

89.4 

78.5 

93.8 1 

87.6 

87.6 

75.2 

15 X 

75.0 

0.875 

91.0 

82. 1 

94.4 

88.8 

88.8 

77.6 

18 X 

54.7 

1.0 

88.5 

76.8 

93.0 

86.0 

86.0 

72.0 

18 X 

70.0 

1.0 

90.7 

81.4 

94.2 

88.4 

88.4 

76.8 

20 X 

65.4 

1.0 

90.5 

80.5 

94.1 

88.2 

88.2 

76.4 

20 X 

100.0 

1.0 

91.2 

82.5 

94.5 

89.0 

89.0 

78.0 

24 X 

79.9 

1.0 

90.8 

81.7 

94.4 

88.8 

88.8 

77.6 

24 X 115.0 

1.0 

92.0 

83.6 

95.0 

90.0 

90.0 

80.0 

27 X 

91.0* 

1.0 

93.0 

85.8 

95.0 

91.2 

91.2 

82.4 

Wide-fiange 



! 





section 








I-beams 








10 X 

21 

0.875 

89.8 

79.6 

94.0 

88.1 

88.1 

76.5 

10 X 

29 

0.875 

88.4 

77.0 

93.3 

86.8 

86.8 

73.8 

12 X 

25 

0.875 

89.6 

79.8 

94.3 

88.7 

88.7 

77.5 

12 X 

36 

0.875 

89.4 

79.0 

94.0 

88.0 

88.0 

79.6 

14 X 

30 

1.0 

89.9 

79.9 

94.0 

88.2 

88.2 

76.4 

14 X 

42 

1.0 

89.6 

79.0 

94.0 

87.9 

87.9 

75.7 

16 X 

36 

1.0 

90.2 

80.3 

94.2 

88.4 

88.4 

76.6 

16 X 

50 

1.0 

90.1 

80.4 

94.0 

88.6 

88.6 

76.9 

18 X 

47 

1.0 

91.3 

82.7 

94.8 

89.7 

89.7 

79.3 

18 X 

55 

1.0 

90.9 

81.8 

94.0 

87.8 

87.8 

75.4 

21 X 

59 

1.0 

92.1 

84.4 

95.2 

90.6 

90.6 

81.8 

21 X 

73 

1.0 

91.7 

8^.4 

95.1 

90.1 

90.1 

80.3 

24 X 

74 

1.0 

92.3 

84.8 

95.5 

90.9 

90.9 

81.8 

24 X 

91 

1.0 

92.5 

85.1 

95.5 

91.0 

91,0 

82.1 


*, Wide flange. 
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Table 3. — Uncorrected Percentage of Gross Section Modulus Developed 
by Beams and Channels with Holes in Flanges. — ( Continued ) 





Percentage of gross section modulus developed 

Section 

Diameter 
of holes «■ 
diameter of 
maximum 

Neutral axis at center 


Neutral axis at center 




of gravity of net 
section 


of giavity of gross 
section 




rivet 4* 

H in. 







(in.) 

(lb.) 

One hole 

Two holes 

One hole 

Two holes 

One hole 

Two holes 




in one 

in one 

in one 

in one 

in each 

in each 


■ 


flange 

flange 

flange 

flange 

flange 

flange 

24 X 

120 

1 125 

93.5 

86.8 

92 4 

92.4 

92.4 

84.8 

24 X 

140 

1.125 

94.1 

88.0 

96 5 

93.0 

93.0 

86.0 

27 X 

91 

1.125 

93.0 

86 0 

95 8 

91.6 

91.6 

83.2 

27 X 

114 

1.125 

92.5 

84.9 

95.5 

91.0 

91.0 

84.6 

30 X 

108 

1.125 

93.5 

86.9 

96.0 

92.0 

92.0 

86.3 

30 X 

132 

1 . 125 

93.2 ’ 

86.0 

95.8 

91.6 

91.6 

83.2 

30 X 

180 

1.125 

94.5 

89 . 0 

90.8 

93.6 

93.6 

87.2 

30 X 

200 

1.125 

95.0 

! 89.8 

97.1 

94.2 

94.2 

88.4 

33 X 

125 

1.125 

93.3 

1 86.4 

95.9 

91.8 

91.8 

83.5 

33 X 

152 

1 125 

92.8 

85 8 

95.8 

91.5 

91.5 

82.8 

36 X 

150 

1.125 

93.5 

8G 8 

96 0 

92 1 

92.1 

84.1 

36 X 

194 

1.125 

93.3 

89 4 

96.0 

91 9 

91 9 

85.2 

Standard 

channels 








3 X 

4.1 

0.625 

67.8 


82.2 


64 4 


3 X 

6.0 

0.625 

77.8 


86.0 


72.0 


4 X 

5.4 

0.025 

71.1 


82.0 


63.2 


4 X 

7.25 

0.625 • 

74.8 


83.5 


67.0 


5 X 

6.7 

0.625 

75.4 


85.8 


71.6 


5 X 

11.6 

0.625 

85.6 


89.7 


79.4 


6 X 

8.2 

0.75 

76.7 


85 4 


70 8 


6 X 

15.5 

0.75 

82.5 


88.4 


76.8 


7 X 

9.8 

0.75 

75.8 


85.1 


70.2 


7 X 

19.75 

0.75 

84.4 


89.2 


78.4 


8 X 

11.5 

0.875 

75.3 


85.0 


70.0 


8 X 

21 25 

0.875 

82.5 


88.5 


77.0 


9 X 

13.4 

0.875 

75.6 


85.2 


70.4 


9 X 

25.0 

0.875 

82.8 


88.8 


77.6 


10 X 

15.3 

0.875 

78.4 


86.9 


73.8 


10 X 

35.0 

0.875 

87.5 


91.4 


82.8 


12 X 

20.7 

1.0 

79.0 


87.1 


74.2 


12 X 

40.0 

1.0 

84.5 


89.7 


79.4 


16 X 

$3.9 

1.0 

83.4 


89.7 


79.4 


1 6 X 

55.0 

1 

1.0 

87.5 


91.8 


83.6 



reduction is, in general, greatest for the minimum weight beam and least for 
the maximum weight. Where the punching consists of but one hole in one flange, 
the percentage reduction is very nearly one-half of that occasioned by two holes 
in one flange only. 

Where the punching is symmetrical — that is, the same number of holes are 
taken out of each flange — the uncertainty respecting the position of the neutral 
axis disappears and the computation of net section modulus is thereby greatly 
simplified. From the table, the fact appears that the percentage loss in section 
modulus is only slightly more with one hole out of each flange than with one hole 
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out of one flange only. Thus, the percentage of gross section modulus developed 
in an 8-in., 25.5-lb. I with one Jg-in. hole out of one flange is 85.4, assuming the neu- 
tral axis at the gravity axis of the net section, whereas with one hole out of each 
flange it is 82.0, thus showing losses of 14.6 and 18.0 per cent' respectively. 
Although the loss of area in the second case is double that in the first case, the loss 
in section modulus is only as 1.23 to 1. The same general principles apply if two 
holes are taken out of one flange and two out of each flange. The greater weaken- 
ing accompanying unsymmetrical punching, despite the fact that there are only 
half as many holes, is due to the important effect of the shifting of the neutral axis. 

The importance of the alteration in position of the neutral axis brought about 
by punching is further exhibited in the relation of the relative percentages of 
gross section modulus developed on the assumption (1) that the axis moves, (2) 
that it is stationary. In the latter case the reduction is everywhere less. Thus, 
for a standard 18-in., 54.7-lb. I, with two holes out of one flange, the relative 
percentages are 76.8 and 86.0. If the neutral axis were to take up a position 
based wholly on the net area through the punched section in question, the com- 
mon assumption of stationary axis would be seriously in error. It leads to reduc- 
tions in section modulus that are only from 55 to 65 per cent of what they should 
be if the assumption of a shifting axis holds. The first figure applies to the 
shallower and lighter sections and the second to deep and heavy ones. A close 
approximation to the net section modulus on the basis of the shift theory can be 
madg by computing the percentage of gross section modulus developed on the 
basis of the stationary axis theory and then reducing it by multiplying it by a 
factor less than one. An examination of Table 3 shows that this factor should 
range from about 0.75 to 0.98 depending upon the size of the beam and whether 
there are one or two holes in each flange. 

Where the diameter of the holes is less than the maximum permissible diam- 
eter, or the diameter assumed, the percentage loss of section modulus may, with 
sufficient accuracy, be assumed as bearing the same ratio to those tabulated in 
Table 3 as the new diameter of hole does to the diameter assumed in the table. 

Illustrative Problem. — Find the percentage of gross section modulus developed in a 
standard 18-in., 54.7-lb. I-beam with holes for two %-in. rivets opposite each other in the 
tension flange. Assume that the neutral axis is at the center of gravity of the net section. 

Effective percentage of gross section modulus with two 1-in. holes (from Table 3) * 76.8, 
and hence loss of gross section modulus =23.2 per cent. 

0 875 

Loss of section modulus with two %-in. holes instead of two 1-in. holes = -j-qq ^.2) = 
20.3 per cent. 

Percentage of section modulus effective *= 79.7 per cent. 

Since the moment of inertia of a portion of the section increases approximately 
as the square of the distance of its center of gravity from the neutral axis of the 
beam, and since at the same time holes through the flange remove a larger area 
of metal, flange holes have very much greater effect in reducing the bending capac- 
ity than web holes have. No material error is committed by neglecting the 
weakening effect of the latter so far as moment is concerned. An example will 
suffice to show this. 

Illustrative Problem. — Determine the reduction of bending capacity, of a 10-in., 25.4-lb. 
I-beam with two %-in. holes opposite each other in the tension flange and one %-in. hole 
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in the web 2 in. out from the neutral axis with its center on the right section through the 
flange holes. Assume the neutral axis to be at the center of the web. 

Gross S of 10-in., 25.4-lb. I * 24.4. 

Area of two flange holes, the grip of beam being H in* ** (2) (0.875) (0.5) * 0.875 sq. in 
Distance of center of gravity of flange holes from neutral axis « 5.0 — 0.25 = 4.75 in 
Moment of inertia of two holes about axis through center of web, neglecting their moment 
of inertia about their own gravity axes = (0.875) (4. 75) 2 * 19.8. 

Area of web hole = (0.875) (0.3 13) =* 0.27 sq. in. Approximate moment of inertia of 
hole = (0.27) (2) 2 * 1.08. 

Section moduli of 3 holes — 19.8 + 1.08/5.0 - 4.17, hence net section modulus = 
24.4 — 4.17 20.23 or 19.7 per cent less than the gross section modulus. This represents 

the reduction of bending capacity caused by the holes. 

The relatively small weakening caused by the web hole indicates that but little error 
would be committed by neglecting web holes. 

10. Correction of Approximate Section Modulus. — In making calculations 
respecting the bending strength of beams on the basis of the fixity of the neutral 
axis, it should be assumed fclial an originally plane cross-section does not remain a 
plane during flexure, but resolves itself into two planes intersecting at the neutral 
axis, as shown in Fig. 5a. This involves a greater extreme fiber stress at the 
tension edge than at the compression edge in order that the total tension, T , on 
the punched half of the beam may equal the total compression, (7, on the com- 
pression half, as shown in Fig. 5c. Dividing the total moment of resistance into 
two parts — that contributed by the tensile portion of the cross-section, M h and 
that contributed by the compression portion, M e , we have 

M = M, + Me -£•/.+£•/. (1) 

c c 




Fig. 5. — Reduction of flexural strength of I-beam due to holes in tension flange. Neutral 

axis at center of section. 

where ft and f e are the extreme fiber stresses on the tensile and the compressive 
faces respectively, and It and h are the moments of inertfo of the corresponding 
halves. In computing the total moment of resistance on the basis of this theory, 
therefore, it is incorrect to assume, as is commonly done, that for beams of the 
same depth — that is, with f/c constant — it varies directly with the net mpment of 
inertia. Change in the number and arrangement of holes not only affects the 

value .of /*, but also the value of the coefficient of L — that is, -*• A reduction 
of 20 per cent in the moment of inertia of Che tension half, therefore, brings 
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about a reduction of total moment of resistance of more than 20 per cent. If 
there were no holes, the moment of resistance would be 

M -Mt + M'-l-L + t-I, ( 2 ) 


but the punching not only reduces the first term of the right-hand member by 
20 per cent, but the second term in the ratio of /<•//. 

The reduction of flexural strength, assuming the neutral axis to remain fixed 
in position, may be computed for the general case of an I-beam with holes in one 
flange by substituting an equivalent rectangle for each flange and calculating the 
necessary increase in extreme fiber stress on the tension face as compared with 
that on the compression face in order that compensation may be made for the 
effect of the holes. Let f, = extreme fiber compressive stress and ft = extreme 
fiber tensile stress. If the equivalent section of the beam be as shown in Fig. 5b, 
h being the clear distance between flanges and d the depth of the beanfi, the total 
compression may be written 


A f 


f' + d‘f' 


2 


d Je 


w-h( i+ s) + , ^-s] 


where A f = gross area of one flange and A w = gross area of entire web. 
The total tension may in like manner be written 









where A'/ = net area of one flange. 

Equating the total compression and the total tension, there results the relation 

f, = A ''( 1 + a ) + ^ A 4 

f ‘ A/ ( 1 + i) + 1AAw i 

By taking account of the reduced value of //compared with half the moment 
of inertia of the unpunched beam, or with I c , and also of the lesser value of the 
ratio fe/c as compared with /</c, as given by Formula (3), the net moment of 
resistance in rigid accordance with the arbitrary assumption of fixed neutral axis 
may be found. 


Illustrative Problem. — Calculate the percentage reduction of the moment of resistance 
of an 18-in., 54.7-lb. I with two 1-in. holes in one flange, assuming the neutral axis as at 
the center of the web. 

Moment of inertia of one-half the gross section = 397.8. 

Moment of inertia of two 1-in. holes through %-in. flange material ** 

(2) (1) (0.75) (8.625) 2 * 112.0. 

Net moment of inertia of tension half of beam, It *■ 397.8 — 112.0 *= 285.8, or 0.72 /«. 

The gross area of one flange (taking its average thickness) -4.15 sq. in. ; the net area » 
2.77 sq. in.; the web area « 7.64 sq. in.; the average flange thickness — 0.691 in.; and the 
value of h/d * 0.924. Then, the ratio 

U (2.77) (1.924) 4- (0.5) (7.64) (0.924) 

ft " (4.15) (1,924) + (0.5) (7.64) (0,924) “ u ’ 77 
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Formula (1) becomes for the case in point 

M =£-0.72 I c +0.77 f jl e 

or, since l c * J, or, half the gross moment of inertia of the entire beam, 

M - (0.36 + 0.386) = 0.745 — 

or 74.5 per cent of what tho moment of resistance of the gross section would be with an 
extreme fiber stress on both upper and lower faces equal to the maximum permissible 
stress ft. 

Comparing this with the efficiency of the same beam, when computed on the assumption 
that the neutral axis is at the center of gravity of the net section, it is found by consulting 
Table 3 that in the latter case it is 76.8 per cent, or somewhat higher than is obtained in 
accordance with the arbitral y assumption that the neutral axis is fixed at the center of 
gravity of the gross section. The latter must, therefore, be in error on the side of severity. 

To compare the effieiercios developed in accordance* with the two common 
assumptions upon which Table 3 is based with that found by the method illus- 
trated in the last problem, efficiencies have been listed for a number of typical 
beams and girder beams in Table 4. These beams are assumed to have two 
maximum holes in one flange. 

The efficiencies tabulated in column A are the same as those in column 4 
of Table 3 for the same beams and are based on the neutral axis being at the cen- 
ter of gravity of the net section. Those in column B are based on the neutral axis 
being at the center of gravity of the gross section, and take into account in accord- 
ance with the method illustrated in the last problem, the fact that f c must be 
less than/*. The efficiencies in column C are calculated on the assumption that 
the neutral axis is at the center of gravity of the gross section and that the fiber 
stress/* exists at both compressive and tensile extreme fibers. The figures corre- 
spond to those in column 6 of Table 3 for the same beams. 

It will be seen from this table that, if the resistance of the beam were developed 
in the manner assumed in calculations by method B , the efficiency would be 
less than if the neutral axis were to shift to the center of gravity of the net section, 
which is in itself, according to the principle of least work, an indication that the 
axis does shift, and that the efficiency cannot be lower than given by method A. 
It probably does not shift to the center of gravity of the net section by reason of 
the influence of the gross section on either side of the holes, but it is reasonable 
to assume that it shifts to a mid-position, so that the actual efficiency developed 
is neither so low as methods A or B would indicate nor so high as method C would 
indicate. Since the employment of the latter method greatly facilitates computa- 
tion, it is recommended that in supplementing Table 3 it be followed and a correc- 
tion applied to give results between those given by method A and by method 
C. If, for beams 6 in. deep and less, the efficiency found by method C be multi- 
plied by the coefficient 0.90 and, for beams over 6 in. deep, including rolled 
girder beams, it be multiplied by 0.95, the efficiencies so obtained will probably 
be very close to those actually developed. In the last column of Table 4 the 
efficiencies found for certain typical beams by this procedure are given, affording 
a comparison with those obtained by methods A , B and (7. For a greater refine- 
ment of design than is obtained by the usual arbitrary assumptions, it is recom- 
mended that for unsymmetrical punchings the quantities in the fifth and sixth 
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columns of Table 3 be employed, multiplying them first by the appropriate 
coefficients K from Table 4. , 


Table 4. — Corrected Flexural Efficiency of Typical I-Beams with Two 
Maximum Holes in One Flange 


Size of beam, 

(in.) (lb.) 

• 

Diam. 

of 

holes 

(in.) 

Percentage of gross flexural 
capacity developed 

Coefficient 
“K” by 
which 

method “C” 
results are 
to be 

multiplied 

Method C 
results 
adjusted 
by coeffi- 
cient K 

Neutral 
axis at 
center of 
gravity of 
net section 

A 

fc <}t 

.Neutral axis at 
center of gravity 
of gross section 

B 

fc < ft 

c 

fc -/, 

Standard 





1 


I-beams 







6 X 12 5 

0.75 

64.4 

61.4 • 

79.6 

0.90 

71.6 

6 X 17 25 

0.75 

72.3 

68.5 

83.0 

0.90 

74.5 

12 X 31 8 

0 875 

74.7 

71.9 

85.0 

0.95 

80.8 

12 X 55.0 

0.875 

79.3 

77.0 

87.0 

0.95 

82.6 

18 X 54.7 

1.0 

76.8 

74.4 

86.0 

0.95 

81.8 

18 X 70.0 

1.0 

81.4 

79.0 

88.4 

0.95 

84.0 

24 X 79.9 

1 0 

81 7 

78.9 

88.8 

0.95 

84.4 

24 X 115.0 

1.0 

( 83.6 

81.3 

90.0 

0.95 

85.5 

Wide-flange 







beam 







12 X 25 

0.875 

79.8 

0.782 

88.7 

0.95 

84.2 

12 X 36 

0.875 

79.0 

0.777 

88.0 

0.95 

83.6 

18 X 47 

1.0 

82.7 

0.775 

89.7 

0.95 

85.2 

18 X 55 

1.0 

81.8 

0.788 

87.8 

0.95 

83.5 

24 X 74 

1.0 

84.8 

0.802 

90.9 

0.95 

86.3 

24 X 94 

1.0 

85.1 

0.829 

91.0 

0.95 

86.5 

30 X 132 

1.125 

86.0 

0.842 

91.6 

0.95 

87.0 


The same correction coefficient may be applied without material error to 
beams having only one hole in the tension flange or to beams having reinforcing 
plates riveted on the flanges. 


Illustrative Problem. — A standard 24-in., 115-lb. I-beam has two 1-in. holes opposite 
each other in its tension flange. Estimate the probable efficiency. 

Gross moment of inertia of beam *= 2940.5. 

Moment of inertia of two holes, assuming fixed axis (method C) = (2) (1.0) (1.125) 
(11.44) 2 * 295. Net moment of inertia ** 2940.5 — 295 * 2645.5. 

If the correction factor be 0.95, as suggested in Table 4 for sections of this depth, the 
probable efficiency is 


(0.95) (2645.5) 
2940.5 


0.955 « 95.5 per cent. 


This result may be obtained readily from Table 3, if available, by multiplying the 
efficiency given for this beam in column 6 by the factor 0.95. 

11. Limiting Longitudinal Position of Flange Holes. — Where flange holes are 
located in unreinforced rolled beams at points remote from the center, no atten- 
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tion need be paid to the weakening effect produced by them. Within a certain 
distance from the center of a beam symmetrically loaded, and from the point of 
maximum moment of a beam unsymmetrically loaded, the reduction of section 
modulus should be computed in accordance with one of the methods previously 
given. The exact position of this critical point depends on the nature of the dis- 
tribution of the loading and on the end conditions. For the common cases of simple 
beams uniformly loaded, loaded at the third-points, and loaded at the center, the 
diagram of Fig. 6, similar to one suggested by Henry Kercher in Engineering 
News-Recordj May 12, 1921, p. 800, will be found helpful. By means of the 
curves there given it is possible to determine directly the point in the span length, 
with respect to the center, at which a given fraction of the section modulus 
provided at the point of maximum moment would be permissible. If it be 



Reduced section modulus 
Section modufus at point of maximum moment 

Fig. 6. — Proportion of maximum provided section modulus required at various points 

of span. 

desired, for example, to place two holes in the tension flange of a symmetrically- 
loaded beam at a stated distance from the center, the ratio of the net section 
modulus at the holes to the section modulus at the center may be found by the 
methods already described or by the use of tables, and a reference to the appro- 
priate curve will show whether this reduced section modulus would suffice at the 
proposed location of the holes. 

In cases where plates are riveted to the flanges of rolled beams for purposes of 
reinforcement, it is very convenient to be able to discover readily if the net sec- 
tion of the beam at the point of cut-off of the plates is adequate. 

Illustrative Problem. — An 18-in., 54.7-lb. I-beam of 21-ft. span carries a uniformly dis- 
tributed load. It is desired to drill two 1-in. holes in the bottom flange at a point 3 ft. 
from the center. Is this permissible? Assume the neutral axis at the center of the web 
and apply the adjusting factor 0.95 recommended in Table 4. 

From Table 3 the percentage of the gross section modulus developed on the assumption 
made is 86.0 per cent. This corrected * (0.95) (0.860) * 0.817. 

On the curve for uniformly distributed loading in Fig. 6 find the point where the vertical 
through 0.817 on the horisontal axis intersects the curve, and directly opposite to the left 
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is found 0.23Z. The holes may, therefore, not be located closer to the center than (0.23) (21) 
* 4.8 ft., and hence the proposed location is not permissible, without reinforcement of the 
section or use of a heavier beam. 

12. Reinforcement of Beams for Bending. — Occasionally through the desire 
to utilize a rolled section that chancels to be on hand for a bending moment in 
excess of its normal capacity, or in order to keep the construction especially 
shallow, or to strengthen an overloaded beam already in position, a beam is 
reinforced for flexure by the addition of a plate or plates to each flange. Such 
procedure is only practicable where the shear requirement does not also demand 
reinforcement. The bending capacity of the beam is thereby increased in direct 
ratio to its increase in section modulus. To determine this increase, the moment 
of inertia of the plates on the compression flange, considered as unpunched, plus 
the net moment of inertia of the plates on the tension flange is added to the gross 
moment of inertia of the original section less the moment of inertia of the holes 
through the tension flange. The total net moment of inertia divided by the 
distance to the extreme fiber of the reinforced beam will then give the net section 
modulus. In making this computation it is most convenient to consider the 
neutral axis as at the center of gravity of the gross area and 
then apply whatever correction is deemed reasonable for the 
section under consideration. 

Allowance for rivet holes on the tension side of the beam 
should be for the most unfavorable arrangement likely to 
be adopted. A saving in section may, however, be effected 
by staggering the rivets in the two gage lines of the flange, 
since for the large spacing obtaining at the point of maxi- 
mum moment, one flange hole only need then be deducted. 
While web holes on this critical section should also in strict 
accuracy be considered, it is generally unnecessary to do so 
unless there be several of them. If for any reason flange 
holes are opposite as they will be at the ends of the plate, 
allowance should be made for two holes in computing the section modulus. 

Illustrative Problem. — Calculate the moment of resistance of a I2-in. f 31.8-lb. I (Fig. 
7) with one 6 X J^-in. plate riveted to each flange by %-in. rivets, staggered in two lines. 
Permissible flexural stress = 16,000 lb. per sq. in. 

Gross moment of inertia of I-beam = 215.8. 

Approximate moment of inertia of two unpunched plates * (2) (6) (0.375) (6. 19) 2 « 
172.4. 

Total gross I « 388.2. 

Moment of inertia of one hole through tension flange, including plate, the grip of the 
I-beam being Y\ e in., is 

(1) (0.875) (0.94) (5.91) 2 *28.8. 

Net moment of inertia of section * 388.2 — 28.8 * 359.4, and adjusted net section 
modulus (0.96) (359.4) /6.375 « 53.6, applying the correction factor 0.95 recommended in 
Art. 10 for sections over 6 in. in depth. 

Moment of resistance * 53.6 (16,000) * 858,000 in.-lb. 

It should be remembered when calculating the section modulus of parts pf a 
compound section that this quantity is the moment of inertia of the part under 
consideration about the neutral axis of the compound section divided by the 
distance from the neutral axis to the extreme fiber of the total assemblage of parts 


/-flange plate 



^°tJL 


‘--"I-benm 

Axis-* 


l 

Fig. 7. — Cross- 
section of reinforced 
I-beam. 
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existing at the section considered. If, for example, a 12-in., 31.8-lb. I with section 
modulus of 36.0 is used in a reinforced beam or box girder with one J£-in. plate on 
each flange, the gross section modulus of the beam in the assemblage is 

05 < 361-33.2. 

13. Length of Reinforcing Plates. — Because of the lessening moment near 
the ends, it is unnecessary to carry the reinforcing plates the full length of the 
beam. They should end, theoretically, at the points nearest the center where the 
net section modulus of the unreinforced beam is sufficient for the moment require- 
ment. If the total loading is uniformly distributed, the position of these points 
may be found readily by either graphical or analytical means. 

Since for a beam carrying a uniformly distributed load, the moment varies as 
the ordinates to a parabola, with vertex at the center of the span and axis vertical, 
the required section modulus must vary in precisely the same manner, given a 
constant working stress in flexure. The truth of this is evident from the formula 



It is possible, therefore, to plot, as has been done in Fig. 8, a curve of required 
section modulus at each point of the half span and to superimpose on this a dia- 



*k * *r 


Fia. 8. — Determination of length of flange plates for reinforced steel beams. 

gram of provided section modulus. Such diagram may be prepared for any 
system of loading, although that of Fig. 8 is for uniform loading. The maximum 
ordinate S represents the required net section modulus of the reinforced beam at 
the point of maximum moment, and the depths of the various strips required to 
cover the area beneath the curve of required section modulus represent the net 
section moduli of the punched beam and the successive flange -plates with respect 
to the total cross-section existing at the point. The minimum length of these 
strips required to cover completely the area mentioned may be easily scaled from 
the diagram. The theoretical length, x, of any flange plate is twice the scaled 
distance from the center of the span to the point where the inner (lower) hori- 
zontal bounding line for the appropriate strip cuts the curve. To this length, a 
certain addition is made, for reasons set forth below. 
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If it happens that by reason of staggered rivet spacing in the central portion 
of the reinforcing plates (or for any other cause), the net section modulus, s 3 of the 
primary beam is less near the ends of the flange plates (where the rivets will be 
opposite each other) than the net section modulus, s 3 , near the center, the upper 
horizontal bounding lines for the successive strips should be jogged down inside 
the end of the first (outside) flange plate, as shown in Fig. 8. For approxi- 
mate work the net section modulus of the beam may be taken as the same 
throughout — that is, at the least value — and the jogging of the horizontal bound- 
ing lines thereby obviated. In general, the strip representing the net section 
modulus of the pair of outside flange plates will be wider than is actually required 
to cover the remaining area of the diagram, but this does not affect the graphical 
determination of length of the outside flange plates. 

To determine the theoretical lengths by analytical means, let |r> |r> etc., 

Fig. 8, be the required half lengths of the flange plates numbered consecutively 
from the outside. Let the actual effective section modulus of the punched beam 
at the center be s 3 with respect to the maximum section and at the ends of the 
flange plates be s 3 with respect to the beam section alone. Let s 2 be the actual 
effective section modulus at the center of the span for the two flange plates in 
immediate contact with the punched beam with respect to the maximum section, 
and s/ be the corresponding quantity at the ends of these plates with respect to 
an assemblage consisting of the beam and these two plates. Let Si be the required 
net section modulus of the two outer (first) flange plates with respect to the maxi- 
mum section, and 8\ be the required net section modulus of these plates at their 
ends. Let S be the total required net section modulus at the center of the rein- 
forced beam. The relation of these quantities will be clear from Fig. 8. Then, 
since the curve BD is a parabola 



In a similar manner the length of any plate may be derived; thus, 



To ensure that* the reinforcing plates are able to take stress at the points 
where they are first needed, they should be carried past the points of theoretical 
ending a distance sufficient to accommodate at least two transverse rows of rivets. 
The addition of 9 in. at each end of the flange plates will make this possible, for 
the close spacing of rivets usually adopted at the ends of the reinforcing plates. 
Closer spacing at the ends of the plates than at the center is desirable since the 
increment of flange stress per lineal inch of girder is greater near the ends than 
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near the center, and since it is well to transfer stress to the flange plates as near 
their ends as possible in order that they may be fully and uniformly stressed at 
the points where they are most needed. ' 

Illustrative Problem. — Determine the theoretical and practical lengths of the reinforc- 
ing plates in the problem of Art. 12, if the span is 25 ft. 

Net section modulus required at center, with one J^-in. flange hole out = 53.6. 

Effective section modulus of 12-in., 31.8-lb. I with two J£-in. holes out of tension flange, 
according to Table 4 =» (0.808) (36) — 29.1. 

Required net section modulus si\ of two plates to satisfy requirements at the ends of 
these plates * 53.6 — 29.1 * 24.5. 

Theoretical length of flange plates required, 

=25^/111 =16.9 ft. 


By making the plates 18 ft. long, or a little more than 6 in. longer at each end, two rows 
of rivets, 3 in. apart, may be driven outside the theoretical point of cutoff and at the same 



Fig. 9. — Details of flange reinforcement for I-beam, 


me sufficient end distance allowed for the plate. The relation of the plates to the primary 
beam may be seen in Fig. 9. 

14. Riveting of Reinforcing Plates. — For the adequate attachment of the 
plates to the primary beam, enough rivets should be employed to develop between 
the ends and the center of the span, the total stress that exists in the plates at that 
point. It is sufficiently accurate to assume that the extreme fiber stress obtains 
over the entire net cross-section of the plate at the span center, although at the 
fibers nearest the neutral axis, the intensity of stress is somewhat less than at the 
extreme fibers. The total force to be developed between the end and the center 
of a tension reinforcing plate will, therefore, be the net area multiplied by the 
stipulated extreme fiber stress. On the compression side the area of the jblates will 
not be reduced by rivet holes and hence if the plates be the same as on the tension 
side, the average stress over the plate section will be lower, but the total force 
to be provided for will be the same. The number of rivets found for the tension 
side will, therefore, apply also to the compression side. So few are they in rela- 
tion to the length of the plates generally needed that the actual spacing is usually 
dictated by practical requirements such, for example, as that rivet spacing in the 
line of stress must not exceed 16 times the thickness of the outside plate nor 6 in. 
in any case. 

Illustrative Problem. — Determine the oorrect rivet spacing in the reinforcing plates of 
the preceding problem, if the safe shearing and bearing stresses on rivets are 10,000 and 
20,000 lb. per sq. in. respectively, and the spacing in the line of stress must not exceed 16 
times the thickness of the reinforcing plate, nor 6 in. 
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Net seetion of one 6 X %-in. plate » [6 — 1(0.875)] (0.375) » 1.92 eq. in. Hence 
safe tensile strength * (1.92) (16,000) = 30,700 1b. 

Least value of %-in. rivet bearing on plate or %Q-in. flange of beam is the single 

shear value - (0.44) (10,000) - 4,400 lb. 

Number of rivets required in one plate from end to center to develop stress at center = 
30,700/4,400 — 7. This would give an average spacing of about 1 ft. even though the 
rivets are staggered, and hpnoe the rule that the spacing must not exceed 16$ = (16)(%) ** 
6 in. becomes operative. Beginning at a point 3 in. on each side of the center line, the 
rivets will be staggered 6 in. apart for 7 ft. 6 in. and then a closer spacing will be used for 
the remaining distance, as shown in Fig. 9. This closer spacing is desirable since the 
increment of flange stress per lineal inch is much greater near the ends of the girder than 
near the center. 

16. Proportioning for Flange Buckling. — In proportioning beams for bending 
moment, it is unsafe to use without reduction, the permissible extreme fiber stress 
given in specifications if the compression flange is unsupported laterally for a 
distance exceeding about 10 or 15 times the width of flange. This source of 
weakness arises from the fact that the compression flange acts in some measure 
as a column and, like a column, tends to fail by buckling sidewise between points 
of lateral support. It is not free to do so, however, to the same extent as a 
column, by reason of the fact that both the web and the tension flange tend, with 
an effect that depends largely on the depth of the beam and the web thickness, to 
hold it in a straight line. If the web is very deep and thin, it obviously could 
afford relatively small support to the compression flange and could transmit but 
little support from the tension flange. 

The compression flange differs from a column also in the manner of loading. 
A column receives its loading at one point, or a group of points, near the top. 
If the load be concentric, there is, then, neglecting the buckling stress, a uniformly 
distributed stress over the cross section from one end to the other. The com- 
pression flange of a beam, however, receives its loading at innumerable points 
from one end to the dangerous section, or if it be a restrained beam, from the 
point of inflection to the dangerous section. | | 

Early efforts to formulate rules for reducing the permissible flexural stress 
to compensate for the buckling tendency in compression flanges were based upon 
unsatisfactory experimental evidence, as was pointed out by R. Fleming in an 
excellent discussion of the subject in Engineering News , April 6, 1916. 

Since 1937, the Bethlehem Steel Company, Carnegie Steel Company, and all 
steel fabricating companies have adopted as a basis for the reduction of the per- 
missible flexural stress the formula 

, _ 22,500 

* 72 

1 4 : 

T 1,8005* 

According to this formula a fiber stress of 20,000 lb. per sq. in. would be attained 
at a value of ^ * 15.00 and therefore no reduction is necessary with ratios of less 

than 15 flange-widths. For the upper limit of ^ the American Institute of Steel 

Construction specifies that the ratio of unbraced length to flange width for com- 
pression flanges of rolled sections subject to bending shall not exceed 40.00. 
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Table 6. — Permissible Extreme Fiber Stresses in Steel Beams with Unsup- 
ported Compression Flanges 
(lb.' per sq. in.) 

I — unsupported length in inches, b — breadth of flange in inches 


Rule or 


Maximum Ratio of unsupported length to flange width 
allowable ; : ; 


VU £ 

formula ^ without 

reduction 


Maximum 

allowable 


15 20 25 30 35 40 ^ specified 


Bethlehem \ 

Carnegie / 

American ) 

Bridge Co. i 

C. R. Young / 

, 22,500 

/2 

i j L_ 

^ 1,80062 

A.R.P1.A., build- 
ings: 

/ - 18,000 

nnn l 


15.0 20,00018,41016.70015,000 13,39011,910 40.0 


A.R.E.A., rail- 
way bridges: 
/ « 18,000 

— 5 r? for 

6 2 

structural 

steel 

/ = 24,000 , 

—5 

for silicon 

steel 

/ - 30,000 

-8-33p 

for nickel 
steel . . 
C.E.S.A.: 

/ - 25,000 

- 333 j for 

steel struc- 
tures 

/ - 23,000 

-300 j for 


16,87516,000 14,875 13,500 11,87510,000 40.0 


22 , 500 21 , 332 19 , 832 17 , 997 15 , 830 13 , 328 


28,126 27,468 24,794 22,503 19,79616,672 


15.0 20 , 005 18 , 340 16 , 675 15 , 010 13,. 345 1 1 , 680 


highway 

bridges 10.0 18,500 17,000 15,500 14,000 13,50011,000 
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Characteristic reduction formulas are the American Railway Engineering 
Association formulas: p = 18,000 — 5 for structural steel, p = 24,000 — 

6.67 for silicon steel, and p = 30,000 — 8.33 for nickel steel; and the 

Canadian Engineering Standards Association formulas : p — 25,000 — 333 - for 

steel structures, and p — 23,000 — 300 ^ for highway bridges. In the A.R.E.A. 

formula there is no minimum value given for p however, as ~ gets smaller, the 

permissible stress gets larger up to the maximum values of 18,000, 24,000, and 
30,000 p.s.i. for structural and silicon and nickel steel respectively. The maxi- 
mum value of * is 40. 
b 


Table 5A . — Allowable Stresses ter Square Inch for Beams and Girders 

Laterally Unsupported 1 

22,500 
J h 

1 j : 

^ 1,8006 2 


l 

b 

Unit 

stress 

/ 

(kips) 

Ratio 

l 

b 

Unit 

stress 

/ 

(kips) 

Ratio 

l 

b 

Unit 

stress 

f 

(kips) 

Ratio 

15.0 



23.5 

17.22 

0.861 

32.0 

14.34 

0.717 

15.5 

19.85 

0.993 

24.0 


0.852 

32.5 

14.18 

0.709 

16.0 


0.985 

24.5 

16.87 

0.844 

33.0 


0.701 

16.5 

19.54 

0.977 

25.0 

16.70 

0.835 

33.5 

13.86 

0.693 

17.0 

19.39 

0.969 

25.5 

16.53 

0.826 

34.0 

13.70 

0.685 

17.5 

19.23 

0.961 

26.0 

16.36 

0.818 

34.5 

13.54 

0.677 

18.0 

19.07 

0.953 


16.19 


35.0 

13.39 

0.669 

18.5 

18.91 

0.945 

27.0 


0.801 

35.5 

13.23 

0.662 

19.0 

18.74 

0.937 

27.5 

15.84 

0.792 

36.0 

13.08 

0 654 

19.5 

18.58 

0.929 

28.0 

15.67 

0.784 

36.5 

12.93 

0.647 

EZ1 

18.41 


28.5 


0.775 

37.0 

12.78 

0.639 

im 

18.24 

0.912 

29.0 

15.34 

0.767 

37.5 

12.63 

0.632 

21.0 

■ 


29.5 

15.17 

0.758 

38.0 

12.49 

0.624 

21.5 


0.895 



0.750 

38.5 

12.34 

0.617 

22.0 

17.73 

0.887 


14.83 

0.742 

39.0 


0.610 

22.5 

17.56 

0.878 

31.0 

14.67 

0.733 

39.5 


0.603 

23.0 

17.39 

0.869 

31.5 


0.725 

40.0 

11.91 

0.596 


2 — unsupported length in inches. 
b m with of flange in inches. 

1 From A.I.S.C. Handbook. 


Table 5 lists the above currently used formulas with allowable stresses 
for ratios of unsupported length in inches to flange width from 15 to 40, 
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Table 5A gives the allowable stress by A.I.S.C. formula for ^ ratios from 15.0 to 
40.0. 

Illustrative Problem. — A 20-in., 65.4 lb. girder of 21-ft. span carries a load of 20,000 
lb. at each of the third points. If the concentrated loads be considered as including the 
weight of the girder and there be no lateral restraint between the two pointB of loading, 

22,500 

express an opinion as to the safety of the girder if p « p — 

1 + 1,8006* 

Moment - (20,000) (7) (12) = 1,680,000 in.-lb. 

Extreme fiber stress — M/S — 1,680,000/116.9 = 14,400 lb. per sq. in. 

Permissible stress by formula 


22,500 

84* 

u ,800) (6.25)* 


= 20,500 lb. per sq. in. 


Since the limiting value for sttvl stress is 20,000 lb. per sq. in. the beam is safe. 

Illustrative Problem. — If the total capacity of an 18-in., 60-lb. I, 17 ft. in span, iB listed 
in a handbook as 73,000 lb. with a fiber stress of 20,000 lb. per sq. in., find the safe capacity 

22 500 

assuming that the beam is without lateral support between its bearings. p = ; - 

1 + 1,800b* 

Width ratio, ^ = (17)(12)/6.12S - 33.3 

Interpolating in the table of reduction factors, above, 69.6 per cent of the tabular load 
should be regarded as safe, or (0.696) (73,000) = 50,800 lb. 


Wherever a beam must be employed with any considerable portion of its 
length without lateral support, it is advantageous in order to reduce the flange 
buckling stress to select a section with a relatively wide flange. By so doing a 
higher permissible flexural stress may be used than for beams with narrower 
flanges and an important economy effected. 

Care must be taken not to assume a beam as supported against lateral buck- 
ling unless the lateral restraint is known to be effective. Separators between the 
webs of I-beams cannot be regarded as fully supporting the compression flange, 
particularly if they be of the gas-pipe type. Tie rods and sag rods have small 
value in preventing the compression flange from buckling under overload. 

16. Proportioning for Shear. — When a rolled beam or channel is proportioned 
to be sufficiently strong in flexure, it will generally be adequate also for both 
vertical and horizontal shearing stresses, so that there is usually no necessity of 
investigating the shearing capacity of the beam. If, however, the span of the 
beam be short in relation to its depth and it is loaded to capacity in bending, 
the shearing stresses may be excessive. Such beams should consequently be 
investigated for shear. 

Analysis of the internal stresses in a beam 1 shows that the intensity of either 
the vertical or the horizontal shearing stress at any point on any cross section 


may be expressed by the formula 



( 1 ) 


where Q = the statical tnoment of the area on one side of the point considered, 
1 See Seo. 1, Art. SI. 
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about the neutral axis; V — total vertical shear; I = moment of inertia of the 
section; and t = thickness of section at the point. It has also been established 

that for an I -section, by far the greater part 
of the total vertical shear is resisted by the 
web and that no material error is committed 
by considering that the web resists all of it. 

16a. Vertical Shearing Stress. — 
While for many purposes it is sufficiently 
accurate to assume the total vertical shear to 
be uniformly distributed over the web, con- 
sidering the web area to be the extreme depth 
of the beam multiplied by the web thickness, 
the error involved, which is on the side of 
weakness, must be offset by the use of a low 
working stress in shear. In cases of close 
designing or investigation of seriously over- 
loaded beams, the design for shear should be 
on the basis of the correct theory. 



Fig. 10. — Calculation of true shearing 
stress at neutral axis of an I-bearn. 


Illustrative Problem. — Find the maximum in- 
tensity of the shearing stress on the web of a 12- 
in., 28.5-lb. Bethelem I-beam of 12-ft. span carrying 
a total uniformly distributed load of 32,000 lb., and compare it with the average stress 
assuming the total shear to be uniformly distributed over the web. 1 

As the maximum stress will be at the neutral axis, Q is to be taken for half the cross- 
sectional area. 

Q for flange rectangle (Fig. 10) = (6. 12) (0.33) (5.835) « 11 80 


Q for 2 flange triangles = (2.935) (0.30) (5.57) 
Q for half wob = (5.67) (0.25) (2.835) 

Total statical moment 
Moment of inertia, I of beam 
End shear * 32,000/2 


90 

02 


20.72 
216.2 
16,000 lb. 


Shearing stress, horizontal or vertical, at neutral axis 

6,130 lb. per Bq. in. 

Assuming the total shear as uniformly distributed over the web 


(20.72) (16,000) 
(216.2) (0.25) 


16,000 

9 “ (12) (0.25) “ W 33 lb. per sq. m. 


The actual stress is, therefore, 15.0 per cent in excess of the average. 


To simplify the design of beams for shear by the accurate formula, Table 6 
has been prepared. It contains for a wide range of rolled I-beams and channels 
the following quantities: 

(1) The statical moment, Q, of one-half of the gross area of the section about 
the neutral axis. 

Q 

(2) The coefficient by which the total vertical shear, F, is to be multiplied 
to fcive the maximum shearing stress, v m} according to the exact theory. 

1 This section has recently been discontinued. The illustration is in no way affected. 
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(3) The coefficient ^ by which the total vertical shear, 7, is to be multiplied 

to give the approximate, or average, shearing stress, v«, assuming that the total 
shear, 7, is uniformly distributed over the web area dt. 

Table 6. — Relation of True Maximum Shearing Stress to Average Shearing 
Stress for Rolled Beams, Girders and Channels 

Maximum stress, v m ■* ~ • 7 
Average stress, v a — i • 7 


Section 
(in.) (lb.) • 

Statical 

moment 

of 

gross area 
about 
neutral 
axis, Q 

Q 

It 

dt 

Excess 

Of Vm 

over 

(per 

cent) 

Section 
(in.) (lb.) 

Statical 
moment 
of H 

gross area 
about 
neutral 
axis, Q 

Q 

It 

1 

It 

Excess 
of v,„ 
over v a 
(per 
cent) 

Standard 







14 

X 

426 

433.40 

0.035 

0.029 

20.0 


I-beams 







16 

X 

36 

31.55 

0.237 

0.211 

12.2 

3 

X 

5.7 

0.96 

2 

.26 

1 . 

.96 

15.3 

16 

X 

58 

52.30 

0.172 

0.155 

11.0 

3 

X 

7.5 

1.16 

1 

.15 

0 . 

.90 

20.3 

10 

X 

88 

92.80 

0.15 

0.12 

25.0 

6 

X 

12.5 

4.1 

0 

.83 

0 

.73 

13.9 

18 

X 

47 

46.10 

0.18 

0.16 

12.7 

6 

X 

17.25 

5.2 

0 , 

.43 

0 . 

.30 

19.0 

18 

X 

04 

64.80 , 

0.15 

0.14 

7.0 

7 

X 

15.3 

5.9 

0 . 

.66 

0 . 

57 

14.9 

18 

X 

96 

102.20 

0.12 

0.11 

9.0 

7 

X 

20.0 

7.2 

0. 

.38 

0 . 

32 

19.8 

21 

X 

59 

66.60 

0.14 

0.12 

16.5 

8 

X 

18.4 

8.2 

0 . 

53 

0 . 

46 

14.8 

21 

X 

82 

96.70 

0.11 

0.096 

14.8 

8 

X 

25.5 

10.3 

0 . 

28 

0 . 

.24 

20.1 

21 

X 

112 

144.40 

0.10 

0.09 

11.0 

10 

X 

25.4 

14.0 

0 . 

37 

0 . 

,32 

15.0 

24 

X 

74 

96.50 

0.11 

0.097 

13.5 

10 

X 

40.0 

19.4 

0 . 

17 

0 . 

14 

22.8 

24 

X 

100 

137.50 

0.10 

0.09 

11.0 

12 

X 

31.8 

20.8 

0 . 

28 

0 . 

24 

15.6 

24 

X 

130 

182.60 

0.079 

0.073 

8.0 

12 

X 

55.0 

32.5 

0 . 

13 

0 . 

10 

21.8 

36 

X 

230 

466.00 

0.04 

0.036 

11.0 

15 

X 

42.9 

34.3 

0 . 

19 

0 . 

16 

16.2 

36 

X 

300 

623.00 

0.03 

0.029 

3.5 

15 

X 

75.0 

55.7 

0 . 

093 

0 . 

077 

21.4 

Standaid 





18 

X 

54.7 

51.6 

0 . 

14 

0 . 

12 

16.9 

channels 





18 

X 

70.0 

83.0 

0 . 

083 

10. 

070 

18.6 

3 

X 

4.1 

. 

0.65 

2.40 

1.96 

22.1 

20 

X 

65.4 

68.5 

0 . 

12 

0 . 

10 

17.2 

3 

X 

6.0 

0.86 

1.15 

0.93 

24.5 

20 

X 

100.0 

99.4 

0 . 

069 

0 . 

057 

20.5 

6 

X 

8.2 

2.6 

0.99 

0.83 

18.5 

24 

X 

79.9 

101.4 

1 °. 

097 

0 . 

083 

16.2 

6 

X 

15.5 

4.2 

0.38 

0.30 

28.6 

24 

X 

100.0 

119.1 

0 . 

067 

0 . 

056 

20.4 

7 

X 

9.8 

3.6 

0.80 

0.68 

18.0 

Wide 

flange 







7 

X 

19.75 

6.1 

0.30 

0.23 

| 29.8 

8 

X 

17 

7.78 

0 . 

59 

0 . 

54 

9.2 

8 

X 

11.5 

4.8 

0.67 

0.57 

18.4 

8 

X 

67 

34.94 

0 . 

22 

0 . 

20 

10.0 

8 

X 

21.25 

7.6 

0.28 

0.22 

28.7 

10 

X 

21 

11.92 

0 . 

47 

0 . 

42 

10.2 

9 

X 

13.4 

6.2 

0.57 

0.48 

18.3 

10 

X 

136 

91.20 

0 . 

11 

0 . 

09 

22.0 

9 

X 

25.0 

10.1 

0.23 

0.18 

28.4 

12 

X 

25 

17.04 

0 . 

39 

0 . 

35 

11.1 

10 

X 

15.3 

7.9 

0.49 

0.42 

18.2 

12 

X 

190 

166.20 

0 . 

087 

0 . 

065 

33.5 

10 

X 

35.0 

15.2 

0.16 

0.12 

31.3 

14 

X 

61 

50.10 

0 . 

21 

0 . 

19 

10.6 

12 

X 

20.7 

12.7 

0.35 

0.29 

21.0 

14 

X 

78 

68.05 

0 . 

19 

0 . 

17 

11.7 

12 

X 

40.0 

21.2 

0.14 

0.11 

29.0 

14 

X 

87 

74.87 

0 . 

18 

0 . 

17 

6.0 

15 

X 

33.9 

25.2 

0.20 

0.17 

21.0 

14 

X 

142 

126.60 

0 . 

11 

0 . 

10 

100 1 

15 

X 

55.0 

36.9 

0.11 

0.082 

28.9 


(4) The percentage by which the true maximum shearing stress exceeds the 
approximate or average shearing stress. 

While in general only two places of decimals have been given for the coeffi- 
cients Yi an d ~j£ the percentages in the last column were calculated from coeffi- 
cients with three places of decimals. The sections for which the quantities have 
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been listed are, in most cases, the minimum and maximum weights rolled for 
each depth. The values for intermediate sections can be approximated by inter- 
polating in the following manner: 

Where sections are of the same section index or number, being produced by 
the same rolls through slightly varying their distances apart, the figures for 
sections of the same depth as those listed, but of intermediate weight, may be 
determined on the basis of relative weights. Thus, the widening of the rolls a 
distance At increases the statical moment by 

a q = mt gy 

where d is the depth of the beam, or decreases it if At be regarded as the narrowing 
of the rolls from the width required for an upper weight section. Having the 
figures in the table for any beam of the same section number as that being investi- 
gated, the percentage change in Q, or the value of Q for the section in hand, may 

Q 

be found. The value of the coefficient is then easily determined by dividing Q 

by quantities found in the handbooks. As the coefficient is readily found for 

any beam, the excess of the maximum over the average shearing stress is easily 
determined. 

Table 6 may be used in any one of several ways. The true maximum shearing 
stress, v m , may be obtained by multiplying the total shearing force, V t by the 

Q 

appropriate coefficient j ^ interpolating as explained between the values given for 

intermediate weights of sections. The average shearing stress, r„, may be 
obtained in similar manner by multiplying the shearing force, y, by the coefficient 

From this approximate stress the true maximum stress may be obtained by 

increasing the former by the appropriate percentage in the last column, or by a 
percentage obtained by proper interpolation. 

An examination of the table shows that the true maximum stresses exceed the 
average or approximate stresses by from about 10 to 30 per cent, and generally 
from 15 to 20 per cent. The error involved in using the approximate method of 
design is greater for the maximum weights of sections than for the minimum 
weights. This is because the former section approaches the rectangle more 
nearly than the latter. Particularly large differences occur for the maximum 
weights of channels in each depth, reaching in one case over 31 per cent. 

Illustrative Problem. — The maximum shear on an 8-in., 23-lb. I-beam is 35,000 lb. 
Compute the true maximum shearing stress on the cross-section. , 

Since for an 8-in. f 23-lb. I the increment to the statical moment 8.2 (Table 6) for an 8-in. f 
18.4-lb. I is 

AQ - MAt g)’ = M (0.125) (4.0)» - 1.0 

the statical moment for the heavier beam becomes 8.2 + 1.0 « 9,2. 

Q 

The coefficient is, therefore, 

9.2 

(64.2)(0.441) * °' 326 

and the maximum shearing stress 

- (0.326) (V) - (0.325) (36,000) - 11,360 lb. per sq. in. 
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166. Horizontal Shearing Stress. — Since the horizontal and vertical 
shearing stresses at a point are equal, the maximum horizontal shearing stress 
occurs, as does the maximum vertical shearing stress, at the neutral axis of the 
beam. The calculation of its intensity at any point may be made in precisely 
the same manner as for the vertical shearing stress. Unlike timber, steel is able 
to take shearing stresses almost equally well in all directions — at least near 
enough so for purposes of ordinary design. The presence of possible horizontal 
lines of rivet holes along or near the neutral axis may render the beam weaker in 
horizontal shear than in vertical shear. 

16c. Permissible Shearing Stress. — In proportioning steel beams for 
shear, it is sometimes specified that the shearing stress on the gross section of the 
web considered as uniformly distributed shall not exceed 12,500 lb. per sq. in., 
or 62.5 per cent of the customary permissible tensile stress. Since the ultimate 
shearing strength of structural steel is about 75 per cent of the ultimate tensile 
strength, the shearing u nit stress might appear too low. However, the shearing 
stress is really not uniformly distributed and since the presence of holes in the web 
somewhat reduces its strength, the unit stress is seen to be justifiable. More con- 
servative specifications fix the safe shearing stress at 12,000 lb. per sq. in. on net 
area. In either case the gross area is taken as dt, where d = extreme depth of 
beam and t = thickness of web. The A.I.S.C. allows 13,000 lb. per sq. in. 

The effect of lines of holes in the plane of shear considered is, of course, to 
weaken the section to a degree proportionate to the number and size of the holes. 
If, for example, a vertical line of 1-in. holes 4 in. apart center to center lies on 
the section being investigated, the area has been reduced 25 per cent and the 
statical moment by an equal amount. The moment of inertia of the web, if 
deep, is reduced in approximately the same ratio, so that the shearing stresses 
would be increased approximately in the same ratio as the area is decreased. 
For a further discussion of this point see Art. 41. 

To facilitate the design of beams for shear by the approximate or average 
method, tables of the safe shearing capacity of rolled beams are inserted in the 
handbooks. In the tables of safe bending loads the upper limit of loads beyond 
which excessive shearing stresses (or really web crippling stresses) would be 
produced are indicated, thus making it easy to avoid sections weak in shear. 
No provision for loss of section by holes is made except in the lowness of the 
prescribed working stress. 

Current A.I.S.C. specifications allow a shear stress on the gross section of the 
web of railed sections or of the plate between the angles in girders of 13,000 lb. 

h h 

per sq. in., where the ratio y is equal to or less than 70. For values of j above 70 

the A.I.S.C. formula is 

„ V /8,000\ 2 

"'(l) 

where V = total shear on gross area of web in pounds. 

A = gross area of web in square inches. 
h = depth of beam between fillets or angles. 
t = thickness of web or plate. 
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V *« total shear in pounds. 

A *= gross area of web in squaie inches. 

1 By permission A.I.S.C. 

Illustrative Problem. — If the permissible shearing stress on the webs of beams is 13,000^ 
lb. per sq. in., gross area considered as uniformly distributed, report on the safety in shear 
of a 15-in., 42.9-lb. I-beam supporting a total uniformly distributed load of 150,000 lb. 

Total end shear, V = (J^) (150,000) = 75,000 lb. 

Gross area of web = (15) (0.410) «* 6.15 sq. in. 

Average shearing stress on web = 75,000/6.15 = 12,200 lb. per sq. in. As this is 
less than the prescribed shearing stress, the beam is safe in shear. 

17. Diagonal Buckling of Web. — Diagonal compression resulting from com- 
pounding of shear and flexural stresses has, in the past, called for considerable 
attention in the design of beams as well as girders. If f m — the maximum com- 
pressive or tensile stress at any point on either side of the neutral axis; / = the 
flexural stress at the point; and v = the shearing stress; then, as has been shown, 1 

fn, - ^ ± VW + V* 


Column formulas were adapted to the problem, in which a 45-deg. diagonal 
from fillet to fillet was used as the column length, usually expressed in terms of the 
beam depth, and the value of r was expressed in terms of t. However, recent 
tests have shown that for rolled wide-flange and standard I-beams and for stand- 

h 

ard channels [s, all of which have an y value of less than 70, there is no danger from 

diagonal web buckling 2 where the average shear stress is kept down to 13,000 lb. 
per sq. in. This seems reasonable, because the maximum compression at the 
extreme fiber is limited to 20,000 lb. per sq. in. At the toe of the fillet it is about 

t See Sec. 1. Art. 8S. 

* Proc. Am. Soc. Civil Eng., February, 1934, p. 185. 
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0.8 of 20,000, or 16,000 lb. per sq. in. Substituting 16,000 for/ and 13,000 for 
t>, we find f m = 21,600 lb. per sq. in. and that this amount is decreased to 13,000 
lb. per sq. in. at the neutral axis. 

As an example of the foregoing, an investigation will be made of the stresses on 
a rectangular particle in Fig. 11a, shown enlarged at 6, and located at the upper 
fillet, at a cross-section where the flexural stress at the extreme top fiber is 

20.000 lb. per sq. in. and the shear 
stress is 13,000 lb. per sq. in. With 
a distance between fillet toes of 0.8d, 
the stress conditions shown at b are 

13.000 lb. per sq. in. shear, and 

16.000 lb. per sq. [in. compression. 

The principal stress is/ m - 21,600 
lb. per sq. in., a value which is less 
than the vertical compressive stress 
at the junction of web and fillet over 
the bearing or under the load, if A.I.S.C. specifications are followed. The value 
quickly diminishes to 13,000 lb. per sq. in. at the neutral axis, and the direction 
changes to 45 deg. Column action from this source for a value of 21,600 lb. 
per sq. in. could hardly be considered as acting over a 45-deg. strip with a length 
O.Sd 1.41, although 13,000 might be used if that is the specification for shear stress. 
Tests indicate that for 13,000 lb. per sq. in. the standard I-beams have a factor 
of safety of about 2.0. Computations show the wide-flange and channel sec- 
tions to be equally as safe. 

Further examination of the compressive stress at the toe of the fillet over the 
bearing in Fig. 11 shows that it cannot possibly maintain its starting value, from 
bottom to top of web; for by the time the top fillet is reached, there is little or no 
compression left. Shear to the right of line 2-2 has removed the vertical upward 
compression; as a consequence the old formulas based on column action are falling 
into disuse. The shear is kept down to an average of 13,000 lb. per sq. in., and 
the compression in the web at the bearing or under a load to 24,000 lb. per sq. in. 
(A.I.S.C.) and to smaller values for A.R.E.A. and 1931 Bethlehem specifications. 
Where the compression in the web cannot be kept down, stiffeners are used over 
the end bearing or under the load and in the case of plate girders at intermediate 
points as well. Article 18 should be read in connection with the foregoing. 


Illustrative Problem. — A 12-in , 31.8-lb. I carries a total uniformly distributed load 
of 70,000 lb. Investigate its safety against web crippling. 

Thickness of web = 0.35 in. 

Average shearing stress on web * ( i^Ro^s j ~ 8,340 lb. per sq. in. This is safe by 

A.I.S.C. specifications, provided the compressive stress at junction of web and fillet is less 

35,000 

than 24,000 lb. per Bq. in. (A.I.S.C.) which calls for a bearing distance x = (Q 35) 2 4 000 

- 4.15 in. 

Illustrative Problem. — Select a 12-in. I-beam capable of taking safely an end shear of 
50,000 lb. without giving rise to dangerous web crippling stresses, according to A.I.S.C. 
formula. 

Assume a 12-in., 31.8-lb. standard I. Area of web » (12) (0.35) * 4.2 sq.-in. Since 
h 9 % 

- m -zrr m 26, Table 6a cannot be used; maximum shear stress » 13,000 lb, per sq. in. on 
% 
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gross section. ^ ** ~~ 4 ~ 2 ~ = lb. per sq. in. A 12-in. 31.8-lb. standard I is safe, 

provided bearing is long enough to keep compressive stress between web and fillet below 
24,000 lb. per sq. in. 

18. Vertical Buckling of Web. — While the diagonal buckling effect in the web 
considered above exists and must be provided for even at points remote from the 
supports or from concentrated loads, a beam to be safe, so far as the web is con- 
cerned, must be capable of safely withstanding concentrated loads or loads dis- 
tributed over only a short length of the span. Concentrated loads may be applied 
to the compression flange, to the web by means of brackets or connection angles, 
or, as occurs in every beam no matter how loaded, as a vertical (and usually 
upward) load at the support. 

Based upon a series of tests on beams of various depths and web thicknesses, 
the safe end reaction R and the safe interior concentrated load W are given in the 
following A.R.E.A. formulas for rolled beams: 

R = pt (a + j) (1) 

w = pt («, + g) (2) 


In these formulas, t = web thickness, d = unsupported web depth, a =* distance 
over which reaction is applied, ai = distance over which concentrated load is 

3 d 2 

applied, p = safe compressive resistance of web = 15,000 — j jj- Equation (1) 

is identical with the Bethlehem eq. (5) which follows. 

The A.I.S.C. handbook submits formulas very similar to (1) and (2) in which 

R = 24*(a + K) (3) 

W - 24t(ai + 2 K) (4) 

where R = end reaction in kips. 

a = length of the bearing in inches. 

K = distance from outer face of flange to web toe of fillet in inches. 

t = thickness of beam web in inches. 

W = interior load in kips. 

a\ « length of concentrated load in inches. 

These dimensions are shown in Fig. 11. 

By these formulas, beams without stiffeners but with lateral support to the top 
flange may be so loaded that the compressive stress in the web at the junction 
of the fillet and web may be 24,000 lb. per sq. in. Where this value is exceeded, 
the A.I.S.C. recommends stiffeners or an increase in the length of the bearing. 
Considering the fact that the distance between fillet toes divided by t may run as 
high as 30 in deep beams and that the beam flexure prevents uniform bearing, 
the formula is not so conservative as the 1931 Bethlehem formula in which 

R = pt(a+%) (5) 


where p 


18,000 


1 + 


2)2 


and D 


depth of the beam in inches and all other 


3,000< a 
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symbols are the same as in eqs. (3) and (4). In the use of this formula p was 
limited to 15 kips per sq. in. 

An examination of these formulas indicates that they are based on the concep- 
tion of the vertical loads R or W being resisted through column action by a section 
of the web of height d and width parallel to the beam equal to the distance (a or 
ai) over which the load is applied plus one-quarter of the depth of the beam in the 
case of the reaction, or one-half the depth of the beam in the case of an interior 
load. Formula (2) is supposed to ap- 
ply strictly only to the case of a single 
load concentrated at the center of the 
span. The compressive stress at the 
junction of the web and the toe of the 
fillet may exceed the amount allowed 
by the specifications, although the 
shear on the gross sectk/i may not 
exceed the 13,000 lb. per sq. in. or less, 
h 

depending on If such is the case, 

one of two alternatives must be fol- 
lowed : Either the longitudinal dimen- 
sion of the bearing or of the super- 
imposed load must be increased, thus 
reducing the intensity of the vertical 
compression on the web, or web 
stiffeners must be designed. 

Illustrative Problem. — A rolled beam 
resting on two columns 20 ft. apart sup- 
ports two symmetrically placed loads of 70,000 lb., each 1.5 ft. from the supports, as shown in 
Fig. 12. Find the required size of the beam, if the permissible stresses arc as follows: Flexure, 
16.000 lb. per sq. in.: maximum shearing Stress at neutral axis, 13,000 lb. per sq. in.; average 

V /8,000\2 . _ 

shearing stress based on diagonal web buckling, p = ^ J ^ 1 » maximum vertical 

compression at support to be according to A.R.E.A. formula (1) of this article. Assume 
a 12-in. support. 

Assume a 15-in., 60.8-lb. I, having web thickness of 0.59 in. and section modulus of 81.2. 

Maximum moment due to concentrated loading = (70,000) (1.5) =* 105,000 ft.-lb. 

Maximum moment due to weight of beam = (M) (60.8) (20) 2 — 3,040 ft.-lb. 

Total maximum moment = (108,040) (12) *= 1,296,480 in.-lb. 

Section modulus required 1,296,480/16,000 = 81.0. The section selected is, therefore, 
adequate for moment. 

Maximum end shear — 70,000 4- (10) (GO. 8) = 70,6081b. 

Average shearing stress 

«•- (Jxase) “ 7 ' 980 lb - per **• in - 



Fig. 12.— Shearing and web buckling capacity 
of I-bcam. 


Increasing this by correction of 19 per cent (Table 6, Art. 16), the maximum shearing 
stress 


Vm * (7,980) (1.19) * 9,500 lb. per sq. in. 


The section is, therefore, sufficiently strong for shear also. 
Safe shearing stress based on diagonal buckling of web: 
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Since j * 19.9, j does not apply; 13,000 lb. per sq. in. is allowed maximum and 

controls, up to values of £ ■» 70. Since 13,000 lb. per sq. in. is allowed and v m =* 9,500 
lb. per sq. in., the bram is safe. 

Vertical compressive stress at support, from Formula ( 1 ) with width of support = 12 in., 


/ 


R 70,608 

(° + 1 ) 1 ( 12 + t) (0 - 59) 


7,600 lb. per Bq. in. 


Permissible vertical compression in web by A.B.E.A. is 13,000 lb. per sq. in. and by the 
Bethlehem 1931 formula, 15,000 lb. per sq. in. 

The 15-in., 60.8-lb. I is, therefore, adequate in all respects. 

It is assumed that the web is reinforced, if necessary, to take the concentrated super- 
imposed loads. 

Illustrative Problem. — A 6 -in. H-column with a load of 85,000 lb. is supported on the 
top flange of a 21 -in., 59 -lb. wide-flange I as shown in Fig. 13. Determine whether the 
web will carry the concentrated load without stiffening or reinforcement, making use of 
A.R.E.A. formulas. 

V = 15.000 - 


Length of web over which concentration of 85,000 lb. is concentrated 
- 15.31 in. 

Compressive stress on web 


__ 85,000 

V ~ (15.31 X 0.39) 


14,200 lb. per sq. in. 


G + 9.31 


Permissible compressive stress 


V 


_ ^ 3 18.6252 
15,000 4 ‘(0.39 ) 2 


13,640 lb. per sq. in. 


Stiffeners are therefore required under the load. It is recommended that two 3 X 2^ 
X %-in. angles be placed vertically on each side of the web so that the outstanding 3-in. 

legs are directly under the flanges of the column. 


J 






\-6-in. H-beam 




Ground to 
'fit flange 




! / 




, Ground to 

5'4«-j4 fit flange 

k-» 16"-—*-* 

Fio. 13. — Transmission of concen- 
trated load to beam web. ■ 


\2hin. S9ib. 
wide flange 
I-beam 

:46 J 3"x2f*f 


Four %-in. rivets in each angle are sufficient, 
as with the stiffeners ground to fit the beam 
flanges, most of the load in them is transferred 
by end bearing. 

Illustrative Problem. — A 15-in., 33.9-lb. 
channel carries at one point the ends of two 12 - 
in. I-beams in the manner shown in Fig. 14. 
The reaction of each beam is 13,000 lb. In- 


1 

«S S 

< 

3 

9 

vf 

I5irt333-tb. 

channel-** 

/ LrC’*4"xjr *- m — ► 

t-i 


► t , 


Fig. 14. — Transmission of two concen- 
trated loads to web of ohannel. 


vestigate the compressive stresses in the web under the combined load, assuming that, 
the compression is distributed over a length of the channel equal to the length of the shelf 
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3 dfi 

angle. Permissible compressive stress ■ p « 15*000 ~ j jp by A.R.E.A. formula for 
rolled beams. 

Total concentrated load on 5 in. of web = 26,000 lb. 

Vertical compressive stress in web due to concentration, and neglecting compression 
duo to combination of shearing and flexural stresses, 

26,000 

* (5)"(0.46) “ 13 ’ 000 lb - P er sc l- in - 


For an I-beam symmetrical about its vertical center line, p - 15,000 - j « 14,283 

lb. per sq. in., which would seem to make the 13,000 permissible. However, in this case 
it is recommended that two stiffener angles be placed under the shelf angle, as shown in 
Fig. 14. These would not be necessary for stiffening the shelf angle under the existing 
load, with an angle J 2 in. thick oi over, but they are required to prevent the web from 
buckling. Two 94-in. rivets in each angle under the shelf angle will be sufficient, under 
any ordinary specification. The stiffeners may be two 3 X 2^4 X Me in. angles. 



Illustrative Problem. — A double-tier steel grillage carrying a total load (including the 
i weight of the 20 X 20-in. column base) of 600,000 lb. has to be made up of 12-in., 31.8-lb. 
I-beams, reinforced if necessary. Three beams, 5 ft. long, constitute the upper tier, and 
7 lines of 8-ft. beams of the same size the lower tier, as shown in Fig. 15. Investigate the 
web crippling and vertical compressive stresses in the beams of the two tiers, assuming that 
the beams without reinforcement are sufficient for bending moment. Permissible diagonal 

wob crippling and wob vertical compressive stress = p = 15,000 Assume the 

direct compression to be distributed over a length of web equal to the length of bearing. 

Total shear across beams of upper tier at edge of column base = (J4) (600,000) « 
200,000 lb. 

Average shearing stress on unreinforcod beam webs : 


200,000 
“ (3) (12) (0.85) 


15,900 lb. per sq. in. (Only 13,000 lb. per sq. in. is permissible.) 


Compressive stress on webs of upper tier: 

200,000 

0.35 (20 + 


V - 


23,000 lb. per sq. in. 
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3 d* 3 (9.75 ) 2 

That allowed ■ 15,000 — j p" «=* 15,000 — ^ ~^ q’ 35 ) 2 ** 14,225 lb. per sq. in. It is 

thus evident that the beams of the upper tier, without reinforcement, would be overstressed 
by ordinary web crippling due to the combination of shearing and flexural stresses, and 
very seriously overstressed by the direct compression of the column load. 

Add one S-fg-in. plate — the thinnest practicable plate — to each side of the web, of 
sufficient width, when ground at the edges, to fit tightly against both upper and lower 
flanges. Thickness of reinforced web = 0.35 + (2) (0.3125) = 0.97 in. 

Average shearing stress on reinforced web now becomes 

200,000 

* " (3)02)107) “ S ' 720 lb ' per aq - in ‘ 


or much below that allowed. 

Compressive stress on reinforced webs under column base 

200,000 

p — p x Q~ 7 vr= T “ 8,320 lb. per sq. in. 

[0.97 (20+-g-)J 

3 d 2 

Permissible compressive stress for reinforced web, p = 15,000 — ^ p- = 14,924 lb. per 
sq. in. The reinforcement provided is adequate. 

The reinforced plates may be dispensed with, in theory, at a distance out from the edge 
of the column base where the total shear is such as to give a shearing stress on the rein- 
forced web within the permissible stress given by the formula specified. 

Shearing capacity of three webs * (3) (12) (0.35) (13,000) = 163,700 lb. This shear 
would exist at a distance from the edge of the column base 

* - 20 - (mm) (20) = 363 in - 

The plates should, however, be carried far enough beyond this point of theoretical ending 
to accommodate at least one vertical row of rivets, so that the projection would probably 
be at least 8 in. In such cases the plates are often carried to the ends of the beams. 

As the vertical compressive stress at the junction of the web and flange of the unrein- 
forced beam is 23,000 lb. per sq. in. permissible by A.I.S.C. but not by A.R.E.A. — the 
horizontal edges of the reinforcing plates should be ground to fit both the upper and lower 
flanges of the beams. 

Since the 5-in. flanges of the 3 lines of beams of the upper tier cross all 7 lines of the 
lower tier, there are 21 points of support for the 600,000-lb. load, each 5 in. wide. 


600,000 

21 


28,600 lb. 


the load at each point of support 


28,600 

Stress in web « > Q = 8,300 lb. per sq. in. 

0.35 (5 + ^) 

3 9.75* 

That allowed * 15,000 — j (Q - 35 ) 2 ** 14,225 lb. per sq. in. 

No plates are needed. 

Compressive stress, / « 600,000/36.8 = 16,300 lb. per sq. in. 


19. Proportioning for Deflection. 

19a. Beams with Constant Section. — Although a beam may be 
strong enough to ensure that under the greatest loads ever likely to be applied, 
it will not fail, the proportions may be such as to bring about objectionable and 
even alarming deflection. No harm may come to the beam itself because of the 
excessive deformation, but any very apparent sag, especially if it visibly increases 
during the imposition of a load, is likely to convey the impression of weakness to 
the observer. It is possible, too, that through large deflections, plastered ceilings 
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may be cracked, tile, stone, or concrete floors may open out at the beam supports 
in a direction transverse to the beams, supported walls may crack, glass in nearby 
windows may be broken, doors may jam, or shafting or attached equipment or 
machinery may be thrown seriously out of line or level. If the deflection due to 
live load is large and frequently occurring, it promotes excessive vibration which 
may rock the structure, loosen rivets and necessitate constant and troublesome 
repairs. 

Observation and experience show that the maximum deflection that it is safe 
to allow in a beam supporting plastered ceilings, after the ceilings have been 
plastered, is Mo in. per ft. or M 60 of the span. Stone or tile floors are likely to 
crack when the deflection of the supporting beams is less than this. .Where such 
floors are carried, it is desirable to limit the deflection to about M 00 of the span. 
Obviously, only the deflection produced by loads applied to the beam after the 
ceiling is plastered, or the floor laid, need be considered, so far as the possibility 
of cracking is concerned. Wherever the situation will permit, it is desirable to 
keep down the deflection by using the deepest practicable beams. If no depend- 
ent construction will be affected by deflection — as, for example, the interior 
panels of a building with timber flooring not supporting mechanical equipment — 
the amount of deflection permissible is entirely a matter of appearance. It 
might for example, be Mso or Moo of the span. 

The maximum deflection of a beam is 1 


A 



where K is a constant depending upon the nature of the supports at the ends and 
the system of loading. Knowing K and the other quantities involved, it is easy 
to compute the deflection. Wherever a steel handbook is available, however, 
it is much more convenient to calculate the deflection by means of coefficients 
than to use the deflection formula for the type of beam and loading under consid- 
eration. For example, if in the case of the simply supported uniformly loaded 
beam, for which the maximum deflection 

5 Wl 3 

A ~ 384 * El 

87/ 

the load W be replaced by its value and the span be expressed in feet, that is 
l = 12L, the deflection may be expressed as 

A 30/L 2 1 

•>0/7,2 

Values of the coefficient ■■ g -' for various spans are tabulated for the simply 

supported, uniformly loaded beam in the handbooks for E = 29,000,000 and for 
various common values of /, so that to determine the maximum deflection of a 
uniformly loaded beam of either symmetrical or unsymmetrical section it is only 
necessary to divide the appropriate coefficient by twjce the distance from the 
neutral axis to the extreme fiber. For beams of symmetrical section, the divisor 
is obviously the depth of the beam. 

1 See See. 1, Art. 06. 
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Illustrative Problem. — A lintel consisting of two 6X3^ X % in. angles, placed with 
the 6-in. legs vertical and back to back, has a span of 10 ft., and carries a uniformly dis- 
tributed load which produces an extreme fiber stress of 16,000 lb. per sq. in. What is the 
center deflection? 

From the tables in any steel handbook, the coefficient of deflection for a uniformly 
loaded beam simply supported at the ends and stressed in flexure to 16,000 lb. per sq. in. 
=» 1 . 666 . 

Distance from neutral axis to extreme fiber = 3.96 in. 

Hence center deflection 

1.656 

A “ (2) (3.96) * °- 209 in- 

For conditions other than those assumed in the tables, either the coefficients, 
or the resulting deflections, may be readily adjusted. From the nature of the 
coefficient it is seen that the deflection varies directly as the fiber stress, directly 
as the square of the span, and inversely as E. For other systems of loading than 
the uniform load and for other end conditions, the deflection found in the tables 
may be multiplied by the factors given in Table 7 to give the deflection under 
the same fiber stress for the same span. 


Table 7. — Relation of Maximum Deflections of Typical Beams Under Same 
Fiber Stress and for Same Span 


System of loading 

Factor by which deflec- 
tion for simply sup- 
ported uniformly load- 
ed beam is to be 
multiplied 

System of loading 

Factor by which deflec- 
tion for simply sup- 
ported uniformly load- 
ed beam is to be 
multiplied 

Simply Suppi 
Uniform load. . . . 

Single central load . . . 
Two loads at M points 

orted Beam 

1.00 

0.80 

1.20 

i 

Cantilev 
Uniform load 

er Beam 

2.40 

3.20 

Single end load. . . . 


Useful tables are given in the steel handbooks for simplifying the calcula- 
tion of the deflection of a beam of any section, having been given the load and the 
span. The coefficients N and N' there tabulated are the deflection for a simply 
supported beam 1 ft. long, loaded respectively by a uniformly distributed load of 
1,000 lb. and a concentrated central load of the same amount. The deflection 
for a beam supporting any load of either of these types, and of any span, is 
found by multiplying the appropriate coefficient by the number of 1,000-lb. units 
in the load and by the cube of the span in feet. 

In fixing the sizes of beams for a given situation, it is most desirable to select a 
depth that under the adopted working stress will be sure to give a deflection 
within the prescribed limit. This result will be attained if the depth of the beam 
is made not less than a certain fraction of the span, depending on the nature of 
the material, the end conditions, and the system of loading. If the limiting 
deflection be Meo of the span, and this be equated to the deflection expressed in 
terms of the fiber stress, the limiting depth ratio may be readily obtained. Thus, 
for uniform loading 

a= ±./l s = _l 

a 48 Ec 360 

from which the maximum permissible span for the stated deflection is found 
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to be 


l 

If E = 29,000,000,/ - 16,0001b. 

d 

cross-section, so that c * ^ 


Ec 

38 37.5/ 

per sq. in., and the beam has a symmetrical 


If / = 20,000 lb. per sq. in., 


I - 24. Id 
l == 19.3d 


If the section be unsymmetrical, 

/ = 48.2c 


c being the distance from the neutral axis to the extreme fiber. 

For other types of loading, and for the values of E and / given above, the 

l 

maximum span for which the deflection will be £g(j is given in Table 8 for beams 
of symmetrical cross-section. 

Table 8. — Maximum Permissible Ratio of Span to Depth for Typical Beams 


/ = 16,000 lb. per sq. in. 

E = 29,000,000 lb. per sq. in. 


System of loading 

Ratio of ^ 

for A “ 360 

System of loading 

Ratio of J 
l 

for A ” 360 

Simply Supported 

Uniform load 

Single central load 

Two loads at Jy points 

Beam 

24.1 

30.2 

23.6 

Cantilever Bea 

Uniform load 

Single end load 

1 

m 

10.1 

7.05 


w i f — on nnn iu 




19.3 


0.80. 

In order that the maximum permissible flexural stress and the maximum per- 
missible deflection of may be attained at the same time, the span must, in 
general, not exceed 


the constant K depending on the type of beam and loading. For a simply 
supported beam carrying a uniform load, K has been shown to be * 37.5, while 
for the same type of beam carrying a single central load, K = 30, and for a beam 
loaded at the third points it is 38.3. 

Limitation of the depth ratio is frequently prescribed in structural specifica- 
tions. For example, in Schneider's “General Specifications for Structural Work 
of Buildings" the following clauses occur: 

The depth pf rolled beams in floors shall be not less than one-twentieth of the span, 
and. if used as roof purlins, not less than one-thirtieth of the span. 
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In case of floors subject to shocks and vibrations, the depth of beamB and girders shall 
be limited to one-fifteenth of the span. If shallower beams are used, the sectional area 
shall be increased until the maximum deflection is not greater than that of a beam having 
a depth of one-fifteenth of the span, but the depth of such spans and girders shall in no 
case be less than one-twentieth of the span. 

A common clause in building codes is as follows : 

The allowable deflection for beams or girders shall not exceed one-thirtieth of an inch 
per foot of span where the ceiling is to be plastered, or one-twenty-fifth of an inch per foot 
of span, where the ceiling is not to be plastered. 

In what has been said above concerning the calculation of maximum deflec- 
tion, the effect of the shear in producing deflection has been neglected. This is 
justifiable for all except precise calculations and for short beams and girders 
carrying heavy loads. As may be shown, the calculation of shearing deflection 
for rectangular, or nearly rectangular, sections must take into account the fact 
that the shearing stress is not uniformly distributed. For I-sections — the most 
commonly employed ones for flexural members — it may be assumed as pointed 
out in Art. 16 that the shearing stress is uniformly distributed over the web only, 
and the shearing deflection computed accordingly. 

A useful comparison of the deflections resulting from flexure and shear, made 
by R. Fleming in Engineering News-Record , May 27, 1920, is reproduced in 
Table 9 with some modifications and additions. The deflection due to shear was 
computed for uniformly loaded beams by the formula 

mi 
^ “ 40 EM 

and for the centrally loaded beams by the formula 

m 

- 20 EM 

In these expressions 

W = total uniformly distributed load. 

P = concentrated load at center of span. 

I = span in inches. 

E 9 = shearing modulus of elasticity (= 12,000,000 lb. per sq. in.). 

d = depth of beam. 

t = thickness of web. 

An examination of the last column of Table 9 shows that for very short spans 
— five or six times the depth of the beam — loaded to capacity in bending, the 
deflection due to shear may be between 30 and 50 per cent of that due to flexure. 
It is relatively more important for beams carrying concentrated loads than for 
those carrying uniformly distributed loads. For beams with a span of from 20 
to 24 times the depth (a ratio that is likely to be closely approached in most 
designs), the shearing deflection is in the neighborhood of 2 or 3 per cent of the 
deflection due to flexure. It is therefore evident that only for short spans loaded 
to capacity in bending is there necessity of taking the shearing deflection into 
account. Should it be desired to include it, for spans of ordinary proportion a 
. close approximation to the total deflection may be made by increasing the deflec- 
tion due to flexure by a percentage taken from Table 9, interpolating if necessary. 
Another method of taking account of the shearing deflection is to compute the 
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Table 9. — Relation of Shearing and Flexural Deflections for Simply Sup- 
ported Rolled I-sections. / « 16,000 lb. per sq. in. 1 


Section 

(in.) (lb.) 

Span 

(feet) 

Ratio of 
depth 
to span 

Total 

load 

(pounds ) 

{Distribu- 
tion of 
load 

Deflec- 
tion 
due to 
flexure 
A, 

(inches) 

Deflec- 
tion 
due to 
shear 

A. 

(inches) 

100A* 

A / 

(per 

cent) 

Standard 

I-beams 








8 X 18.4 

5 

1 

7 5 

30,300 

Uniform 

0.050 

0.011 

22.0 

8 X 18.4 

10 

1 

15 

15,150 

Uniform 

0.200 

0.011 

5.5 

8 X 18.4 

15 

1 

22.5 

10,100 

Uniform 

0.449 

! 

0.011 

2.5 

8 X 18.4 

5 

1 

7 5 

15,150 

Middle 

0.040 

0.011 

27.5 

8 X 18.4 

10 

1 

15 

7,600 

Middle 

0.160 

0.011 

6.9 

8 X 18.4 

15 

1 

22,5 

5,050 

Middle 

0.359 

0.011 

3.1 

12 X 31.8 

5 

1 

5 

76,700 

Uniform 

0.033 

0.014 

42.5 

12 X 31.8 

10 

1 

10 

38,350 

Uniform 

0.133 

0.014 

10.5 

12 X 31.8 

20 

1 

20 

19,175 

Uniform 

0.534 

0.014 

2.6 

12 X 31.8 

5 

1 

5 

38,350 

Middle 

0.027 

0.014 

5-1.9 

12 X 31.8 

10 

1 

10 

19,175 

Middle 

0.107 

0.014 

13.1 

12 X 31.8 

20 

1 

20 

9,580 

Middle 

0.427 

0.014 

3.3 

20 X 65.4 

10 

1 

6 

124,700 

Uniform 

0.080 

0.019 

23.8 

20 X 65.4 

20 

1 

12 

62,350 

Uniform 

0.321 

0.019 

5.9 

20 X 65.4 

40 

1 

24 

31,175 

Uniform 

1.281 

0.019 

1.5 

20 X 65.4 

10 

1 

6 

62,350 

Middle 

0.064 

0.019 

29.7 

20 X 65.4 

20 

1 

12 

31,175 

Middle 

0.256 

0.19 

7.4 

20 X 65.4 

40 

1 

24 

15,580 

Middle 

1.024 

0.19 

1 9 


1 For actual deflection where / - 20,000, multiply by 
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deflection due to flexure by using a value of the modulus of elasticity somewhat 
lower than the usual value assumed, say from 10 to 25 per cent. 

Since for beams of the usual depth ratios the shearing deflection is relatively 
small as compared with that due to flexure, the shearing deflection may with 
sufficient accuracj- be calculated on the assumption that the shearing stress is 
uniformly distributed over the web and is entirely borne by the web. Regardless 
of the stress f used in Table 9, the ratios in the last column remain the same. 

196. Beams with Variable Section. — In computing the deflection of 
reinforced steel beams, account must be taken of the fact that the moment of 
inertia is not constant throughout the length of the beam. For such cases 
the total deflection may be computed by summing a number of partial deflections. 
The beam is first divided up into a number of short segments, so chosen that 
any abrupt changes in sectional area or moment will take place at the dividing 
lines between segments. If E be constant, the deflection due to flexure only is 
found by applying to the whole reinforced beam the summation 

1 M 

A - | 2 ~ ( m)(dx ) 


In this expression, 

A = required maximum deflection. 

E = modulus of elasticity. 

M = bending moment at the center of any segment distant x from a support 
for simply supported beams and from the free end in the case of cantilevers. 

I = moment of inertia of the beam at the center of any segment. 
m = bending moment at center of any segment due to load of 1 lb., acting at 
the point where the deflection is required. 
dx — length of any short segment. 





| 
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Fig. 16. —Calculation of deflection of reinforced or built-up beam. 


Applying this to a uniformly loaded beam with several reinforcing plates on 
each flange, as shown in Fig. 16, the summation by means of the calculus for the 
entire span gives a deflection of 


wl rh 3 , l 2 * - h 3 


6F Ui 


+ 


+ 


h 3 - h 3 


j- 


w 


r- + ; 

8 E lh + 




-] 


( 1 ) 


where 

w = uniform load per unit of length. 

E = modulus of elasticity of material. 

I * span length. > 

iii h, h *= distances of successive points of change of moment of inertia 
from support* 

1 1 , / 2 , h = moment of inertia of successive sections from support. 
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This formula may be used to cover any number of abrupt changes by the 
inclusion of more terms. 

For purposes of computing deflections, the moment of inertia of the grosB sec- 
tion, which is the predominant section, should be used. 

Computations made for beams of constant depth and section so varied as to 
give constant strength show deflections from 20 to 100 per cent greater than 
for beams with constant moment of inertia. 


Illustrative Problem. — Compute the maximum center deflection of a 25-ft. 12-in., 
31.8-lb. I with one 6 X in. plate, 18 ft. long, riveted to each flange. (See Fig. 9 and 
the problem under Art. 12.) The beam carries a total uniformly distributed load of 900 
lb. per lin. ft. E * 29,000,000 lb. per sq. in. 

The half beam will be divided into two segments, the first of which comprises the 3.5-ft. 
unreinforced portion of the end, and the second the remaining 9-ft. portion of the half 
span. The values of l\ and U are, therefore, 3.5 and 12.5 ft. respectively. 

Moment of inertia of gross unreinforced section, ii * 215.8. 

Moment of inertia of gross reinforced section, /a = 388.2. 

For the case in hand, Formula (1) becomes 



Using the inch as unit of length, and inserting the appropriate numerical quantities. 


(75) (300) 

~ (6) (29,000,000) 


[- (42)8 ( 150)8 - (42)3 

215.8 ^ 388.2 


75 

(8)'(29, 000,000) 


r (42) 4 (150) 4 - (42) n 

215.8 388.2 


= 0.721 in. 


If it be assumed that the gross moment of inertia of the reinforced section applies for 
the whole span, the deflection would be 

. 5 WV 

A - 384 * El 

or, for the beam under consideration, 

5 (900) (25) (300) 3 

a “ 384 ' (29,000,000) (388.2) “ 0,702 m " 

or but slightly less than the deflection found by the correct method. The close correspond- 
ence of these results is due to the fact that the flange plates run nearly the full length of the 
beam and the stresses in the central reinforced section influence the deflection much more 
than those in the unreinforced section near the ends. 

20. Combined Stresses. — Cases frequently arise in practice in which members 
are subjected to flexure and at the same time to an axial tensile or compressive 
force. 1 These are in most cases, however, primarily tension or compression 
members and are discussed as such in this volume. One characteristic case of a 
flexural member being subjected to axial loading is the trussed beam. This 
type of member is discussed in Art. 21. 

21. Trussing of Beams. — If it happens that the heaviest rolled section avail- 
able is not sufficiently strong to carry the stipulated load, and there is no restric- 
tion with respect to headroom, a rolled section may be trussed so as to enable it 
to carry a load. Two common methods of trussing are used, the king-post, Fig. 
17(a) and the queen-post, Fig. 17(6) and (c). With the first, a single strut is 

1 See chapter on “ Bending and Direct Stress" in Sec, I. 
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connected to the primary beam at the center and a rod is carried from the bottom 
of it to each end. With the second, two struts are used, dividing the beam into 
three segments not necessarily equal. The struts may be of angles or castings 
and the ties may be single or multiple rods. Where 
cast struts are used, they may be at right angles to 
the top chord, as in Fig. 17(6), but if angles are used 
they should be battered so as to bisect the angle between 
the horizontal and sloping sections of the tie rod to give 
axial stress only in the struts, as in Fig. 176. 

A common use of trussed steel beams is in roof con- 
struction, as rafters or purlins. If they are used as 
purlins, the bending will not be in a principal plane 
of the trussed section and hence in designing the principles pertaining to unsym- 
metrical bending (Art. 22) must be observed. 

While the accurate design of a trussed beam should be carried out in accord- 
ance with the method of least work, a sufficiently accurate procedure for most 
purposes is to regard the structure as a beam continuous over the struts. This 
involves the erroneous assumption that the beam does not settle at the struts 
with respect to the end supports — an assumption that is, however, justified for 
approximate design. 

In accordance with this assumption, the primary beam is not only subjected 
to the moments and shears existing in a continuous beam of the same number of 
spans as there are panels, but must also resist the axial thrust due to the pull of 
the tie rod. The end connections of this tie should be such that the thrust is 
applied centrically, thus avoiding secondary stresses. 

The approximate method of design outlined above, may best be studied by 
means of an example. 



Fig. 17. — Types of 

trussed beams. 


Illustrative Problem. — An opening of 18 ft. center to center of bearings is to be spanned 
by a beam carrying a total uniformly distributed load of 600 lb. per lin. ft. For this 
situation there are available only minimum weight channels of depths up to 9 in., angles, 
and soft steel rods. There is no restriction as to headroom. Lateral support to the beam 
is afforded at the center and at points 3 ft. from each end. Design a trussed beam to carry 
the load if the permissible stresses are as follows : 

Bending, 16,000 lb. per sq. in. 

Z 2 

Compression on struts, p «• 17,000 — 0.485 ^5 where l * unsupported length and 


r » least radius of gyration. 

Combined compression and bending, p 


22,500 

fa 

1 + 1,8006* 


■' where l 


unsupported length 


of flange and b — breadth of flange. 

Shear, 10,000 lb. per sq. in., gross area of web. 

Tension on soft steel rods, 15,000 lb. per sq. in. 

Bearing, on soft steel, 15,000 lb. per sq. in. 

As only very light channel sections are available, an arrangement will be adopted 
favorable to the primary beam, or what is really the top chord of tne resulting truss* 
Two struts will therefore be used, symmetrically placed and 6 ft. apart at their inter- 
section with the center line of the channels, as shown in Fig. 18, and the depth from the 
center of the top chord to the center of the tie rod will be 2 ft., giving a slope of the end 
sections of tie rod of 1 vertical to 2.83 horizontal, with the struts bisecting the angle between 
the horizontal and inclined portions of the tie rod, which is desirable in order to give only 
axial stress in the struts. 
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Shear . — From the theory of continuous beams, the maximum shear in the top chord 
occurs at the two struts on the sides nearest the end supports and is 

T/ 6 

v “ fo 


where w = total uniform load per unit of length; and p * panel length. 

For this case 

V -= Qjj) (600) (6) - 2,160 lb. 

Assuming one 8-in., 11.5-lb. channel as the top chord, the average shearing stress on the 
web is 

2,160 „ 

Va “ (8) (0.220) ~ 1,230 lb * per sq * m * 

which is very much below the allowed limit. 



Combined Bending and Compression . — For a continuous beam of 3 equal spans, assum- 
ing no restraint at the end supports, the maximum moment occurs at an intermediate 
support and is 



which for this problem becomes 


M = 



(600) (6) HI 2) 


25,920 in.-lb. 


Extreme fiber stress assuming the top chord to be one 8-in., 11.6-lb. channel with a 
section modulus of 8.1 is 


fi 


M _ 2 5,920 
S " 8.1 


3,200 lb. per sq. in. 


Horizontal or axial compression in top chord, neglecting the horizontal component of 
the stress in the strut, 

„ 11 

H *= JqWP cot a, 


where a ** angle of slope with the horizontal of the end sections of the tie rod. 
Numerically. * 

H « (ig) (600) (6) (2.83) = 11,2001b. 

Maximum axial compressive stress, 


/» 


H 

A 


11,200 

3.36 


3,340 lb. per sq. in. 


Total maximum compressive stress, 

f x + ft m 3,200 -f 3,340 * 6,540 lb. per sq. in. 
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Permissible compressive stress on chord 
22,500 

p „ - (ifyi * 17,560 lb. per sq. in. 

1 + (1,800) (2.26f ! 

Since this is a channel instead of an I-beam, the margin of safety may not be so great 
as it appears to be. 

Tie Rod. — Tension in tie rod 

T - yg wp cosec a = (yi) (600) (6) (2.99) = 11,850 )b. 

Required area = 11,850/15,000 = 0.79 sq. in. 

Use one 1-in. rod upset, having an area of 0.79 sq. in. in the body and of 1.054 sq. in. 
at the root of the thread of the l^g-in. upset ends. A turnbuckle will be needed at the 
center of the span for adjustment. 

Struts. — Compression in si ruts, 

P “ (is) wp = (is) (600)(6) - 3,960 lb. 

Assume one 3 X 3 X %6-in. angle, for which 

A = 1.78 sq. in. and least r - 0.59 in. 

Compressive stress = 3,960/1.78 = 2,220 lb. per sq. in. 

Permissible stress, 

p - 17,000 - 0.485- - 17,000 - 0.485 - 16,2001b. per sq. in. 

The outstanding leg of the lower end of the struts will be notched to semi-circular form 
so as to receive the rod. 

Bearing area required for rod, 

. P 3,960 

A “ p - T57»6o “ °' 26 sq - m - 

Area provided * (1.00) (0.3125) = 0.31 sq. in., which is adequate. 

Detail 8 . — Details may be arranged as shown in Fig. 18. The connection of the tie rod 
and the struts to the top chord must be sufficient in strength to transmit the stresses in 
them to the channel. 


22. Proportioning for Unsymmetrical Bending. — Beams subjected to bending 
not operating in the plane of one of the principal axes cannot properly be designed 
by the simple flexure formula 



in which S is the ordinary section modulus about the principal axis most nearly 
at right angles to the plane of loading. Jf, however, the true section modnlus 
applicable under the circumstances be employed, either the maximum stress at 
the extreme fiber or the safe capacity may be computed accurately by the com- 
mon flexure formula. This quantity known as the flerural modulus is, as has 
been shown elsewhere in this volume, 


S' 


Uj, 

I v y sin 6 + I*x cos 


where 


I x * moment of inertia of section about the s-axis. 
I v = moment of inertia of section about the y-axis. 
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x 9 y « coordinates of the most highly stressed fiber. 

6 = angle between the plane of the moment and the x-axis. 


For the purposes of practical design it is 
resolve the moment into two components, paral- 
lel respectively to the two principal axes of the 
section, and then add together the stresses pro- 
duced by them at the critical fiber. The cor- 
rectness of this method of procedure has been 
established elsewhere in this volume. 

A frequent case of unsymmetrical bending is 
that of a beam subjected to both vertical and 
transverse moment, as a floor beam supporting 
a vertical load and at the same time resisting 
the thrust of an arch. Here a resultant oblique 
moment really exists in the form of two principal 
components. Investigation of such a beam 
may, therefore, be carried out as explained 
above. 


more convenient, however, to 



Fig. 


19. — Flexural capacity 
channel purlin. 


of 


Illustrative Problem. — A 6-in., 8.2-in. channel purlin of 15-ft. span with web inclined 
30 deg. to the vertical, as shown in Fig. 19, carries a vertical roof load of 1601b. per lin. ft. 
Express an opinion as to its safety if the permissible stress in bending is 16,000 lb. per sq. in. 
Vertical moment on purlin 

- 54,000 h,-U, 


Component of moment in piano of purlin web, or about the axis of x t 


M x = (54,000) (sin 60°) » 46,800 in.-lb. 

Component of moment at right angles to plane of web, or about the axis of y, 

M y = (54,000) (cos 60°) * 27,000 in.-lb. 

The fiber at point A is evidently the most highly stressed one. Its coordinates are: 
x - 1.4 and y * 3.0. The moment of inertia about the ar-axis is 7* * 13.0 and about the 
{/-axis it is I v ** 0.70. Resultant fiber stress at point A is therefore 


/» +/* 


MxV MyX 
Is + Iy 

(46,800) (3.0) , (27,000) (1.4) 
133 + 0.70 

10.800 + 54,000 

64.800 lb. per sq. in. 


The purlin is therefore stressed to its ultimate strength. By supporting it laterally at 
short intervals the stress fy could be greatly reduced and the resqltant stress/* + f y brought 
within the safe limit. 

Had the loading been assumed as acting in the plane of the web, as is sometimes errone- 
ously done, the fiber stress obtained would be 12,470 lb. per sq. in. The stress calculated 
in this manner may, therefore, give no real indication as to the actual existing stress. 

p Illustrative Problem* — A floor beam of 18-ft. span, consisting of one 12-in., 31.8-lb. 
I, carries a total uniformly distributed vertical load of 900 lb. per lin. ft. and a resultant 
horizontal arch thrust of 500 lb. per lin. ft. If the beam is divided into three 6-ft. segments 
by tie rods, as shown in Fig. 20, find the maximum fiber stress, assuming perfect lateral 
restraint at the points of attachment of the tie rods. 
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Section modulus S x , of 12-in., 31.8-lb. I about x-axis (normal to web) - 36.0, and sec- 
tion modulus about axis lying in center of web, S t — 3.8. Flange width «■ 6 in. 

Vertical moment at center of span, 


M* 


wl* (900) (18) s ( 12) 

8 ~ 8 


437,400 in.-lb. 


Horizontal moment at center of span, 

__ ts* (500) (6)^12) 
M * = 24 = - 24 “ 


9,000 in.-lb. 


where t -» lateral thrust per lm. ft., and 8 = spacing of the rods. 
Maximum fiber stross on fiber at A or B , at center of span, 


fm 


Ms My 437,400 9,000 

Sm + S v “ ' 30.0’ + 3.8 


11,540 lb. per sq. in. 


Vertical moment at a tie-rod connection, 

M x ' = 14 wU - H ws* - V 2 (900) (18) (6) - 1 ^(900)(6) 1 
- 32,400 ft.-lb. = 388,800 in.-lb. 


Horizontal moment at the rod connection, assuming perfect restraint, 


MJ = 


t8* 

12 


(500) (6) 8 (12) 
12 ” 


= 18,000 in.-lb. 


Maximum fiber stress on fiber A' or B\ at tie-rod connection, 

/ / . Mjl 388,800 18,000 

fn ~ Sx + By ~ 30.0 + 3.8 
= 15,530 lb. per sq. ill. 

The beam is, therefore, more seriously strossed at the tie-rod connections than at tho 
center. 


23. Proportioning for Torsion. — Wherever beams are curved horizontally or 

are of such shape in plan that the ap- 
plied loads do not lie on a straight line 
joining the two supports, a torsional 
moment is set up. 

A typical case of this kind is the 
circular girder supporting an elevated 
tank. The arc of the girder between 
two adjacent posts must withstand a 
torsional moment of the magnitude 
that may be computed by the meth- 
ods explained in discussions of ele- 
vated tanks. 

If long, flexible beams connect to 
one side only of a girder, the girder is 
thereby subjected to torsional stresses 
which in severe cases should be in- 
vestigated. A girder with a narrow 
flange, such as a single channel, is 
likely to be highly stressed in torsion. 
The torsional moment produced in a girder by a beam attached to it by a 
web connection may be considered as equal to the moment of restraint 



* g 


t*500/b per ft 




. 20. — Floor joist subjected to vertical and 
horizontal moment, 
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of the beam at the end. While such moment of restraint is disregarded in fixing 
the section of steel beams, the practice is common to assume that there is a 
moment of restraint that offsets the apparent moment of eccentricity in the end 
connection and renders it necessary to proportion the rivets through the beam 
web for direct shear only. Based on the character of the end connections of the 
beams framing into the girder subjected to torsion, an estimate may be made of 
the probable torsional moment applied at each loading point. Such torsional 
moments may be regarded as divided between the two segments of the beam on 
the two sides of the loading point in the inverse ratio of their length. With two 
symmetrically-applied torsional moments, there will be equal torsions in the two 
end segments and zero torsion in the center segment. 

In determining the maximum existing torsional shearing stress on the cross 
section of an I-beam or channel section, it is incorrect to assume that the common 
torsion formula for circular shafts applies. 

This formula is 

8 _ T 

c J 

where q = torsional shearing stress at the extreme fiber. 

c = radial distance from center of gravity of section to extreme fiber. 

T = torsional moment. 

J = polar moment of inertia (see treatise on mechanics). 

Experimental determination of the torsional elastic limit of I-beams indicates 
that this is reached at a torque less than 20 per cent as great as Formula (1) 
would indicate. The relatively thin metal of the web has little torsional resist- 
ance itself and does not effectively prevent the flanges from twisting around 
under a combination of shear and bending. Beams designed for torsion should 
only be proportioned by Formula (1), provided the allowable stress selected is 
not over 20 per cent the usual permissible stress in shear. 

MULTIPLE BEAM GIRDERS 

24. Types and Uses. — Where a single rolled beam or girder with adequate 
bending capacity for the situation in hand is not available, it is frequently advan- 
tageous to use two or more rolled sections placed side by side a short distance 
apart and suitably connected together. Such construction is particularly useful 
for the support of walls, on account of the broad bearing offered for the load. 
The number of sections varies from two or three, used for the support of walls, 
to as many as 10 or 12 in the case of a tier in a grillage foundation. 

While the component sections are frequently of the same type, depth and 
weight, it is by no means necessary that they should be so. If three sections are 
used it may be advantageous to make the outer two somewhat lighter than the 
inner one; or if the latter section be an I-beam, to make the outer two channels 
of the same depth. Characteristic sections for multiple beam girders are shown 
in Fig. 21. Those shown in (a), (6), (c) and (d) are frequently employed for the 
support of walls, beams, and columns, while the use of a large number of sections, 
as in (e), is confined to grillage tiers. Rolled beams in groups of from two to 
four are frequently employed as girders supporting timber decks in railway 
bridges. One group is placed under each rail. Modification of some of the 
types phown by the addition of shelf angles at the bottom is frequently made in 
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order to adapt multiple beam girders to use as lintels or spandrel girders. Exam- 
ples of these are shown in Fig. 24. 

In making up the section of a multiple beam girder, regard must be had to the 
character of the determining stress. If the bending moment is relatively more 
important than th 3 shear, I-beams should be employed, rather than channels, 
since the flexural efficiency of the I-beam is greater than that of the channel, as 
has been pointed out in the discussion of beams, Art. 6. On the other hand, if 
the shear is large enough to influence the design, channels are preferable for 
economic reasons as the amount of shearing area per square inch of total section 
is greater for channels than for I-beams. This latter condition also gives channels 
an advantage in resisting local transverse compression or web crippling. 



ffi H-H 

M (e) 

Fio. 21. — Cross-section of typical multiple beam girders. 


In selecting the sections to be utilized in a multiple beam girder, the bearing 
area that must be provided for the applied load should be considered. For well- 
bonded brick walls, there is no reason why the brick work in a wall of any thick- 
ness likely to be carried on multiple beam girders should not arch laterally over 
the clear space between the flanges of two supporting beams or channels. 

25. Advantages and Disadvantages. — The use of multiple beam girders is 
only advantageous where large flexural strength with small depth is required. 
The broad bearing afforded by such a girder for the support of walls and for the 
transmission of loads to the end supports is also an advantage, as is the consider- 
able lateral stiffness of the combined beam. It is, too, very convenient to be able 
to utilize a series of available light beams for building up a girder for the support 
of heavy loads. 

On the other hand, the use of shallow beams or girders is highly uneconomical 
so far as flexure is concerned, as has been pointed out in the discussion of beams 
in Art. 5. Where the shear is relatively more important than the moment, as 
in short, heavily-loaded tiers of grillage beams, sections of small depth may be 
found more desirable because of their greater aggregate web area. They are 
deficient in vertical stiffness, however, and unless care is taken to limit the ratio 
of span to depth the deflection may be so large as to be objectionable in appear- 
ance or, in the case of foundation girders, to lessen the bearing at the outer ends 
of the beams. In no case should girders of the multiple beam type be used in 
damp situations without being properly protected from corrosion on the interior , 
surfaces. Such protection is naturally afforded by the encasing concrete in 
t grillages, but girders above ground are frequently left without such protection, 
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and from the nature of the construction cannot be inspected or painted after 
erection. 

26. Separators. — In order that the assemblage of sections may act as a unit 
in the support of loads and may possess adequate lateral rigidity, separators of 
various types are employed. These maintain the spacing of the component 
beams, and when loads are not applied equally to all of them should be able 
to distribute it equally amongst the various elements composing the girder, unless 
they are designed for unequal loads. 

Three types, indicated in Fig. 21, are in common use — gas pipe, cast iron, 
and built-up or riveted separators. 

The gas pipe type, Fig. 21 (a) and (e), consists of a series of short lengths of 
gas pipe fitting closely between the webs, with bolts passing through them from 
one side of the girder to the other. The number of tiers of bolts and pipe sections 
used varies with the depth of the girder, but in average practice conforms 
approximately to the following table: 


Depth of Girder 
(inches) 

3-10 

12-18 

20-30 


Number of Tiers 
of Bolts 

1 

2 

3 


Separators of the gas-pipe type are cheaper than any others, but are incapable of 
transferring any load from one beam of the compound girder to another. Wher- 
ever the applied load is known to be equally applied to the component sections 
or where the individual sections are designed for defi- 
nite parts of the load, as in some lintels or spandrel 
girders, gas pipe separators may be used to advantage. 

They are particularly desirable in tiers of grillage 
beams since they do not interfere with the placing of 
the encasing concrete or break it up, as would cast iron 
or built-up separators. The American Bridge Com- 
pany’s standards call for gas pipe separators for all 
girders composed of beams under 6 in. in depth. The 
size of gas pipe and bolts should conform to the size 
of the prevailing rivets in the work. Generally, in. 
bolts and 1-in. gas pipe are used. 

Cast iron separators, Fig. 21 ( b ) and (d), consist of 
cast plates, usually from % to % in. thick, with one 
or two lugs cast on the face of the plates to receive the 
bolts which secure the separator in a transverse po- 
sition between the connected beams. Two types of 
separator are commonly used, (1) a rectangular plate of width such as to 
maintain the component beams at the desired distance apart, and of 
height sufficient to clear the fillets (Fig. 21), and (2) a plate shaped to fit tightly 
against the webs and flanges of the beams (Fig. 22). If the second type 
be made to bear properly against the flanges, it is superior to the first, for 
the transfer of load from one beam to the other would then not depend solely 
upon the shearing and bending value of long flexible bolts, as with gas pipe 
separators. If a load be applied to one beam and not to the other, as in Fig. 22, 



Fig. 22. — Distribution 
of load by fitted cast-iron 
separators. 
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the deflection of the loaded beam causes the top flange to transfer part of the 
load in bearing through the separator to the bottom flange of the other beam. 
With this type of separator, properly fitted, the tendency is for applied loads to be 
equally distributed amongst the component sections if they be of equal stiffness. 
If the sections are of unequal stiffness, the stiffest would receive the greatest 
loads. In situations where distribution of the load by separators is counted 
upon, therefore, cast iron separators of the second type may be advantageously 
employed. They should not be used in grillages for the reasons already given. 

According to the standards given in the handbooks of the steel companies, 
one bolt only may be used in each separator if the beams be not over 10 or 12 in. 
deep. Two bolts are used for beams from 12 to 24 in. deep, and 3 bolts for 
beams over 24 in. The prescribed spacing of the bolts and the dimensions and 
weights of separators and bolts is given in the standards mentioned. The 
width of the separators is so fixed that when they are used with the maximum 
weight of beams for the depth to which they conform, the flanges will clear. 

Built-up separators or diaphragms are employed in situations where very 
rigid bracing is required between the component sections of a girder or where 
provision must be made for distributing unequally applied loads. They may be 
made up of a plate and two or four angles to form a built-up channel or I-section 
with flanges riveted to the webs of the beams, or if the desired spacing of the 
component sections will permit, of a piece of channel or I-beam placed with its 
flanges vertical and in contact with the webs of the connected sections. This 
riveted construction ensures the action of the assembled sections as one unified 
girder. 

While separators serve to stay the top flanges of the component sections of 
the girder to some extent, their effectiveness in this regard, except in the case of 
the shaped cast iron separator, is considerably reduced through the attachment 
being to the web rather than to the flanges. The spacing of separators is there- 
fore generally less than would be obtained by applying such rules as that the 
compression flange of beams must be stayed at intervals of 10 or 20 flange-widths 
if the customary flexural working stress is to be employed. It is good practice 
to place separators at the ends of the girder and at, or near, all points of con- 
centrated loading. In addition they are placed at intermediate points, distances 
apart varying with the depth of the beams. The spacing adopted where the 
position of points of concentrated loading does not determine it, is usually about 
as follows: 


Depth of Gxrdbr 
(inches) 

3-10 

12-15 

18-30 


Spacing of Separators 
(feet) 

3 

4 

5 


27. Proportioning of Multiple Beam Girders. — The design of multiple beam 
girders differs in no way from that of single beams. Having found the maximum 
bending moment and maximum vertical shear, such component sections must be 
selected as will give the desired width for the effective support of the applied load 
and will supply the total section modulus and shearing area required. Deduc- 
tions for any flange holes that may be near the critical section for moment should 
be made as described for beams in Arts. 8 to 11 inclusive, but web holes may be 
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neglected so far as moment is concerned. If a built-up separator chances to 
be at or slightly inside the plane of maximum shear, account may need to be taken 
of the lessened shearing resistance of the web produced by the vertical lines of 
holes. 

In calculating the load for which multiple beam girders must be designed, 
regard must be had to the arching effect of any brick, tile or masonry walls that 
may be supported. Observations of the cracking of such walls above a sup- 
porting girder or lintel that has partially failed, or sagged excessively, show that 
under certain favorable conditions only a relatively small triangular portion 
of masonry is really carried by the girder. The height of this triangle is variously 
assumed as from M to }{ of the span. While the cracks mentioned trend upward 
and inward from the junction of the top of the girder with the faces of the sup- 
port, as shown in Fig. 23, it is more convenient and just as accurate to assume the 
height of the supported triangle as based on the center to center span — the 
span on which the calculation of moments and shears must be based. 



It is only safe to assume the arching effect as relieving the girder of all wall 
load, except the weight of the triangular portion mentioned, (1) when the supports 
are capable of taking thrust in a direction parallel to the girder, or the supported 
wall continues past the supports for some distance, (2) when there is a height of 
brickwork not weakened by openings, for a distance above the girder about equal 
to the span length, (3) when the depth ratio of the girder is large enough to pre- 
vent excessive and disrupting deflection, and (4) when the masonry is well 
seasoned. Under such conditions the area of wall supported may safely be 
taken as contained within a triangle having base equal to the center to center 
span and height above the top of girder equal to H of the span. If the existing 
conditions depart measurably from those outlined, the full height of wall to the 
next support above should be taken. Piers or concentrated loads carried into the 
wall above the opening must be specially provided for. If the loads be relatively 
large, it is not safe to depend much on arch action in the masonry. 

Care must be taken to add to the weight of the wall any floor loads that may 
be carried into it or into the girder direct. 

If the wall above the opening spanned is cut up by windows or other openings, 
the weight of the existing sections of wall must be computed and the point of 
application of such weights carefully determined. 
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Illustrative Problem. — A solid, well-seasoned 13-in. brick wall weighing 120 lb. per ou. 
ft. is to be carried over a clear opening of 17 ft. The wall continues on for some distance 
past the supports on either side. Design a suitable multiple beam girder to carry the wall. 
Permissible stresses in bending and shear = 16,000 and 13,000 lb. per sq. in., respectively, 
the shearing stress to be the average on gross section of the web. Permissible shearing 

V 8,000 

stress to safeguard against web crippling « p * ^ ^ — 

~T~ 


To ensure that the deflection will not be great enough to destroy the arching effect 
which the stated conditions would permit, the depth of beam, assuming the center to center 
span to be 18 ft., should not be less than about (>£4) (18) (12) =* 9 in. 


Weight. of brick work supported, taking the wall as weighing 


ft., is 


W 1 = (18)(££)(130) - 10,630 1b. 



( 120 ) 


130 lb. per 


Moment due to brickwork, allowing for triangular loading, is 


Afl .^- ( 1 M30)( 1 8 ) = 31 , 590 ft -,b. 

Moment due to weight of girder, assuming it to be made up of two 8-in., 18.4-lb. I-beams, 
the whole including gas- pipe separators, weighing 44 lb. per lineal ft., is 

Mi = (>£)(44)(18) 2 - 1,780 ft.-lb. 

Total moment, M, = 31,590 + 1,780 - 33,370 ft.-lb. - 400,400 in.-lb. 

From tables of bending capacity, it is seen that a girder of two 8-in. f 18.4-lb. I-beams 
would have a moment of resistance of 2 X 22,700 = 45,400 ft.-lb. at a fiber stress of 16,000 
lb. per sq. in. A girder built up of two such beams would therefore be much stronger in 
bending than is necessary. Two 10-in., 15.3-lb. channels with a combined bending capacity 
of 35,680 ft.-lb. will be sufficiently strong and weigh less than the I-beams. Two such 
channels spaced 5 in. back to back, as shown in Fig. 21a will be adopted, subject to their 
being adequate in shear. 

Total end shear - H (Wi + Wi) - >£[(10,530) + 18) (44)] « 5,660 lb. 

5,660 

Average shearing stress on webs — v a = (2)(9)(0 24) “ 1.310 lb. per sq. in. The 

girder is therefore evidently ample against both shear and diagonal buckling of the web. 

A single tier of 1-in. gas pipe separators spaced 3 ft. apart, will be used. 

A type of multiple beam girder requiring great care in design is a tier of beams 
in a grillage. In this case shearing and web crippling stresses are likely to be 
very important, if not the determining factor in the design of the tier. The 
compressive stresses in the webs due to the application of heavy concentrated 
loads to the flanges must also be investigated. For a problem of this kind see 
Art. 18* 

METALLIC LINTELS 

28. Types and Uses. — Beams which carry walls over openings and deliver 
their loads to masonry walls or piers rather than to columns are called lintels. 
While structurally simple, their design is rendered somewhat uncertain by differ- 
ences of opinion as to how much of the weight of the wall supported is really 
borne by the lintel, and how much that does go to the lintel is borne by the com- 
ponent sections thereof. The matter of loading from masonry walls has been 
discussed in detail in Art. 27. The clear spans may vary from the width of an 
ordinary window Or door to more than 20 ft. Metallic lintels may be of struc- 
tural steel or of cast iron. 
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29. Steel Lintels. — Some types of structural steel lintels commonly employed 
are shown in Fig. 24. An essential feature of these members is that they must 
be so constructed as to give proper support to every part of a supported body of 
masonry, the bottom of which may be irregular in outline and at different levels, 
as shown in Fig. 24 (e). The support offered may be in part through hook bolts 
or anchors attached to convenient flanges of angles specially riveted to the pri- 
mary elements of the lintel. Several shapes, specially arranged for each par- 
ticular case, are often required for the support of walls with stone or terra cotta 
facing which must be tied in to the mass. 



M (t>) (c) 




(fi> fet 

Fig. 24. — Typical steel lintels. 


In the design of steel lintels the same principles are observed as in the design 
of multiple beam girders. The angles riveted to the sides of primary shapes, 
as in Fig. 24 (6), (c), and (d), are attached by sufficient rivets to support the 
column of masonry bearing on them for only a few feet above, or up to such 
height as the projecting masonry may be considered as thoroughly bonded into 
the principal mass and deriving its support therefrom. These angles are not 
regarded as contributing to the flexural strength of the lintel as a whole. Pro- 
vision must be made for any floor loads applied to the lintel or to the wall carried 
by it. 

In fixing the composition and lateral dimensions of the lintel, regard must be 
had to the necessity for supporting the mass of masonry above so that no crabking 
will occur. A continuous surface for the bearing of th,e supported wall is not 
required, as the masonry will arch laterally over a space of several inches between 
the component sections. The shapes employed must not be so shallow as to 
deflect to such an extent as to prove unsightly or cause cracking in the masonry. 
For a discussion of deflection see Art. 19. 

80. Cast Iron Lintels. — Occasionally use is made of cast iron for lintels, 
although much less frequently than some years ago, due to the greater reliability 
of structural steel. Common forms of such lintels are shown in Fig. 25. They 
consist essentially of a flat plate, or soffit, surmounted by a vertical rib or ribs. 
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The number of ribs required will depend on the span and loading. These ribs 
are encased in the masonry or form exposed surfaces which may be ornamented 
(Fig. 25 d and e). While theoretically they should be so proportioned that the 
factor of safety against compression on the upper fibers of the ribs would be the 

same as the factor of safety against 
tension on the lower fibers of the 
soffit, the liability to shrinkage 
cracks at the junction of highly 
unequal masses of cast iron 
prompts designers to use the same 
thickness of rib as of soffit. The 
dimensioned requirements and lim- 
iting deflections also tend to mod- 
ify any proportions that might be 
fixed by the stresses and the prop- 
erties of the material. The re- 


M 


(b) 


(c) 


&) 

Fig. 25.- 


(e) 

-Typical cast-iron lintels. 


cently promulgated New York and Boston building codes both specify that cast 
iron lintels shall not be less than J 4 in. thick and shall not be used for spans 
exceeding 6 ft. 

In calculating the capacity of cast iron lintels, account should be taken of the 
fact that the flexural capacity may be fixed by the tensile or the compressive 
stresses on the corresponding extreme fibers. However, with ordinary propor- 
tions the capacity is much more likely to be limited by tensile than by compres- 
sive flexural stresses. 

Typical permissible working stresses for clean, tough gray cast iron are those 
prescribed in the New York building code, namely: bending on extreme com- 
pressive and tensile fibers = 16,000 and 3,000 lb. per sq. in., respectively; 
shear = 3,000 lb. per sq. in.; tension = 3,000 lb. per sq. in. 

Due to the lack of symmetry of the section in a vertical direction, it is neces- 
sary to find the center of gravity of the section preliminary to finding the moment 
of inertia. The procedure to be followed in fixing a typical lintel section is one 
of trial and error — that is, a section is assumed and its capacity found. If it is 
inadequate, the section is increased until it is sufficient to carry the specified load. 
The method is best elucidated by an example. 


Illustrative Problem. — Find the total safe uniform load for a cast-iron lintel of 6-ft. 
span, center to center, having the section shown in Fig. 20, if the permissible stresses in 
flexure on the extreme compressive and tensile fibers are 16,000 and 3,000 lb. per sq. in. 
respectively, and in shear 3,000 lb. per sq. in. 



<r 
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Fig. 26. — Design of a cast-iron lintel. 

To find the center of gravity of the cross section — that is, the position of the neutral 
axis— it is convenient to take moments about the center line of the ribs. The calculations 
are then as follows: 
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Part Abba Arm Statical Mombnt 

3 webs 15.0 0 0 

Flange 24.0 -3.0 -72.0 

39.0 -72.0 


Position of center of gravity below center lino of webs « 7 %g = 1.85 in. 

Moment of inertia of 3 webs about the neutral axis, or the gravity axis of whole section 
* 3(/ 0 + A y0 >) - 3[(H2)(1)(5) 8 + (5) (1.85) *] - 82.5. 

Moment of inertia of flange about neutral axis = [(H 2 ) (24) (l) s + (24) (1.15)*] * 33.8. 

Total moment of inertia = 110.3. 

Section modulus, S e , with respect to extreme compressive fiber = 116.3/4.35 =» 26.7. 

Section modulus, St, with respect to extreme tensile fiber = 116.3/1.65 - 70.4. 

Safe resisting moment based upon permissible extreme fiber stresses in compression 
and tension is (26.7) (16,000) - 427,000 in.-lb. and (70.4) (3,000) « 211,000 in.-lb. 
respectively. 

The safe capacity is, therefore, dependent on the tensile stress in flexure ^nd the total 
safe uniform load is 

23,400 1b. 

I ( 6 ) ( 12 ) ' 

To facilitate the selection of cast iron lintel sections, tables may be prepared 
giving the properties of all sections likely to be employed. 

BOX GIRDERS 

31. Types and Uses. — In situations where a broad, comparatively shallow 
beam of great strength is required, such as for the support of walls or columns, and 
a multiple beam girder of sufficient capacity cannot be devised, resort is had to 
the box girder. This may consist of two or more rolled beams or channels 
arranged as in a multiple beam girder, with cover plates on their flanges, or it 
may be composed of an assemblage of built-up channels or beams with cover 
plates, as shown in Fig. 27. 

The form of section adopted depends on the character and magnitude of the 
load carried. For moderate 
wall loads and for spans of such 
length that the design depends 
on bending moment rather than 
on shear, the sections shown in 
Fig. 27 (a) and (6) utilizing 
channels and I-beams are satis- 
factory. By the use of the 
deeper and heavier I-beams, 
reinforced by one or more cover 
plates, a large moment of resist- 
ance may be developed with 
comparative cheapness. As Fig. 27. — Cross-sections, of typical box girders, 
has been pointed out in Arts. 6 

and 24, the use of I-beams is preferable where the predominating stress is flexural, 
but where shear and web crippling are determining factors, channels may be 
employed to advantage. In the latter case, the girder sections shown in Fig. 27 
(a) and (c) are suggested. 

If the situation calls for a special depth that cannot be made up by the use of 
reinforced rolled sections, or the required resistance cannot be readily developed 
in that manner, built-up channels or I-beams, as shown in Fig. 27 (e) and (/), are 



n n m 

M to & 



232 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 2-32 


employed with the necessary number of cover plates. By this method it is 
possible to place the material where it will be most effectively used for moment 
and shear. Only one angle can be employed to connect the cover plates to the 
outer webs of the girder shown in Fig. 27 (/), since, unless the girder is large 
enough to allow a man to crawl through it, the riveting to the inside angles 
could not be done. The flanges are riveted to the center web before the center 
webs are assembled in place. 

It is with the object of resisting very heavy shears, rather than moments, that 
the sections with three webs, Fig. 27 (c), (d), and (/), are employed. Within 
certain limits, an increased bending moment might be met by increasing the 
number or thickness of the flange plates, but for increased shear, additional webs 
or thicker ones must be used. If the load applied to the top flange, or cover 
plates, be uniformly distributed laterally, it is reasonable to assume tliat, for & 
section such as (d), the three I-beams would bear the load equally, if they are of 
equal strength and stiffness. If the outer ones are lighter, or if the section be 
as in (c), with channels on the outside, the lesser stiffness of the outer component 
parts would, under the same load as could be borne by the center section, bring 
about a greater yielding in them and a transfer of a larger proportion of the load 
to the center section. Consequently, it is common practice to make the center 
web of girders of the type of (/) twice the thickness of each of the outer webs. 
Two angles at both the upper and the lower edges of this web are needed to receive 
and transfer the flange stress that is passed on to them by the web. Under the 
above assumption, it is reasonable to assume that one-half the cover plate area 
is tributary to the center web and one-quarter to each of the outer webs. Since 
the center web is also twice as thick as the side webs, the values of the flange 
rivets through it will be twice as great as for those through the outer webs. It is 
thus possible by this arrangement to keep the rivet spacing equal in the inner 
and outer flange angles. 

It is desirable to keep the composition of the flanges practically alike so that 
the neutral axis may not be in any case far from the center of the webs. By so 
doing the nvet spacing may in general be made the same in the two flanges. 

32. Advantages and Disadvantages. — The advantages and disadvantages of 
box girders are the same as those pertaining to multiple beam girders. They 
give high strength with shallow depth; they afford broad bearing for applied 
loads and at the supports; and they are stiff laterally. On the other hand, 
they are uneconomical of material; their pound cost is greater than for single 
or multiple rolled sections because of the extra work of fabrication involved; 
they lack vertical stiffness because of their small depth; and they are subject to 
corrosion on the interior faces in damp situations. 

Box girders are superior to multiple beam girders because of the better tie 
between the compression flanges and the better bearing for the applied load. The 
rigid connection of parts reduces the tendency to flange buckling and increases 
the factor of safety in compression. 

33. Proportioning for Moment. — Whether a box girder consists of rolled 
beams or channels with flange plates riveted thereto, Fig. 27, (a), (6), (c) and (d), 
or of an assemblage of plates and angles, Fig. 27 ( e ) and (/), it should, because of 
the rigid attachment of the parts to each other, be regarded as essentially a 
built-up beam. Its moment of resistance, or capacity to resist bending moment, 
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should, therefore, be computed from the common flexure formula, f/c «■ M/I, or 
M = fl/c. This necessitates the computation of the moment of inertia, I, of the 
section, unless this fortunately chances to be listed in available tables, as in 
those given in Cambria Steel. 1 Because of the innumerable combinations of 
shapes and plates worked into box girder sections, the properties of the particular 
section most suitable for the work in hand are frequently not listed and so must 
be specially determined. 

It is of great advantage to use an approximate method of design at times, 
particularly in making rough estimates or in making the first trials for an exact 
design. For such purpose the approximate method of designing plate girders 
(Art. 44) may be used. If the box girder be much over 3 ft. deep, such a method 
may be sufficiently accurate for final design. 

Handy tables on box girders in Cambria Steel are based on unit stresses of 
15,000 lb. per sq. in. Capacity tables iq# riveted beam girders in “Carnegie 
Pocket Companion” are based on 16,000 lb. per sq. in. Tables on plate and 
angle girders in “Steel Construction” (A.I.S.C.) can be adapted to the design of 
box girders. Moments of inertia and section moduli are given for both gross and 
net flange area. 

In making exact designs by what is called the “moment of inertia” method, no 
reduction in section modulus need be made for any type of beam on account of 
holes in the tension part of the section. The neutral axis of a box girder, there- 
fore, lies somewhat above the center of gravity of the gross section, if the flanges 
have the same gross area, but for the reasons set forth in Art. 7, the shift can- 
not be so great as consideration only of the net area through the weakest section 
would indicate. In view of the uncertainty as to the exact position of the 
neutral axis, and in view of the simplification of work introduced by computing 
the net section modulus with respect to the neutral axis of the gross section, this 
method will be adopted, the results being corrected as recommended in Art. 10 
to compensate for the error in the assumption of the position of the neutral axis. 
For further substantiation of the percentage corrections specified in the latter 
article, see the second problem under Art. 37. 

For girders with heavy flanges so supported laterally that no allowance need 
be made for flange buckling, it is desirable to make the net area of the tension 
flange as nearly as possible equal to the gross area of the compression flange, which 
means that the gross area of the tension flange must be greater than the gross 
area of the compression flange. By so doing, the neutral axis is kept practically 
at the center line of the webs, thus improving the flexural efficiency of the girder 
and making it possible to keep the rivet spacing in the tension and compression 
flanges equal (except for local transverse loading). An approximate compensa- 
tion for the loss of section due to rivet holes on the tension side may be made by 
adding to the cover plates on the tension side sufficient ’area to offset the rivet 
holes in the flange material. The high working stress of the material added 
to the plates will roughly offset the neglect of any web holes. 

In the computation of net section modulus of box girders built up with rolled 
sections as their primary component parts, such as shown in Fig. 27 (a), (b), (c) 
and (d), the work may be carried out by making use of Table 3. To the net 
section modulus in the compound section of the beams or channels employed, 

1 Out of print. 
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based on the stationary axis theory, may be added the net section modulus of 
the added plates, deducting holes for the plates on the tension side only. The 
sum may then be reduced by the appropriate percentage to compensate for the 

erroneous assumption of fixed neu- 



Fig. 


28. — Section modulus of compensated 
built-up box girder. 


tral axis. 

Illustrative Problem. — Calculate the 
net section modulus of the compensated, 
3-web, built-up box girder section shown 
in Fig. 28, assuming that rivet holes are 
to be deducted on the tension side only 
and that the neutral axis is at the center 
line of the webs. Rivets Ji in. and 
rivet holes 1 in. diameter. 

In finding the net moment of inertia 
of the compensated section, it is con- 
venient to tabulate the quantities as done 
in Table 10, the gross areas being taken 
first and the moment of inertia of the 
holes being listed below. The moment 
of inertia of the holes about their own 
gravity axes is neglected, since it is rela- 
tively too small to affect the result ap- 
and areas of holes “minus.” Distances 


preciably. Areas of metal are marked “plus’ 
above and below the assumed neutral axis, which is at the center lino of the webs, are “ plus” 
and “minus” respectively. The summations at the foot of the second, fourth, fifth and 
sixth columns are algebraic. The summation of the fourth and fifth columns when added 
should equal the summation of the sixth. 

Net section modulus of girder = net moment of inertia divided by the distance from 
the assumed neutral axis to the extreme fiber, which in this case (because of the thicker 
flange plates on the tension flange) is to the extreme tensile fiber. 

Hence 


« _ I _ 27,028.5 
c 15.75 


1,717 


Table 10. — Net Section Modulus op Compensated Built Up Box Girder 


Part 

Area of 
part 
(sq. in.) 

Distance (j/o) 
from assumed 
neutral axis 
to gravity 
axis of 
part fin ) 

Moment of 
inertia (Jo) of 
part about its 
gravity axis 
(in. 4 ) 

?*■ 

^ * 

I *= Jo 4* At/d* 
(in. 4 ) 

3 webs 

4- 42. CO 

0.0 

4-2,744.0 

0.0 

4- 2,744.0 

4 top angles 

+ 28.44 

4-12.52 

4- 96 8 

4- 4,460.0 

4- 4,556.8 

4 bottom angles 

4* 28.41 

-12.52 

4- 96.8 

4- 4,460.0 

4* 4,556.8 

3 top covers 

+ 36.75 

4-14.91 

4- 5.3 

4- 8,175.0 

4- 8.180.3 

3 bottom covers 

4* 42.00 

-15.00 

4* 7.9 

4- 9,450.0 

4- 9,457.9 

3 Holes A 

- 1.50 





3 Holes B i 

- 1.50 

— 3.25 


- 15.0 

- 15.9 

3 Holes P, ( 

— 1.60 

— 6.50 


- 63.4 

- 63.4 

3 Holes D ... 

- 4.ro 

-11.75 


- 553.0 

- 553.0 

4 Holes E 

- 8.50 

-14. C9 


- 1,835.0 

- 1,835.0 


4*160.63 


4-2,950.8 

4-24,077.7 

4-27,028.5 


As compensation has been made by the extra thickness of the flange plates on the ten- 
sion flange for the loss of section occasioned by rivet holes on the tension side of the neutral 
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axis, no correction need 1)6 made because of the assumption that the neutral axis is at the 


ep/fiftes /G**i" 


/Veutrvrn 


center line of the webs. 

Illustrative Problem. — Find the total 
safe uniformly distributed load that may be 
carried by a box girder of 21-ft. span of the 
form shown in Fig. 29, consisting of one 15- 
in., 65-lb. I, two 15-in., 33.9-lb. channels, 
and two 16 X %-in. flange plates on each 
flange. If %-in. rivets are used, and two lines 
are employed in each flange of the I-beam in 
addition to one line in each flange of the 
channels, compute the effective section mod- 
ulus of the combined section, assuming the 
neutral axis as at the center of gravity of the 
gross section, and correcting the result as ex- 
plained in Art. 10 . / = 16,000 lb. per sq. in. Fl °- 29.— Capacity of rolled 

Gross moment of inertia of one 15-in., gir er * 

65-lb. I and two 15-in., 33.9-lb. channels about their own gravity axes 
(2) (312.6) = 1,257. 



£ plerfes tG'xtf 

Capacity of rolled shape box 
girder. 

■ own gravity axes =* 632.1 + 


Gross moment of inertia of two pairs of 16 X in. flange plates 


-m 


(16) (0.75) 3 + (12.0) (7.875) 2 « 1,490 


Total gross moment of inertia = 1,257 + 1,490 = 2,747. 

I of two Jtj-in. diam. holes through tension flange of beam and flange plates, if grip of 
beam is % in. = (2) (1.63) (0.88) (7.44)2 = i 58 . 

I of two holes through channel flanges and plates = (2) (1.38) (0.88) (7.56) 2 = 138. 

Total / of 4 holes = 296. 

Net I of entire section = 2,747 — 296 * 2,451. 

Net section modulus » 2,451/8.25 = 297. 

This corrected by the coefficient 0.95, as recommended in Art. 10, is (0.95) (297) * 282. 

Hence total safe uniformly distributed load 

8 Sf (8) (282) (16,000) 11 . nnnl , i 

W “ ~l ( 21 ) ( 12 ) 143 - 000 lb ‘ 

34. Length of Flange Plates. — As in the case of rolled beams reinforced for 
bending, discussed in Art. 12, it is possible, if there is more than one plate on each 
flange, to vary the section of a box girder by terminating some of the flange 
plates where they are no longer needed. The theoretical length of any flange 
plate of a uniformly loaded girder is, as was established in Art. 13, 

7 */«? + *a' + * “ • «»' /t \ 


Xn — l 


where x n — theoretical length of the nth flange plate from the outside. 

I = span of girder. 

82 * . . . Sn = section moduli contributed to the total required section 
modulus of the girder by successive pairs of cover plates from the out- 
side beginning with the second plate. 

$/ = section modulus required to be contributed by outside plate. 

S = total required net section modulus of girder. 

In a box girder one cover plate on each flange must run full length to form the 
necessary tie between the main component parts of the girder, and often, in the 
case of the top flange, to receive and distribute the applied load. 

While it is commonly specified that the thinnest of the flange plates shall be 
put on the outside, there appear to be better reasons for placing the thinnest 
on the inside, as pointed out in Art. 46. 
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The practical rule respecting the addition of 9 or 12 in. to the theoretical 
length of the cover plates at each end stated for reinforced beams in Art. 13 
applies also to the box girder. 



Fig. 30. — Graphical determinatioiv of length of flange plates for box girder. 


If the loading on a box girder be not uniform, it is necessary to make use of a 
graphical method for the determination of the length of cover plates. The bend- 
ing moment is computed at critical or determining points and from it the required 
section modulus is derived. A diagram is then prepared for the half span if the 
loading be symmetrical, and for the full span if it be unsymmetrical, showing the 
requirement for section modulus at all points of the span. On this diagram is 
laid off vertically from the base the section modulus provided (1) by the primary 
component parts of the box girder, (2) by each of the successive plates from the 
inside plates outward. The point where the upper horizontal boundary line of 
the rectangle laid off to represent a component part of the girder cuts the curve 
will locate the point of theoretical cut-off for the next (outside) part represented. 

Illustrative Problem. — Assuming that the loading to which the 21-ft. girder of Fig. 29 
is subjected is not uniform, but is as shown in Fig. 30, and that the span is 21 ft., find the 
theoretical and practical lengths of the flange plates. 

The moments and required section moduli at the points of concentrated loading and 
certain intermediate points are as shown in the accompanying tabic. 


Distance of point 
from left support 
(ft.) 

Uniform load 
moment 
(ft.-lb.) 

Moment from 
concentrated 
(ft.-lb.) 

Combined 

moment 

(ft.-lb.) 

Required sec- 
tion modulus 
(in.*) 

2.15 

4,460 

158,500 

162,960 

122 

4.3 

7,895 

317,000 

324,895 

244 

10.5 

12,100 

342,000 

354,100 

266 

18.3 

5,400 

369,500 

374,900 

282 

19,65 

2,900 

185,100 

188,000 

141 


Plotting the required section moduli vertically on a diagram for the full span, Fig. 30, and 
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laying off also vertically the section moduli provided by the primary beam and channels, 
and the successive cover plates, the theoretical required lengths of the plates may be readily 
scaled off. 

In the previous problem on the girder of Fig. 29, the effective section modulus at the 
maximum section was found to be 282. 

The effective section modulus of the beam and channels plus one cover plate on each 
flange needs to be found. 

Gross I of beam and channels = 1,257. 

Gross I of two plates (one on each flange) is approximately (2) (6) (7. 1875) 2 = 620. 

Total gross I = 1,877. % 

I of two holes through beam flange and plate and two through the channel flanges and 
plate 


- [(2) (1.25) (0.88) (7.25) 2 ] + [(2) (1.00) (0.88) (7.75) 2 ] = 115 + 105 * 220. 

Net I of section with two flange plates only = 1,877 — 220 = 1,657. 

Corrected not section modulus = (0.95) (1,657) /7.87S = 199. 

Laying off this distance vertically on the required section modulus diagram of Fig. 30 
and drawing a horizontal line across the diagram, the points of theoretical cut : off are found 
where this line cuts the curve. Since the stress which these outer plates must carry must 
be transferred to them in distances of 4.3 and 2.7 ft.>at the left and right hand ends respec- 
tively, the plates will need to be carried full length to accommodate the necessary rivets. 

36. Stiffeners. — In order that concentrated loads may be transferred to the 
webs of a box girder without exceeding the permissible buckling stress in the 
webs, it may be necessary to use stiffeners, as in the case of beams, Art. 18 . If 
it is not practicable to make the thickness of the webs great enough to obviate 
danger from crippling due to ordinary diagonal compression, stiffeners spaced at 
suitable intervals throughout the length of the girder will need to be used. For 
the principles governing their proportioning and spacing, see Art. 62. 

36. Diaphragms. — To ensure that the principal component elements of a box 
girder act together as a unit and that any excess of loading received by one ele- 
ment is distributed to the others, diaphragms should be inserted at certain points. 
It is not prudent to count on the stiffness of the cover plates in a vertical direction 
to transfer load from one vertical rib to another. Diaphragms are essentially the 
same as the built-up separators, described in Art. 26, being attached to the webs of 
the box girder preferably by rivets, or if such cannot be driven, then by bolts if 
possible. If web stiffeners are used for the girder, the attachment of the dia- 
phragm plates may be to them. If stiffeners are not used, the attachment may 
be by vertical connection angles. 

The difficulty of fastening diaphragms to the webs arises from the fact that 
unless the girder be very large, rivets cannot be driven through the outside webs 
of a three-web girder or through either web of a two-web girder after the flange 
plates are riveted on. For a two-web girder the diaphragms may, in theory at 
least, be riveted to the webs before the flange plates are riveted on, though there 
are shop difficulties entailed by this procedure. For a» three-web girder, the 
cover plates must be connected to the inner web before the outer webs are 
assembled in place, thus making it impossible to rivet the diaphragms to the 
outer webs. One way of overcoming the difficulty is to rivet the diaphragms 
to the inner web, as shown in Fig. 31, and then provide on the inside of each 
of the outer webs (at top and bottom where diaphragms occur), short bracket 
angles “A” between which the diaphragm would fit. Before these bracket 
angles are riveted in place, the diaphragms should be fitted in between them to 



238 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 2-37 


ensure close bearing when the whole girder is riveted up. By this device, the 
excessive deflection of one web with respect to the others could be obviated — 

that is, the load might be distributed trans- 
versely. 

Where the spacing of the girder webs per- 
mits, single pieces of channel run vertically, 
as shown in Fig. 21c, may be used. This is 
usually only practicable for girders composed 
of rolled sections as the primary elements, and 
is not desirable for the heavier girder because 
of the lack of stiffening of the horizontal edges 
of the diaphragm. For such girders, dia- 
phragms with both horizontal and vertical 
edge angles are desirable. The thickness of 
the diaphragm plate is commonly fixed by 
experience, though an indication of a suitable 
thickness may be gained by considering a load equal to one-quarter of the total 
load carried by the girder, divided by the number of diaphragms connecting to one 
outer web as applied at the upper outside corner of each diaphragm. The web 
should then be proportioned by a web crippling formula such as 

p = 15,000 - 150* 

or any other secondary compression member formula. The connection and 
stiffening angles should be ^ 6 in. for the lighter girders and % in. for the heavier 
ones. 

Diaphragms should be placed at all points of concentrated loading to ensure 
the proper lateral distribution of the load. They should be placed also at the 
ends to give lateral support where the web buckling tendency is pronounced, 
and at such other points as they might appear desirable in view of probable 
inequalities of the loading. 

37. Flange Riveting. — A simple but indirect method of determining the 
spacing of rivets in the flanges of a box girder is that followed in the problem on 
the reinforced beam, Art. 14. This consists of finding the difference in total 
stress in the added flange material at two sections, and placing between the 
sections sufficient rivets to develop the difference in stress. The two sections 
may be conveniently taken at the end of the attached flange element and at the 
point of maximum stress therein. For most box girders, such as those with only 
one or two plates of moderate thickness, where the theoretical spacing is much 
greater than would be permissible by the practical restrictions relating to the 
maximum rivet spacing, this method is sufficiently accurate. In computing the 
total stress in the plate, the stress per sq. in. may, without material error, be 
taken as the maximum permissible fiber stress in bending. 

For box girders with relatively heavy flanges, in which the adopted rivet 
spacing will depend on stress conditions rather than on practical rules for maxi- 
mum spacing, it is desirable to employ a more exact method than that described 
in the previous paragraph. Although in the case of deep box girders, the flange 
rivet spacing may be determined by the approximate methods usually adopted 



Fiq. 31. — Distributing diaphragm 
for box girdei. 


Sec. 2-37] DESIGN OF STEEL AND CAST-IRON MEMBERS 


239 


for plate girders (discussed in Art. 61), the generally applicable method is that 
based on the true horizontal shear between faces of connected parts. 

It has been established in Sec. 1, Art. 616, that the intensity of horizontal 
shearing stress at any point in a beam or girder is given by the formula 

QV 

v = -n 

where v = intensity of horizontal (or vertical) shearing stress in lb. per sq. in. 

Q = statical moment of area on either side of the point considered, taken 
about the neutral axis. 

V ~ total vertical shearing force at the section considered. 

I = moment of inertia of the area of the entire section about the neutral 
axis. 

t = thickness of the section at the point considered. 

For a lin. in. of girder the horizontal shearing area = (1 )(t) = t f and hence 
the total horizontal shear per lin. in. is 

QV 
I 


H = vt = 


While the applicability of this formula 
to joints that lie in a horizontal plane is 
clear, it may not be so evident that it ap- 
plies to joints in a vertical plane. For ex- 
ample, let it be required to determine the 
total horizontal shear per lin. in. between 
the web plates of the girder shown in 
Fig. 32 and the flange angles riveted 
thereto. The total horizontal shear be- 
tween that portion of the section which 
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Fig. 32. — Horizontal shear between web 
and flanges. 


lies above the horizontal plane BB ) and the portion lying below it, is obviously 


II B « 


QbV 

1 


Part of H b is borne by the portion of the two web plates above the level BB 
and part by the flange angles and cover plate, the division being on the basis 
of relative statical moments. Consequently if in Qb only the statical moment of 
the angles and cover plate is included, the result Hb will be the amount of total 
horizontal shear between the flange angles and the web plates. 

Having found the horizontal shear per lin. in., H j, between an element of 
the flange which is riveted to the remainder of the girder, the rivet pitch in 
the flange element, provided it does not bear any local transverse load, may be 
expressed by the formula 

where r = safe resistance of one rivet in the situation under consideration. 

Illustrative Problem. — If, at a certain section, the box girder shown in Fig. 28 is sub- 
jected to a total vertical shear of 348,000 lb., And the retired pitch of the rivets in the 
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tension flange. Rivets, % in. diameter. Safe shearing and bearing stresses * 12,000 and 
24,000 lb. per sq. in., respectively. 

Total horizontal shear per lin. in. on planes of contact between web plates and angles of 
tension flange riveted thereto is 



The statical moment of the net area of the tension flange about the assumed neutral 
axis (the center line of the web*) may be readily determined from the figures given for this 
girder in Table 10, p. 234, respecting the moment of inertia of this section. Arranged in 
tabular form, the computation is as below. For this purpose the areas of holes are con- 
sidered negative, but all distances, though measured downward from the neutral axis, are 
taken as positive. From the summation of the last column, the statical moment is seen to 
be 831.8. 



Area of part 

Distance (y 0 ) 
from assumed 

Statical moment 

Part 

neutral axis to 

of part (Ay 0 ) 


(sq. in.) 

gravity axis of 
part (in.) 

(in.*) 

4 bottom angles 

1 

+28.44 

+ 12.52 

+356.0 

3 bottom covers 

+42.00 

+ 15.00 

+630.0 

Part 3 holes (D) 

- 2.50 

+11.75 

- 29.4 

4 holes (JET) 

- 8.50 

+14.69 

-124.8 


+59.44 


+831.8 


Net moment of inertia of section, from Table 10 = 27,028.5. 
Horizontal shear, per lin. in. of girder, transfeired to flanges by web, 


_ (831.8) (348,000) 
Hl " " “27,028.5 


10,700 lb. 


Since the outer webs are each *>ne-half the thickness of the center web, each will be 
assumed as taking one-quarter of the total horizontal shear per lin. in. — that is, 


Hi - (0.25) (10,700) * 2,675 lb. 

The minimum value of one %-in. rivet connecting the flange angles to the center web 
is its single shearing value r - (0.60) (12,000) * 7,200 lb. 

Hence theoretical pitch should be 

r 7,200 . 

p ~ tt, ~ 2,m “ 2 ' 69 in - 


To give a well distributed connection between the web and the flange angles it is best 
to use two gage lines in the vertical legs of the angles, so that the pitch of 2.69, or say 2% 
in., would be a staggered pitch. 

Illustrative Problem. — Determine the necessary section for a symmetrically made up 
double-beam box girder, of the form shown in Fig. 33 (illustrating a girder designed in 
accordance with assumption D), to the data given below under the following alternative 
assumptions respecting allowance made for rivet holes and the position of the neutral axis: 

(A) No deduction for rivet holes; neutral axis at center of gravity of gross section. 

( B ) Rivet holea in both flanges deducted; neutral axis at center of gravity of gross (or 
het) section. 

ip) Rivet holes in tension flange only deducted; neutral axis at center of gravity of net 
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(D) Rivet holes in tension flange only deducted; neutral axis at center of gravity of 
gross section. 


Data. — Span, 22 ft. clear, or 23 ft. 4 in. 
center to center of bearings. 

Section must be not over 23 in. deep or 
over 14 in. wide. 

Load to be 10,270 lb. per lin. ft., uni- 
formly distributed, consisting of 10,000-lb. 
superimposed load and 270 lb. due to weight 
of girder. 

Permissible stresses to be as follows: Bend- 
ing on extreme fiber = 16,000 lb. per sq. in., 
shearing on beam webs = 13,000 lb. per sq. 
in. on gross area. 

Vertical buckling stress on beam webs 




must not exceed p = 24,000 (A.I.S.C.). Fig. 33. — Proportioning of box girder 

R = end reaction of one beam in lb. croas-soction —Design D. 

a — length of bearing in in. 
d ~ depth of beam. 
t = thickness of beam web. 

Rivets «■ in. dia. ; holes for stress calculations =* J j* in. diam. 


Design A 

Shear . — End reaction, or end shear, 

Vi = (>a) (23.33) (10,270) = 119,800 1b. 

Required section for shear = 119,800/13,000 = 9.23 sq. in. 

As the limitation for depth would permit 20-in. beams, it would be in the interests of 
flexural economy to use beams of this depth, although shallower ones with thicker webs 
would be desirable if the shear happened to determine the design. Assume two 20-in., 
65.4-lb. I’s. Shear area provided = 2 dt = (2) (20) (0.5) = 20 sq. in. 

These are, therefore, sufficient. 

Web Buckling . — Existing vertical compressive stress on the web of one beam at the 
support, assuming a 14-in. bearing, 

(i. + f ) i»® 


Permissible buckling stress on web, at toe of fillet = 24,000 lb. per sq. in. 
Hence, assumed section is safe against web buckling. 

Bending . — Maximum bending moment, 


M 


Wl 

8 


(10,270) (23.33) (280) 
8 


8,387,000 in.-lb. 


Required maximum section modulus, 

M 8,387,000 
5 “ / - 16,000 


524 


Assume as section the following: 

Two 20-in., 65.4-lb. I's 
Four 14 X plates, 

arranged as shown in Fig. 33 (which in detail applies only to case D), the outer plate on 
each flange to be cut off at the point where it is no longer necessary. 
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Gross moment of inertia of two 20-in., 65.4-lb. I’a about neutral axis of girder 
- (2) (1169.5) * 2,339. 

Gross moment of inertia of two pairs of 14 X plates, 

Ip • 2(1 o + Ay „*) 

- 2[(K2)U4)0-125 3 ) + (14)(1.125)(10.563 2 )] 

- 2(2 + 1,755) = 3.514 

Total gross moment of inertia * 5,853. 

Gross section modulus provided =* 5,853/11.125 * 526. The section assumed is 
therefore adequate for bending. 


Design B 

Shear and Web Buckling . — The stresses and necessary sections are the same as for 
Design A. 

Bending . — To compensate for the loss of area due to rivet holes in both flanges, assume 
the following section: 

Two 20-in., 65.4-lb. I’s 
Two 14 X j^-in. plates (inside) 

Two 14 X %-in. plates (outside). 

Gross moment of inertia of two I’s = 2,339 in. 4 

Gross moment of inertia of two pairs of plates, each pair comprising one 14 X %-in. 
plate and one 14 X %-in. plate, the thinner plate being on the inside for the reason given 
in Art. 46 , 


Ip - 2[(H2)(14)(1.375 8 ) + (14) (1.375) (10.688 2 )] - 4,404 in. 4 

Total gross moment of inertia = 2,339 + 4,404 - 6,743 in. 4 

Moment of inertia of four %-in. holes through 0.78 4-1.38 = 2.16 in. of metal, neglect- 
ing the moment of inertia of the holes about their own gravity axis, 

Ik = (4) (0.875) (2.16) (10.30) 2 - 803 in. 4 

Net moment of inertia — 6,743 — 803 *= 5,940 in. 4 

Net section modulus =* 5,940/11.375 = 522. 

This is sufficiently near the requirement, -524. 

Design C 

Shear and Web Buckling . — Same as for Design A. 

Bending . — In this case, only the holes on the tension side are to be deducted and the 
neutral axis is assumed to take up a position at the center ol gravity of the resulting net area. 

The ecoentricity, e, or distance of the center of gravity of the net area from the center of 
gravity of the gross area may be readily found by the formula, 



where Qk ** statical moment of the holes deducted, taken about center of gravity of the 
gross section; 

An * net area of whole section. 

For this case assume that the section adopted and the gross area is as follows: 

Two 20-in., 65.4 lb. I’s » 38.16 sq. in. gross 
Four 14 X 5hi-in. plates «* 35.00 sq. in. gross • 

Total gross area * 73. 16 sq. in. 

The statical moment of two holes about the neutral axis of the gross seotion 
Q h * (2) (0.875) (2.03) (10.24) - 36.4 in. 4 
Net area of whole section * 73.16 — (2) (0.875) (2.03) <* 69.60 sq. in. 
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Hence, eccentricity 

36.4 . 

e - so - 0 62 m - 


Moment of inertia, In , of net section about the neutral axis established above may be 
found from 


In ** la + A 0 e 2 — ay 0 8 

where 

I ff = moment of inertia of gross section about neutral axis of gross section. 

A g — gross area of section. 
a ** area of holes deducted. 

y 0 = distance of center of gravity of holes deducted from neutral axis of net section. 
I g , for the present case = 2,339 + 2[(Vi 2 )(14)(1.25 8 ) + (14)(1.25)(10.625 8 )] - 6.297 in.* 

*> 

Ag = 73.16 sq. in. 
e = 0.52 in. 

a = (2) (0.875 X 2.03) = 3.55 sq. in. 
y 0 « 10.24 -f 0.52 - 10.76 in. 

Hence, 


In - 6,297 + (73. 16) (0.52) 8 - (3.55) (10.76) 8 = 5,906 in. 4 


Net section modulus = 5,906/11.77 = 502 in. 3 

As this is somewhat below the requirement, 524, the section will need to be increased. 
Assume that the outer plates are each increased K 6 in* in thickness. The increased 
moment of inertia for the addition to the compression flange is approximately 

I = ( 1 W6)(10.73 + 0.03) 2 * 101.1 in. 4 

The increase in moment of inertia for the added thickness to the tension flange is 

A/' = — — (2) /° : 8 ? g2 (n.77 + o.o3)! _ 306 . 4 


Total increase in moment of inertia = 207.5. 

Total net moment of inertia of increased section = 5,906 + 207.5 * 6,113.5. Hence, 
net section modulus of increased section = 6,113.5/11.83 = 518, which is the nearest 
approach that can be made to the requirement, 524. The outer cover plates will there- 
fore each be 14 X x H 6 in* 


Design D 

Shear and Web Buckling . — Same aB for Design A. 
Bending . — Assume as section, 


Two 20-in., 65.4-lb. I’s 
Four 14 X %-in. plates. 

From Design C\ the gross moment of inertia of this section about the gravity axis of the 
gross section « 6,297 in. 4 

Moment of inertia of two holes about the neutral axis of the gross section (assumed in 
this case as the neutral axis of the girder as built) is 

Ih « (2) (0.875) (2.03) (10.24) 2 - 373 in. 

Net moment of inertia of girder * 6,297 — 373 * 5,924 in. 4 

Net section modulus « 5,924/11.25 « 526. This is adequate. 

Comparison of Designs 

In order to facilitate the comparison of the results reached by designing according to 
the four alternative assumptions respecting the effect of rivet holes, the following table 
has been prepared: 
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Design 

; 

Holes 

deducted 

Assumed position 
of neutral axis 

Net 

I 

(in. 4 ) 

Net 

S 

(in. 4 ) 

i 

Max. 

gross 

area, 

A 

(in. 5 ) 

8 

A 

Belative 

efficien- 

cies 

A 

None 

Center of gravity of gross 








sec non 

5,853 

526 

69.66 

7.55 

1.00 

B 

Two from each 

Center of gravity of gross 


1 





flange 

section 

5,940 

522 

76.66 

6.81 

0.90 

C 

Two from tension 

Center of gravity of net area. 

6,114 

516 

74.91 

6.92 

0.92 


flange 







D 

Two from tension 

Center of gravity of gross 







flange 

area 

5,924 

526 

73.16 

7.18 

0.95 


In the next to the last column of the table is given the amount of section modulus 
developed for each square inch of gross area in accordance with the four basic assumptions 
of design. In the last column the relative efficiencies are given — that is, the relative 
amount of section modulus developed per sq. in. of gross area. From this column it is 
seen that there is a loss of about 10 per cent where all holes are deducted, but only from 
5 to 8 per cent, depending on the assumption respecting the position of the neutral axis, 
when only the holes in the tension flange are deducted. 

The figures given in the table show the possibility of saving time in the design of box 
girders by making the calculation of section modulus by one of the simpler assumptions, 
such as A or D, and then correcting the results in accordance with the actual assumption 
made respecting deductions and position of the neutral axis. For example, if the section 
modulus for a given section were found according to assumption A, reducing it by 8 per 
cent would give the section modulus for the same gross section according to assumption C. 
If the section modulus were found by assumption D, reducing it by 4 per cent would givo 
the section modulus according to assumption C. It is best to base the calculation on 
assumption £>, as the amount of correction is less than required if it is based on method A. 

Illustrative Problem. — Find the theoretical and practical lengths of the cover plates 
for the box girder designed in the last problem, according to assumption B. 

Although the outer cover plates are required for only a fraction of the girder length, the 
inner cover plate on the compression flange must be carried full longth to stay the flanges 
of the beams against buckling and to provide a satisfactory bearing for the applied load. 
While in theory the inner cover plate on the bottom flange may be cut off short of the end, 
it is customary to carry it full length also. This practice has the incidental advantage of 
keeping the neutral axis near the center of the beam webs. 

From Formula (1) of Art 34 , the length of the outer cover plate is given by the formula 



where 

x\ =* the theoretical length of the outer cover plate. 

I « length of span. 

» section modulus required to be contributed to the girder by the two outer covers. 
8 * total required net section modulus. 

Net section modulus of beams with two inner 14 X %- in. cover plates only is found by 
the methods already elucidated to be 328. 

Difference between total required section modulus S and the section modulus provided 
by two beams and the two inside flange plates is 

•i' = 524 - 328 - 196 

Henoe, theoretical length of outer flange plates is 

*i - 23.33 - 14.3 ft. 
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To this length about 2 ft. would be added for the reasons given in Art. 13 , so that the 
plates would bo about 16 ft. long. 

Illustrative Problem. — Determine the rivet spacing in the cover plates of the girder of 
the last problem given the following data: Rivets, ?4 in. diam.; permissible shearing and 
bearing stresses on shop rivets = 13,000 and 32,000 lb. per sq. in. respectively. 

The number of rivets required in each flange from the center of the bearing to the center 
line of the girder is the number necessary to transmit the total stress in the two plates 
from the beams into those plates. 

Since the fiber stress increases uniformly from the neutral axis out to the extreme fiber 
and the thickness of plates on each flange is J-g -J- = 1.38 in., the average fiber stress 

in the flange plates will be 

fa — (16,000) “ 15,000 lb. per sq. in. 

Total stress in two plates at center of girder equals net area of plates multiplied by 
average stress per sq. in. that is, 

P = [(14) - (2) (0.875)](1.38) (15,000) - 254,000 1b. 

Least safe resistance of one rivet is single shearing value, 
r = (0.442) (13,000) = 5,750 lb. 


Number of rivets requned from center of bearing to oentei line of girder, 


.. 254,000 

A “ 5,750 


44.2 


or, say, 23 in each gage line. 

Considering the outer one of the two cover plates alone — that is, the ?£-in. plate — the 
average working stress in it is 


/«' = (10,000) 


/ll.OQX 

Vll.38/ 


= 15,450 lb. per sq. in. 


Total stress borne by one 14 X %-in. plate with two Jg-in. holes out is 


P' = [(14) - (2) (0.875)] (0.75) (15,450) = 142,000 1b. 


Number of rivets required through outer cover plate from its end to center line of girder 


_ 142,000 
" 5,750 


24.7 


or 13 in each gage line. 

The actual spacing should be arranged so as not to exceed 6 in. in either line and so that 
for a distance of about 2 ft. at each end of each plate the spacing is less than this, say 3 or 
4 in. 

PLATE GIRDERS 


38. General Characteristics. — Whenever the situation calls for a beam or 
girder of greater flexural capacity than that of any single rolled beam or beam 
girder available, and the height conditions permit a girder of economic depth for 
bending, a single built-up beam, or plate girder, can be used to advantage. 
Although the pound price of such a girder is greater than for a multiple beam 
girder, or for a box girder utilizing rolled beams or channels for its primary ele- 
ments, the saving in metal due to the use of a more favorable depth generally 
makes the plate girder cheaper for heavy loads. 

Essentially, a plate girder is an I-beam built up of plates and angles, as shown 
in Fig. 34. Unlike the I-beam, which is of uniform section throughout its length, 
the plate girder may be varied in section should such prove desirable. It is, 
for example, easy to reduce the flange section at points where the smallness of the 
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bending moment warrants it, and for very large girders to use a thinner web in 
the region of light shear than in those of heavy shear. 

Like the I-beam, the plate girder developed naturally from the I-shaped cast- 
iron beams and girders that preceded it. An indication of the possibilities of 
long-span built-up girders was given in the successful completion of the great 
Britannia and Conway tubular bridges in Wales, the former containing two spans 
of 460 ft. each, built in 1850. These tubular spans were, in reality, nothing but 
very large box girders carrying the traffic through, rather than on top of them. 
The longest span ever built in single web plate girder construction was a through 
span of 170 ft. in the clear, built in 1864 over the Pilalee River on the Eastern 




B- * i "> ' t = 

Fig. 34. — Typical plate girder. 


Bengal Railway. The two main girders were 13% ft. deep and 22 ft. apart. 
The longest simple plate girder spans in America occur in the double-track bridge 
of the Lehigh Valley Railroad over the Susquehanna River at Towanda, Pa., 
which contains 13 spans of 129% ft., and one of 120 ft. 

Although plate girder spans of 130 ft. or over may thus be successfully built, 
it is usually more economical to employ a truss span for lengths over about 120 
ft. The pound price and the maintenance cost of plate girder bridges is relatively 
low, but beyond the 120-ft. liinit the saving of material in truss spans is likely to 
offset the advantages of plate girder construction. 

39. Composition of a Typical Girder. 

39a. Web. — The primary element in the make-up of a plate girder 
is the web. This may be in one piece if the girder is not over about 30 ft. in 
span, or it may be in several pieces for longer girders. For very long and very 
deep girders, web splices, such as shown in Fig. 34, may be as close together as 
10 ft. due to the difficulties in getting web plates of sufficient width for the depth 
of the girder. 

395. Flanges. — Flange angles are riveted to the upper and lower 
edges of the web so as to add to the flexural capacity of the web, and to these 
angles flange plates are riveted in turn. The most common type of flange is the 
T-flange, consisting of two angles arranged as a T, with or without attached 
plates, as in Fig. 35 (a) and (5). The bottom flange of the girder of Fig. 34 is of 
this type. Angles alone are used for comparatively light girders. 

If more than about 50 per cent of the flange material occurs in the form of 
cover plates, it is customary, if a T-flange is being used, to connect flange plates 
directly to the web by placing them between the flange angles and the web and 
letting them extend past the inner edges of the flange angles. A flange of this 
sort is shown in Fig. 35 (c). 
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If it is desirable to maintain the top surface of the top flange as a plane — as, 
for example, in deck plate girder spans for railway work — a four-angle flang e, 
arranged as shown in Fig. 35 ( d ), may be used to advantage. Although flange, or 
cover plates, are added to a T-flange on the backs of the outstanding legs, they 
are added to a four-angle 
flange in two vertical planes — 1 1| * 
on the outer faces of the ver- M 
tical legs. In either case, 
variation of the flange section 
is easily possible by cutting 
off the flange plates wherever 
desired. If it be desired to 
build up a particularly heavy 

flange, four angles may be Flo . 35.-Typi~a~ for plate girder,, 

used and flange plates may be 

added both in horizontal and vertical planes, as shown in Fig. 35 (/). Some of 
the latter may be placed between the angles and the web, and thus be classed as 
directly-connected material. Where a considerable lateral moment is exerted on 
the flange— as for a crane runway girder — or for any reason especial lateral 
rigidity is required in the flange, a channel with flanges turned down, Fig. 35 ( g ), 
is advantageously employed. 

If the total length of the girder is over about two car lengths, or about 65 ft., 
it is usually necessary to count on splices in the flange, as flange angles in single 
pieces of greater length than mentioned are not likely to be available in the aver- 
age shop. These splices consist commonly of a short piece of angle of appropriate 
section riveted to the spliced flange angle, as described in Sec. 3, Art. 17. 

39c. Stiffeners. — If the unsupported depth of the web exceeds the 
limit mentioned in Art. 42, stiffeners are riveted vertically to the web at intervals 
equal roughly to the depth of the web. These consist usually of a pair of angles, 
one on each side of the web with one line of rivets serving the two. Where the 
top flange is of the four-angle type, as in Fig. 35 (d), (c), and (/), pairs of short 
angles must be used between the upper and lower angles of the top flange to give 
support to the outstanding legs of the upper angles and to help transfer the con- 
centrated applied loads to the web. These short angles should be ground to fit 
at both top and bottom, but the main angles, except in the case of the end ones, 
need to be fitted tightly only at the top. At the ends of the girder two pairs of 
stiffener angles are employed to prevent the web from buckling and to serve in a 
measure as a column for the transfer of the end reaction to the support. Fillers 
are always inserted under these stiffener angles between the flange angles on each 
side of the web to keep the stiffener angles straight. Fillers may be used under 
intermediate stiffeners, but it is generally more economical, particularly for the 
deeper girders, to crimp the ends of the stiffener angles to fit over the flange angles. 

39d. Bearings. — At each end of the girder is a sole or shoe plate 
resting on a bed plate or bed casting. If the span is over about 80 ft. a bolster, 
such as described in Arts. 56 and 59, is generally used between the shoe and the 
bed plates to overcome the tendency of the deflection to produce intensified 
pressures on the supports near the inner edge. Boilers may be used at the 
sliding end of the span, under the conditions described in Arts. 56 and 60. 
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40. Stress Conditions to Be Met. — Like an ordinary beam, a plate girder must 
be secure against failure by flexure, flange buckling, shear or web crippling, and at 
the same time must not deflect to such an extent as to cause damage or unsightli- 
ness to any construction or interfere with the easy operation of moving structures. 
As a plate girder may be built to conform closely to all the stress conditions, unlike 
a rolled beam which must be of some standard cross-section, greater economies of 
material are possible with the use of plate girders than by the utilization of rolled 
beams. 

41. Proportioning for Shear. — Although with a rolled I-beam, investigating 
for shearing stresses is necessary only for short, heavily-loaded spans, with a plate 
girder the design concerns the web quite as much as the flanges. In the latter 

case, the relation of web to flange area is subject to 
almost indefinite variation, while for beams there are 
a few fixed standard proportions, one of which must 
be adopted. 

The general lormula giving the intensity of shear- 
ing stress at any point in a beam, 


discussed in Art. 16, in connection with beams, ap- 
plies to plate girders, as does the common approximate 
assumption that the shearing stress is borne entirely 
by the web and may be considered as uniformly dis- 
tributed over the web. It is, of course, true, as has 
been showrn in the discussion of Art. 16, and in Table 
6 giving the relation of maximum to average shear- 
ing stress in beams, that the above assumptions are 
in error. For plate girders the error is about the same 
as for beams — that is, the maximum shearing stress 
at the neutral axis is ordinarily from 10 or 20 per 
cent greater than that given by the method of average 
stress. As in the case of beams, compensation for the 
error involved is made by selecting a conservative 
working stress, one which at the same time makes provision for the ordinary loss 
of section due to vertical lines of rivet holes. 

Although the effect on the shearing strength of a web plate produced by a 
vertical line of holes filled with rivets is not definitely known, some idea of the 
extreme limit of this effect may be gathered from considering the effect of a verti- 
cal line of open holes. Assume two plates each of thickness t , the first (a) being 
32$ deep and the second ( b ) 64 1 deep, as shown in Fig. 36. Let there be holes of 
diameter 2 1 in each, spaced 8$ apart, center to center. For convenience, let half 
of one hole in each case be deducted at each of the extreme edges. In each case 
the loss of area and the loss of statical moment of half the area about the neutral 
axis is 25 per cent. For case (a) the loss of moment of inertia is 28.2 per cent, 
and for case (5) it is 25.9 per cent. This shows that the reduction in moment of 
inertia of a plate due to punching holes at uniform spacing is very nearly propor- 
tional to the /eduction of area, being almost exactly so for the deeper plates. 
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Since the true shearing stress 


v = 


QV 

It 


and both the statical moment, Q } and the moment of inertia, 7, may be taken as 
proportional to the net area of the plate, the shearing stress will be increased in 
the same ratio as the area is reduced. 

If the actual maximum shearing stress is therefore in excess of the average 
shearing stress on the gross area of the web by, say, 15 per cent on account of 
the error involved in assuming uniform distribution, and this in turn must be 
increased by as much as 25 per cent by reason of holes, the actual stress would be 
44 per cent in excess of the apparent stress. If a girder web is designed, there- 
fore, for an average stress on gross area of 10,000 lb. per sq. in., and allowance 
for the effect of lines of fairly closely-spaced holes must be made fully, the actual 
maximum stress would be over 14,000 lb. per sq. in. With a factor of safety of 
4, the safe shearing stress in structural steel is about 12,000 lb. per sq. in., so that 
the 10,000 lb. on gross area would then be excessive. However, it is probably 
too severe to assume a line of vertical holes tightly filled with rivets as no better 
than a line of open holes for the resistance of shear. It is probably not necessary, 
therefore, to require webs to be designed for an average shearing stress of 10,000 
lb. per sq. in. on net area, although there are cases when 10,000 lb. per sq. in. 
on gross area gives excessive results. 

42. Proportioning for Web Buckling. — Web crippling in I-beams was dis- 

h 

cussed in Arts. 16, 17, and 18. In them the value of j never gets over 70, hence, 


by using a web and length of bearing of sufficient width and length to keep the 
shear stress down to 13,000 lb. per sq. in' and that of compression of the toe of 
the fillet down to 24,000 lb. per sq. in., crippling does not occur. In plate 


girders j may be considerably over 70; hence, the allowable shear stress is reduced 


in accordance with the formula -j = 


/8,Q00\ 2 

(?) 


(see Table 6a). 


In order to show the nature and magnitude of the diagonal compressive 
stresses in typical plate girders, the stresses at various sections of two characteris- 
tic girders, Fig. 37, have* been calculated in the two problems which follow. 
The intensity of the maximum stresses and their direction are computed by the 
appropriate formulas of Sec. 1, Art. 53. 

fm= Hf ± VHP + t> 2 


tan 26 


2v 

f 


The flexural stress at any point on a cross-section has been computed by apply- 
ing to the section the ordinary flexure formula 


/- 


My 

I 


where 

M = moment in inch-pounds 
y = distance of fiber from neutral axis of girder 
/ s* gross moment of inertia of section. 
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The shearing stress was calculated by the exact formula of Art. 16. 

QV 

It 


v = 



Fig. 37. — Diagonal compressive stresses at various sections on typical plate girders. 


Illustrative Problem. — A 30-ft. plate girder consisting of one 36 X Y\ 6-in. web plate, 
four 6 X 4 X %-in. flange angles, and two 13 X %-m. cover plates, 20 ft. long, as shown 
in Fig. 37a, carries a total uniformly distributed load of 5,000 lb. per lin. ft. Find the 
intensity and direction of the diagonal compressive stress at the points indicated in Fig. 
37a at cross sections 1.17, 5, 10 and 15 ft. from one support, neglecting the local effect of 
the application of the superimposed load. 

The bending moments and shearing forces at the section considered are listed in Table 

11 . 

Gross moment of inertia of girder without cover plates ** moment of inertia of web 
+ moment of inertia of four flange angles or 

1 1 - (H 2 ) (0.3125) (36) 3 + 4[(4.9) + (3.61) (17361) - 5,565 in. 4 

Gross moment of inertia of girder with two cover plates, 

7a = (5,565) + (2) (4.875) (18.438)* * 8,880 in. 4 

Applying the flexure and shearing stress formulas to each of the four cross-sections, the 
bending and shearing stresses at the seven stipulated points are calculated. Combining 
them, the intensities and direction of the maximum resultant stresses at the selected points 
are then found. In Fig. 37 a the intensity of the resultant compressive stress at the seven 
points on each of the four cross sections is plotted horizontally to the right of the section, 
and curves drawn through the extremities of the lines so plotted. By scaling off the hori- 
zontal distance from the section plane to the appropriate curve at the level of the point 
considered, the intensity of the maximum diagonal compression at the point may be found. 
The direction of the maximum oompressive stress is indicated for the chosen points on each 
cross-section by arrows to the left of the section. 

Figures for the actual intensity of the diagonal compressive stress are given in Table 11 
in the case of each of the cross-sections for the extreme compressive fiber and for the fiber 
of the web immediately below the inner edge of the flange angles. 
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Illustrative Problem. — A 30-ft. girder made up as for the last problem, but with cover 
plates 27 ft. 8 in. long, carries a 112,500-lb. load at each of two points 5 ft. from the sup- 
ports. The dead weight of the girder is assumed to be included in these loads. Find the 
intensity and direction of the maximum compressive stresses at the same sections and 
points as those selected for the last problem. 


Table 11. — Comparison of Maximum Compressive Stresses at Selected Points 
on Various Cross-sections of Typical Girders 


Sec- 

tion 

Distance 

from 

support 

(ft) 

Moment 

M 

i 

Shear 

V 

Moment 

of 

inertia 

1 

Point on crow-section 

Flexural 

strew 

/ 

Shearing 

strew 

V 

Maxi- 

mum 

com- 

pressive 

no. 

(ft. -lb.) 

(lb.) 

I 

(in. 4 ) 


(lb. per 
sq. in.) 

(lb. per 
sq. in.) 

strew 
(lb. per 
sq. in.) 


Girder with uniform load, Fig, 37 (a) 


1 

1.167 

84,000 

60,200 

5,565 

Extreme compressive 









fiber 

3,320 


3,320 






Web at inside edge of 








2,500 

12,320 

9,625 

5,720 

7,150 

12,320 

11,150 

2 

5.9 

312,500 

50,000 

5,565 



Inside edge of flange . . . 

4,140 

8 

10.0 

500,000 

25,000 

8,880 


12,580 

9,620 


12,580 

10,060 


Inside edge of flange. . . 

2,100 

4 

15.0 

562,500 


8,880 

Extreme fiber 

14,150 

10,830 


14,150 

10,830 



Inside edge of flange. . . 


Girder with two symmetrical concentrated loads , Fig. 37 (6) 

1 

1.167 

131,000 

112,500 

5,565 

Extreme fiber 

4,300 

3,360 


4,300 

11,130 

Inside edge of flange. . . 

9,300 

2 

5.0 

562,500 

112,500 

8,880 

Extreme fiber 

14,150 

10,830 


14,150 


Inside edge of flange. . . 

9,460 

16,310 

8 

10.0 

562,600 

562,500 


8,880 

Extreme fiber 

14,150 

14,150 


14,150 

4 

15.0 


8,880 

Extreme fiber 


u’ 150 






The moments and shears for the sections considered are listed in Table 11. On the 
assumption that the weight of the girder is included in the two concentrated loads, the 
moment increases uniformly from zero at the supports to a maximum at the points of 
loading and in loads. The shear being assumed as zero for this section, the maximum 
stresses are all purely flexural. Diagrams similar to those plotted in Fig. 37 (a) are shown 
in Fig. 37 (5). The intensities of maximum compressive stress for the two points of par- 
ticular interest on each cross-section are listed in Table 11. For simplicity, the maximum 
shear and maximum moment are both assumed to oocur at the center of the concentrated 
load. 


42a. Variation in Web Compression. — Study of the results obtained 
in the last two illustrative problems shows: 

1. That the diagonal compressive stress tends to become measurably con- 
stant throughout the clear depth of the web as the shear becomes relatively 
large and the moment relatively small. 

2. /That the direction of the maximum diagonal stresses tends to become 
approximately at 45 deg. with the neutral axis throughout the clear depth of the 
web, wherever the shear is relatively large and the moment relatively small. 

3. That near the ends of a girder and at points where the shear and moment 
are both large, the diagonal compressive stress in the web immediately inside the 
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inner edge of the flange angles may be considerably in excess of the flexural stress 
at the extreme fiber. Such occurs at sections 1 and 2 for both girders considered. 

426. Thickness Ratio of Web. — Although some provision against 
failure of a girder web by buckling is involved in proportioning for shear accord- 
ing to the usual range of permissible shearing stresses, further limitations must 
often be made. 

To keep the slenderness ratio of a vertical strip of web plate within reasonable 
bounds, it is sometimes specified that the thickness of the web shall not be less 
than K 6 o of the unsupported depth between flange angles or side plates. This, 
for example, is the requirement in Schneider's “ General Specifications for the 
Structural Work of Buildings." The 1938 A.R.E.A. specifies }{ 70 except that 
if the extreme fiber stress in the compressive flange is less than that allowable, 


the denominator may be 


multiplied by 



where p = allowable fiber stress and 


/ = the extreme fiber stress in the flange. For unstiffened web plates the 
“Standard Specifications for Highway Bridges," 1941, requires web plates to be 
made not less than Ho y/D or }{ 7 oD for carbon steel, not less than J-f 7 \/5 or 
Y\^D for silicon steel and not less than Hs y/D or K 30 D for nickel steel, in 
which D = the clear distance between flanges. In most cases a uniform thick- 
ness is used throughout the length of the girder, although for very heavy girders 
an increase of thickness in regions of large shear and diagonal compression is 
adopted. 

A further restriction of the clear length of web plate that may buckle without 
hindrance is imposed by the requirement of intermediate stiffeners under certain 
conditions. If the thickness of web plate is less than Ho or Ho the unsupported 
distance between flanges, stiffeners are commonly specified. These, if spaced 
sufficiently close together, as explained in Art. 62, break up, or limit the length of 
diagonal belts of web, along which compressive or buckling stresses may reach a 
high intensity in regions of large shear, or large shear and large moment combined. 

42c. Limiting Buckling Stresses. — Although the limiting thickness 
ratio of a web may be observed and stiffeners used, dangerous buckling stresses 
may nevertheless arise in the webs at a section of heavy shear, unless the stiffeners 
are closely spaced. The best provision against buckling and crippling is to 
limit the allowable average shear stress to 13,000 lb. per sq. in. and to provide 
stiffeners at bearings and points of concentrated loadings. The A.I.S.C. limits 
average shear to 13,000 lb. per sq. in. The A.R.E.A. allows 12,000 on buildings 
and 1 1 ,000 lb. per sq. in. on bridges. In addition, the A.R.E.A. requires stiffeners 

at bearings and points of concentrated loading; and if j > 60, intermediate 


stiffeners as well at distances not to exceed 72 in. or that given by the formula 
d = — —Oft t when h — clear distance between flanges or side plates. 


From this latter specification the girder shown in the last , problem would not 
meet A.R.E.A. specifications, since - =* 91.3 and there are no stiffeners under the 

load or any of the intermediate type. , ' 

42 d. Proportioning for Diagonal Tension. — As has been pointed out 
in Art. 17, there exist at points below the neutral axis of a simply supported 
beam, diagonal tensile stresses of the same magnitude as those existing at cor- 
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responding points above the neutral axis, acting in a direction at right angles to 
the maximum compressive stress existing at the point on the tension side being 
considered. If the upper half of each diagram of Fig. 37 were turned down about 
the neutral axis as a hinge it would correctly represent the intensity of the maxi- 
mum tensile stresses below the neutral axis. 

In spite of the existence of these high diagonal tensile stresses, however, it is 
usually unnecessary to investigate them, since if the web can safely resist the 
shearing stresses in it, it can safely resist any tensile stresses arising from the 
combination of flexure and shear. This is because the safe strength of steel is a 
third more in tension than in columnar compression. The only exception to this 
condition is for the web fibers immediately inside the inner edge of the flange 
angles in girders with very thin webs. There, as has been already pointed out 
in this article, the maximum diagonal stresses may exceed the maximum flexural 
stress at the extreme fiber. In such cases, the web may need to be reinforced 
along this line of weakness by longitudinal plates placed under the flange angles 
and extending inside them, or by using angles with wider vertical legs. 

Indirectly, some advantage accrues to the compression half of the beam 
through large diagonal tensile stresses, whether brought about by the combina- 
tion of ordinary flexural and shear stresses, or by the application of a concentrated 
load to the tension side. The greater the diagonal tension in the web, the better 
is the web restrained against buckling. Inadequate webs are thus often kept 
from failure in buckling by the existence of excessive tensile stresses. 

The effect of concentrated loads on the web immediately below or above them 
is to increase the maximum diagonal compressive stress already existing. If the 
load is applied above the neutral axis, the diagonal compressive stress of the 
web below is increased; if it is applied below the neutral axis, the diagonal tensile 
stress is increased. On the assumption that the shearing stress is uniformly 
distributed over the web, it may be shown that the intensity of the vertical stress 
on horizontal sections arising from the concentrated load decreases uniformly 
with the vertical distance of the horizontal section from the point of loading. 
If this vertical stress at any selected point be q, the maximum diagonal stress, 
/ w , at this point may be shown to be 

U = \(f + q) + V | (/ - <?) 2 + 

where / and v are the flexural and shearing stresses at the point. 1 The angle 6 
which this total maximum stress makes with the vertical is such that 

2v 

tan 26 = 7 

/ — Q 

Adoption of a given web thickness for a girder is influenced by other factors 
than the capacity to resist shear and crippling without exceeding certain pre- 
scribed stresses. If in order to obtain the required area, a thin web be made 
very deep, the extra width may entail a higher pound cost for the web material. 
In addition, there is considerable risk of damage to thin webs in fabrication, 
transportation, and erection and the percentage loss through corrosion is higher 
than for thicker webs. Wherever an effort is made to utilize a very thin web, 
1 See See. 1, Art. Me. 
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it may necessitate stiffeners so closely spaced as to increase the cost of the whole 
girder materially. 

43* Moment of Resistance, Exact Method. — By reason of the rigid attach- 
ment of the flanges to the web, a plate girder is essentially a built-up beam and its 
moment of resistance, or capacity to resist bending moment, should properly 
be computed from the common flexure formula, / = M/S, or M = Sf. To 
apply this formula accurately, it is necessary to compute the moment of inertia 
of the actual section, if such is not available in tables. However, because of the 
innumerable combinations of plates and shapes worked into plate girder sections, 
the properties of the particular section in hand are often not listed, and hence the 
value of I must be specially determined for the case under consideration. 

In allowing for rivet holes on the tension side of the girder, the same differ- 
ences of practice exist as have been mentioned in connection with the design of 
beams containing rivet holes. Some designers proportion by the moment of 
inertia of the gross section, as is recommended by the American Bridge Co. in 
specifications for steel structures. Some proportion for the gross section on the 
compression side and net section on the tension side and others for the net section 
on both sides. Some assume the neutral axis to be at the center of gravity of the 
gross section and others assume it as at the center of gravity of the net section. 

As has been pointed out in the discussion of the moment of resistance of the 
net section of beams, it is reasonable to assume the gross section as operative 
on the compression side but only the net section on the tension side. While the 
neutral axis is shifted upward a small distance by the holes on the tension side, it 
is more convenient to assume it aB at the center of gravity of the gross section and 
then apply a correction to the net moment of inertia or section modulus to com- 
pensate for the erroneous assumption respecting the position of the neutral axis. 
Since the position of the neutral axis must be somewhere between the gravity axes 
of the gross section and that of the net section, this correction cannot be large. 

Computation of the moment of resistance of a plate girder section is simple, 
once the correct section modulus has been found. The determination of this 
quantity is tedious if the net section is considered, since the holes in the web as 
well as those in the flange must be considered. The necessary operations can 
best be explained by an example. 

Illustrative Problem. — A plate girder section consists of a 36 X %-in. web plate, 
four 6 X 6 X %-in. angles spaced 36% in. back to back, and four 14 X %-in. cover 
plates, as shown in Fig. 38 (6). Holes for %-in. rivets (counted as 1 in. diameter) occur 
in the flanges and web, as shown, those on the compression side not being counted. Com- 
pute the section modulus: (1) Of the gross section; (2) of the section with the holes on the 
tension side only deducted, assuming that the neutral axis is at the oenter of gravity of the 
net section; (3) of the net section as above, assuming the neutral axis as at the center of 
gravity of the gross seotion. 

1. Section Modulus of the Gross Section . — This is found by dividing the moment of 
inertia, J, of the grosB section by the distance, c, from the center of gravity of the gross 
section to the extreme fiber of the outer cover plate. The method has been already illus- 
trated in the problems on box girders. 

Gross I of section: 

Web, (% 2 ) (0.376) (36) 8 - 1,468 ' 

4 angles, 4(I 0 + Ayo*) - 4[(15.4) + (4.36) (16.61)*] - 4,882 

2 prs. plates, Jo being negligible ■* (2) (14) (0.76) (18.628)* » 7,290 

Total I « 13,630 
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Section modulus of gross area, 

S * 13,630/19.0 * 717.6 

2. Section Modulus of Net Section , Neutral Axis at its Gravity Axis . — The distance, e, 
of the gravity axis of the unsymmetrical net section above tho center of gravity of the 
gross section may be found by the formula 


where 


e 


9l 

An 


Qh *■ statical moment of holes about neutral axis of gross section. 
An 1=3 net area of girder section. 



? p/ntes /4*j\ 
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Fig. 38. — Comparison of tho section moduli of typical plate girder sections. 


From Fig. 38 (6), Qh is seen to be 

0.376(0 +3.5 + 7 + 10.5) + (1.125) (15.75) + (2) (1.125) (18.438) - 67.1 

Net area of section = gross area — area of holes on or below gravity axis of gross section 
<** 51.94 — 4.88 ** 47.06 sq. in. Hence 

e = 67.1/47.06 * 1.425 in. 


The moment of inertia of the unsymmetrical net section about its gravity axis may be 
found readily from the formula 

In « I + Ae i - 

where 

I « moment of inertia of gross section about its own gravity axis. 

A * area of gross section. 

e ** distance of gravity axis of not section above gravity axis of gross section. 

Ik! * moment of inertia of holes about gravity axis of net section. 


The latter will, following Fig. 386, be 


0.375(1.425® + 4.925 s +8.425* + 11.925*) + (1.125) (17.175)* + (2) (1.125) (19.863)* 

- 1,313 

Henoe 

In « (13,630) + (51.94) (1.425)* - 1,313 - 12,423 
Section modulus of net section, 


Sn - 12,423/20.425 - 608 Sn/S - 0.848 
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3. Section Modulus of Net Section , Neutral Axis at Gravity Axis of Gross Section . — Net 
moment of inertia of unsymmetrical net section, 

In' - I - Ik 

where Ik ** moment of inertia of holes about gravity axis of gross section.. 

The latter is 

0.375(0 2 + 3.5* + 7 2 + 10.5 2 ) + 1.125(16.75)* + (2) (1.125) (18.438) 2 - 1,108 


Hence 


and 


In' - 13,630 - 1,108 = 12,522, 


S n ' - 12,522/19.0 = 659. S n '/S - 0.92 

Comparing S n and S n r it is seen that Sn/Sn = 0.923. That is, the section modulus 
obtained by assuming the neutral axis to be at the center of gravity of the net section is 
92.3 per cent of that obtained assuming the neutral axis as fixed at the neutral axis of the 
gross section. However, as pointed out in the discussion of beams, Art. 7 , the neutral axis 
probably does not shift to the extreme position of the center of gravity of the net section 
and consequently if the convenient assumption of fixed neutral axis be made the result in 
the present instance need be reduced by not over 5 per cent. 

Computations similar to those in the last problem have been made for the 
three other girders shown in Figs. 38a, c, and d and the results obtained are 
set forth in Table 12. An examination of this table shows that, for the four 
typical girders analyzed, the loss of section modulus under the most serious 
assumption — namely, that the neutral axis is at the center of gravity of the 
unsymmetrical net section — ranges from 12.7 to 17.4 per cent, being greater for 
sections with heavy flanges than for those with light ones. The loss under the 
simpler assumption of fixed axis ranges from 6.5 to 8.3 per cent, being, as before, 
greater for sections with heavy flanges than for sections with light ones. The 
ratio of section modulus determined under the first assumption to that deter- 
mined under the second one varies from 0.90 to 0.934, being lowest for girders 
with heavy flanges. Since the true position of the neutral axis is somewhere 
between the two positions assumed, a reduction factor of K = 0.95 applied to 
Sn will give sufficiently close results for even girders with heavy flanges. 


Table 12. — Moments of Inertia and Section Moduli of Typical Plate Girders 


Girder 

Gross section 

Unsymmetrici 

Neutral axis at gravity 
axis of net area 

l 1 net section 

Neutral axis at gravity 
axis of gross area 

Sn 

Sn' 

Average 
reduction 
faotor “K" 
recommended 
to be applied 
to Sn * to 
give Sn" 

No. 

Fig. 

No. 

I 

S 

In 

Sn 

» 

Sn 

s 

In' 

8m' 

Sn ' 

~s 

1 

38a 

5,810 

318 

5,395 

278 

0.873 

5,430 

298 

0.935 

0.934 

0.95 

2 

386 

13,630 

’ 718 

12,423 

608 

0.848 

12,522 

659 

0.920 

0.923 

0.95 

3 

38c 

19,170 

634 

17,455 

538 

0.848 

17,615 

583 

0.919 

0.924 

0.95 

4 

38d 

40,910 

1,319 

36,347 

1,086 

0.824 

37,401 

1,207 

0.917 

0.900 

: 

0.95 


44. Moment of Resistance, Approximate Method. — To obviate the somewhat 
laborious computation of moment of inertia involved in employing the accurate 
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method for determining moment of resistance, it is customary to employ an 
approximate method giving sufficiently precise results for all but the shallower 
girders. This method is based 
on the concept of the girder as 
a truss. Virtual chord areas 
are determined from the area of 
the girder section and the dispo- 
sition of the material therein. 

Knowing these chord areas and 
the distances between their 
centers of gravity, it is easy to 
compute the moment of resist- 
ance, which is merely the prod- 
uct of the total permissible 
stress in one chord and the 
distance between chord centers. 

Consider the flexure formula 
M —fl/Cj as appliecj to any 
girder section, such as that 
shown in Fig. 39. The mo- 
ment of inertia of the whole 
section is made up of the mo- 
ment of inertia of the flanges 
plus the moment of inertia of 
the web — that is, I = 7/ + 

Let A/ be the net area of one 
flange proper — that is, the 
angles and flange plates riveted 
to the web at one edge as flange 
material; d the distance be- 
tween centers of gravity of flanges, or the effective depth; t the thickness of the 
web plate; and h the depth of this plate. Then, approximately, 

In this expression the moment of inertia of the two flange areas A / about their 
own gravity axes parallel to the neutral axis of the whole girder has been 
neglected, since it is relatively unimportant when compared with the term 



Where cover plates are employed, as in Fig. 39, the center of gravity of the*, 
flange is not far from the edge of the web plate — that is, h — d, approximately. 

d 

If at the same time the distance c be replaced by or in effect the prescribed 

stress / be assumed to act at the center of gravity of the flange, the expression 
for moment of resistance of the entire section becomes, 

f\2A/ (^) 2 +H 2 *d 3 j 
- 

2 



Fig. 39. — Moment of resistance of girder by ap- 
proximate method. 


M 
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or simplifying, 

( 1 ) 

where AJ = id « approximate area of the web. 

Formula (1) is an expression for the moment of resistance of a virtual truss, 
of which the area of one chord or flange is A/ + y$AJ. It is evident, therefore, 
that the web contributes to the moment of resistance an amount equal to that 
which would be produced by concentrating approximately one-sixth of its area at 
the center of gravity of each of the flanges. This amount is commonly known as 
the web equivalent. 

In applying Formula (1), care must be taken to give proper recognition to 
the presence of rivet holes. A/ f the area of one flange, must be the net, not the 
gross area, for while it is customary to make no deduction for holes in the compres- 
sion flange if properly filled with well-driven rivets, the full deduction for a tension 
member must be made for the tension flange. The actual number of rivets to 
be deducted in a given case will depend on the number of rows of rivets in the 
vertical and horizontal legs of the flange angles and the pitch of the rivets. The 
method of computing the deduction will be in accordance with the provisions of 
the specification. It may be that outlined in Art. 65. 

If there be vertical lines of holes in the web, as at a stiffener or a web splice, 
the area of web, AJ, should be taken as the net area through the rivet holes. 
For such girders, it is convenient to make an average approximation of the 
relation of net to gross web area, and base the formula on gross web area. If it 
be assumed that %-in. rivets or 1-in. holes are spaced on an average 4 in. verti- 
cally apart in the stiffeners, the net area of the web is % the gross area, and hence 
H of the net area equals H of the gross area. Formula (1) applied to girders 
with vertical lines of holes in the web then becomes 

M - fd(A/ + XA.) (2) 

where A w = gross area of the web. Some designers permit only Ho or H 2 of the 
gross area of the web to be counted as web equivalent, but as no deduction really 
needs to be made for the compression half, H Is not excessive. 

Formerly, it was common practice to disregard altogether the value of the web 
in contributing to the moment of resistance and require all of the flange area to be 
area in excess of the web. Under such a specification, Formula (2) would become 

M = fdA/ (3) 

The obvious severity of this requirement has led to its abandonment in nearly 
all specifications. 

In computing the moment of resistance of a girder, it is common practice 
to assume the effective depth of plate girders with two T-flanges carrying cover 
plates as the- depth of the web. No appreciable error is involved in such an 
assumption, as will be shown in examples, but the rule does not apply with suffi- 
cient accuracy to girders with four-angle flanges or with T-flanges without cqver 
plates. In these cases the center of gravity of the flange may be several inches 
inside the edge of the web plate, and its position must therefore be specially 
calculated. 
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Since neither the areas of the two flanges nor the permissible stresses in them 
are necessarily equal, the moment of resistance with respect to the two flanges 
will, in general, be unequal. The strength of the girder will, of course, be 
governed by the lesser of the two. 

Illustrative Problem. — Compute by the approximate method the moment of resistance 
of the plate girder section shown in Fig. 39, and made up of one web plate 60 X % in., 
four 6 X 3% X H-in. angles, and two 13 X Jfj-in. cover plates. Assume the web equiva- 
lent as Hf the permissible flexural stress as 20,000 lb. per sq. in., and rivets % in. diameter. 
Net section of tension flange will be computed by the exact method of Art. 65 , the rivet 
spacing being as shown. 

From Fig. 39, it is evident that the dangerous section is S-S, cutting the holes through 
the cover plates and the horizontal legs of the flange angles, and located 3 in. from the 
centers of the holes through the vertical legs of the flange angles. Since the distance 
between gage lines of the developed flange angle is 5 in., the deduction for one angle is 
f Hind from Fig. 56 to be 1 + 0.6 «=1.6 holes, and, for two angles, 3.2 holeB. For the cover 
plate it is 2 holes. 

Net area of two angles is (2) (,4.50) — (3.2) (1.0) (0.5) = 7.4 sq. in.; net area of one cover 
plate is (13) (0.375) - (2) (1.0) (0.375) - 4.13 sq. in. 

Total net area of one flange proper ** 7.4 +4.13 » 11.53 sq. in 

Web equivalent = (%) (60) (0.375) » 2.81 sq. in. 

Assuming d = depth of web plate = 60 in., 

M - (20,000) (60) (11.53 + 2.81) * 17,208,000 in.-lb. 

Let it be required to find the moment of resistance using the exact value for the effective 
depth — that is, the computed distance betwoen the centers of gravity of the flanges. 
Making the computation on the basis of gross flange area, the section that predominates, 
it is found that the center of gravity of the flange is 0.47 in. inside the back of the flange 
angles and that the true effective depth is 5Q.55 in. The moment of resistance using this 
value - M - (20,000) (59.55) (11.53 + 2.81) = 17,079,000 in.-lb., or 0.75 per cent less 
than by using the approximate value of d. In girders with a pair of flange plates on each 
flange, there is very little error involved in assuming the effective depth as equal to the 
depth of the web plate. 

Illustrative Problem. — Find the moment of resistance of the girder in the last problem, 
assuming that the cover plates are omitted. 

As there are holes in only one leg of the flange angles, the deduction from each angle 
will be one hole. 

Net area of one flange = (2) (4.50) — (2)(1)(0.5) « 8.00 sq. in. The web equivalent 
is, as before, 2.81 sq. in. 

Since there are no cover plates, it is best not to assume the effective depth as the depth 
of the web plate. The distance of the center of gravity of each flange being 0.83 in. from 
the backs of the flange angles, the effective depth is 60.5 — (2) (0.83) ® 58.84 in. 

The moment of resistance, 

M « (20,000) (58.84) (8.00 + 2.81) - 12,721,600 in.-lb. 

If the effective depth had been assumed as the depth of the web, or 60 in., the error 
would have been 1.97 per cent on the unsafe side. It is thus evident that if the outstanding 
legs of the flange angles are considerably greater in length then the vertical legs, there is 
no serious error involved in assuming the effective depth as the depth of the web plate, 
even though there are no cover plates. 

Illustrative Problem. — If in the last problem the flanges consist of two 6 X 6 X in. 
angles without cover plates, the flange rivets having a staggered pitch of 6 in., as shown in 
Fig. 40, find the moment of resistance. 

From Fig. 55 it is seen that the rivet hole deduction from one angle is 1 + 0 — 1 hole, 
and 2 holes for the two angles. The net flange area is therefore (2) (5.75) — (2) (I) (0.5) 
*» 10.50 sq. in. 

The distance of the center of gravity of a flange being 1.68 in. from the backs of the 
angles, the effective depth is therefore 60.5 — (2) (1.68) « 57.14 in. 
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The moment of resistance is, therefore, 

M - (20,000) (57.14) (10.50 4*2.81) = 15,211,000 in.-lb. 

Had the effective depth been assumed as 60 in., the result would have been 5 per cent in 
error. With equal-legged flange angles and no cover plates, it is, therefore, necessary to 
compute the effective depth. 

Illustrative Problem. — If the section of a plate girder be as shown in Fig. 41 — that is, 
with a 60 X K6-i n - web plate, bottom flange of two 6 X 6 X angles and two 

14 X J-^-in. cover plates, and the top flange of four 6 X 4 X ?fj-in. angles, and four 7 X 
J^-in. plates, with flange riveting as shown — find the amount of resistance, assuming the 
web equivalent as Permissible flange stress on tension flange m 16,000 lb. per sq. in. 
net area, and on compression flange 15,000 lb. per sq. in. gross area. Rivets % in. 

Applying the method of calculating exact deductions from tension flanges, explained 
in Art. 66 , to the riveting arrangement shown in Fig. 41, it is evident that the deduction 
should be two holes from each angle and two from each cover plate. 




effective depth. 

Net area of two 6 X 6 X angles - (2) (7.78) - (4) (1) (0.688) * 12.81 sq. in. 

Net area of two 14 X H-in. cover plates - (2) (14) (0.5) - (4)(1)(0.5) * 12.00 sq. in. 
Web equivalent - (>£) (60) (0.4375) * 3.28 sq. in. 

Total net flange area ■* 12.81 4- 12.00 4* 3.28 = 28.09 sq. in. 

The center of gravity of the compression flange is seen by inspection to be 4% in. down 
from the backs of the outer angles, and if the center of gravity of the tension flange be 
assumed as at the edge of the web, the effective depth is then 60.5 — (4.375 4* 0.25) «= 
55.88 in. 

Moment of resistance of girder with respect to tension flange is 

M = Id [a,' + = (16,000) (66.88) (28.09) - 26,100,000 in.-lb. 

Gross area of compression flange is made up as follows: 

4 angles, 6X4X^ = (4) (3.61) - 14.44 sq. in. 

4 plates, 7 X M = (4) (7) (0.5) = 14 00 sq. in. 

H web - (}i) (60) (0.4375) = 3.28 sq. in. 

Total gross area - 31 .72 sq. in. 

Moment of resistance with respect to compression flange is 

M - (15,000) (55.88) (31.72) - 26,600,000 in.-lb. 
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The girder is therefore, stronger in the compression flange than in the tension flange, 
but the make-up of the flanges is in accordance with the principle that the gross area of the 
compression flange should be as nearly as possible equal to the gross area of the tension 
flange (see Art. 46). 

45. Comparison of Exact and Approximate Methods.— Before using the 
approximate or truss-chord method of calculating the moment of resistance, 
designers should be aware of the degree of accuracy attainable by it. Although 
for the ordinary cases of plate girders with T-flanges it is sufficiently exact, for 
very shallow girders it cannot safely be used, particularly if these girders have 
heavy or 4-angle flanges. The assumptions of uniform stress over the flanges, 
and that the effective depth equals the depth of the web plate are too much in 
error. In such cases the method of the moment of inertia should be employed 
instead. 

Two characteristic examples will make this point clear. 

Illustrative Problem. — Find the moment of resistance of the plate girder shown in Fig. 
38b by the approximate method and compare it with the moment of resistance for this 
girder already found by the moment of inertia method. Assume permissible bending 
stress on both flanges = 16,000 lb. per sq. in. Gross area of one flange is: 

Two angles, 6 X 6 X % in. = (2) (4.36) = 8.72 sq. in. 

Two plates, (2) (14) (0.375) * 10.50 sq. in. 

Y of web = (Y) (36) (0.375) = 1 69 sq. in. 

Total gross area = 20.91 sq. in. 

Net area of one flange with the rivet pitch assumed = gross area less 2 holes out of 
each angle and 2 holes out of each cover plate * 20.91 — (4) (1) (0.375) — (4) (1) (0.375) 
* 17.91 sq. in. 

Assuming the effective depth as equal to the depth of the web, as is commonly done, 
the moment of resistance is 

M - (16,000) (36) (17.91) = 10,320,000 in.-lb. 

Referring to Table 12, it is seen that the probable net section modulus of this girder, 
considering the effect of the holes on the position of the neutral axis, is (0.95) (659) = 626. 
The moment of resistance would, therefore, be 

M * Sn"f * (626) (16,000) - 10,025,000 in.-lb. 

The approximate method in this case gives a result in error on the safe side by 3 per cent. 

Illustrative Problem. — Calculate the moment of resistance of the unsymmetrical girder 
shown in Fig. 41 by the exact method and compare it with the moment of resistance already 
found by the approximate method. 

Taking statical moments of gross areas about the center line of the web, the center of 
gravity of the gross section is found to be 1.64 in. below the center line of the web. 

Moment of inertia of gross section with respect to its gravity axis is found to be 52,827. 

Moment of inertia of holes about gravity axis of gross section « 4,572. 

Net moment of inertia * 48,255, and section modulus * 48,255/31.89 * 1,515. 
Multiplying this by the recommended correction factor (Tabla 12), adjusted net section 
modulus * 1,440. 

Moment of resistance of net section by the exact method (1,440) (16,000) = 23,000,- 
000 in.4b. 

Least moment of resistance found by the approximate method (last problem under Art. 
44), * 25,100,000 in.-lb. 

Hence the approximate method gives in this case a result 9 per cent too great. 

From (he first problem it is evident that the approximate method gives 
reasonably* accurate results for girders of moderate depth with T-flanges. Had 
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the girder been much shallower with the same flange material, or if it had had 
much heavier flanges with the same depth, the error would have been more 
serious, justifying the use of the exact method of the moment of inertia. 

From the second problem, it is seen that with a top flange of 4 angles, even 
where the girder is of moderate depth, the approximate method cannot be relied 
upon. Had the flanges been heavier, or the girder shallower, the error involved 
in the use of the approximate method would have been greater. 

46. Composition of Flanges. — In making up a flange section, such as any 
of those shown in Fig. 35, it is necessary to decide upon the proportion of the 
added flange material that must be directly connected to the web. Many speci- 
fications once required that not over one-half of the total section must be in the 
form of plates not directly connected to the web, and this rule is very commonly 
observed. However, later specifications merely require that flange angles shall 
form as large a part of the area of the flange as practicable. If a very large 
amount of material in the form of cover plates were attached to relatively light 
flange angles, the latter might not be able to transmit safely to the plates the 
stress they should bear. For flanges of such large section that approximately 
half the area cannot be provided by the number and size of angles adopted, flange 
plates are added between the angles and the web, as shown in Fig. 35c and /. 
They are then directly connected material. 

For a T-flange in which unequal-legged angles are used and there is no danger 
of concentrated loads such as ties, it is best to have the long legs outstanding, since 
this throws the center of gravity of the flange farther out than if the short legs 
were outstanding, and hence increases both the vertical and lateral flexural 
efficiency. Unequal-legged angles so placed are more efficient than equal-legged 
ones, but the latter are often required to accommodate the necessary flange 
rivets. 

Four-angle flanges, such as shown in Fig. 35 d, e and /, should be as shallow 
as possible, in order to throw the center of gravity well out, and if the angles 
are of unequal areas the inner pair of the two should be the smaller, since they 
are less effective than the other pair. Unequal-legged angles with the long legs 
outstanding are more efficient than equal-legged angles. 

It has long been the custom to specify that if the flange plates on a flange are 
of unequal thickness, the thinnest plate should be on the outside. There does not 
appear to be any good reason for this rule. On the contrary, with a given rivet 
spacing there is less likelihood of a thick plate separating from the remainder of 
the flange than there is for a thin, plate to do so. Besides, if one plate of the top 
flange must be carried the full length of the girder, it is more economical to 
employ the thinnest one for this purpose. The width of flange plates should be 
so fixed that they do not extend more than 6 in. outside the outer line of rivets 
nor more than 8 times the thickness of the thinnest plate on the flange. 

Since no deduction need be made for rivet holes in the compression flange, the 
gross area of this flange might theoretically be made less than* the gross area of 
the tension flange, even though the working stress on the former may be less than 
on the latter, due to allowance for buckling. However, as it is desirable to keep 
the neutral axis as nearly as possible in the center of the web, and its position 
depends largely on gross areas, it is frequently specified that the gross area of the 
compression flange shall be the same as the gross area of the tension flange. 
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For the purpose of determining the flange area required to resist a given 
moment by the approximate method, Formula (2) of Art. 44 may be written 


or 


A/ + 4 s - 


M 

id 



( 1 ) 

( 2 ) 


From Formula (1) the total flange area required (including web equivalent) 
is found, while from Formula (2) the area of the angles and flange plates only is 
determined. 

If no part of the web is counted as flange material, Formula (1) or (2) becomes 



(3) 


While this latter method of proportioning is too severe, it is useful in making rough 
preliminary approximations of the size of the flanges required. 

In proportioning by the exact or moment of inertia method it is useful to make 
a preliminary calculation of section by the approximate method and then test it 
by the exact method. If the stresses are too large or too small, the section must 
then be revised. Proportioning by the exact method is much more laborious 
than by the approximate one. 


Illustrative Problem. — Determine by the approximate method the required composition 
of the two flanges of a girder for which the maximum bending moment is 3,000,000 ft.-lb., 
if the web is 72 X H in. and the upper flange is to be of the 4-angle typo, with vertical 
flange plates if necessary. Permissible flexural stress = 16,000 lb. per sq. in. on tension 
flange and 15,000 lb. per sq. in. on compression flange. Web equivalent, Rivets 
% in. dia. 

Assume the top flange angles as 6 X 6 in., the upper pair being set 3^ in. out from the 
edge of the web and the pairs 12}^ in. back to back. Assume also that the two angles of 
the bottom flange are set out in. from the edge of the web plate. The effective depth 
may therefore be taken with sufficient accuracy as 72.5 — (6.25 4* 0.25) * 616 in. 

Required net area in angles and flange plates of bottom flange, from Formula -(2) 


M A w (3,000,000) (12) 

Af " fd 8 ~ (16,000) (66) 


(72) (0.5 ) 
8 


29.6 sq. in. 


Required gross area in angles and flange plates of top flange, 


, , (3,000,000) (12) 

Af ” (15,000) (66) 


(72) (0.5) 
8 


31.9 sq. in. 


For the bottom flange, the riveting arrangement will be assumed as such that the two 
holes should be taken out of each angle and two out of each flange plate. The flange may 
then be made up as follows: 


Two angles, 6 X 6 X in., less four 1-in. holes m 14.93 sq. in. net 
Two plates, 14 X % in., less four 1-in. holes m 15.00 sq. in. net 

29.93 sq. in. net 


The total gross area of the bottom flange is 35.68 sq. in. t 

The top flange will be made up as below, the small excess of area over stress require- 
ments being provided to make the gross areas of the two flanges nearly equal. 

Four angles, 6 X 6 X % in. » 17.44 sq. in. 

Four plates, 10 X % in. =* 15.00 sq. in. 

32.44 sq. in. 
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47. Moment of Resistance of Girders with Sloping Flanges. — Variation of 
the depth of a girder to suit the shear and moment requirements from point to 
point is sometimes carried out in girders for travelling cranes, turntables, bridge 
floor beams and viaduct girders. This is done by sloping one or both flanges, 
as shown in Fig. 42, or sometimes in the case of the lower flange by curving it 
upward from the center toward the ends where it becomes horizontal. Such a 
girder is termed a “fish-bellied” girder. 

To obtain the total stress in either flange of a girder with sloping flanges, it is 
,only necessary to divide the moment at the section by the perpendicular distance 
to the center of gravity of the flange concerned from the intersection of the section 
plane with the neutral line of the other flange, reducing the result to allow for 
such portion of the moment as may be taken by the web. 

Thus, in the case shown in Fig. 42a, the compressive stress in the top flange is 


where 

M 

d 

K 


C = 



moment at the section. 

effective depth at the section, measured vertically. 

Net area of angles and plates for one flange 
Total net area of one flange, including web equivalent’ 




Fig. 42. — Shear and flange stresses in girders with sloping flanges. 


The tension in the bottom flange is 


T = K 


M 

d cos a 


where 


a = angle of slope of bottom flange with horizontal. 

In the case of the girder shown in either Fig. 42 b or c, with the top as well 
as the bottom flange inclined, the total stresses in the top and bottom flanges 
respectively are: 


C 

T 


- K 


- K 


M 

d cos b 
M 

d cos a 


where b * angle of slope of top flange with horizontal. 

k Where the flanges of a girder are inclined, they absorb some of the shear at 
the cross section, in the same manner as do the chords in curved chord trusses. 
The web shear is then less than it would be if the flanges were horizontal. 
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For the girder of Fig. 42a, if V be the total shear at the section, the shear 
that must be absorbed by the web, 

V w = 


In the case of Fig. 426, 

V w = V - 
= V - 

For the girder of Fig. 42c, it is 

V w = V 4- C sin 6 — T sin a 
M 

= V — K (tan a — tan 6) 

In dealing with fish-bellied girders, the flange at the section being investigated 
may be assumed to have the slope of the tangent to the curve at the section. 

48. Flange Buckling. — To compensate for the columnar or buckling action 
of compression flanges of plate girders not supported continuously in a lateral 
direction, a reduction in the normal working stress should be made for them. 
In the discussion of flange buckling for beams, Art. 15, reference was made, for 
purpose of comparison, to the method of providing for flange buckling in plate 
girders. The seven formulas of Table 5, p. 197, are applicable to such a situa- 

l 

tion. Reduction is required for all values of ^ in the case of the A.R.E.A., 

although such is not required for values of jj under 10 for any of the others. 

Reduction of the working stress on the compression flange tends to bring the 
gross area of this flange somewhat nearer the gross area of the tension flange. It 
serves to offset in part the neglect to rivet holes in compression material. 

Application of reduction formulas is carried out as in the problem under 
Art. 16. 

49. Length of Flange Plates. — As in the case of the box girder, the flange area 
of a plate girder may be readily varied to suit the moment requirement by termi- 
nating the flange plates where they are not needed to supplement the angles. 
The length of flange plates, whether they be placed in vertical planes or hori- 
zontally on the backs of the flange angles, may be determined by either analytical 
or graphical means. If the moment be computed at sections not over 5 ft. apart, 
the sections being taken at all points of concentrated loading, the flange area 
requirements at these points may be compared with the area of the flange, count- 
ing various numbers of plates, and the point of cut-off *of the plates may then 
be found. 

49a. Graphical Method. — Such comparison, except in the simple 
case where the loading is, or may be, considered as uniform, is best made graph- 
ically, particularly if the loading is unsymmetrical. The simplest procedure is to 
plot a diagram of required flange areas at the different points where moments are 
determined, rather than to plot a moment diagram as is sometimes done. It is 
unnecessary for typical plate girders to plot a diagram of required section modulus 


V — T sin a • 

T/ ^ M tan a 

V ~ K ~ d~ 

C sin 6 — T sin a 
M 

K -j (tan a + tan 6) 
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as was done for reinforced beams (Art. 13). When the approximate method of 
calculating moment of resistance is used, it is sufficiently accurate to work with a 
diagram of required areas. If the diagram be constructed by plotting required 
flange areas vertically and lengths horizontally, as in Fig. 43, and the assigned 
constituent areas be plotted on the same diagram, the length for which each is 
required may be readily scaled off. The points where each of the cover plates 
should end theoretically are found by noting the points where the inner horizontal 
bounding line representing the area cuts the curve. This method may be 
applied whether the flange plates are in vertical planes over the vertical legs of 



the flange angles or are in horizontal planes on the outstanding legs of the flange 
angles. 

It is customary to extend each plate far enough past the point where it might 
theoretically end to accommodate two transverse rows of rivets so that the plates 
may be capable of bearing stress at the points where they are first needed. 

For deck plate girders in bridge work, the inner cover plate of the top flange, 
if it be a T-flange, is extended to the full length of the girder so as to protect the 
flange from corrosion and separation of the angles. 

To keep the neutral axis at the same level throughout the girder and preserve 
the assumed distribution of stress, corresponding plates on the top and bottom 
flanges should, as far as possible, be cut off at the same points. 

Illustrative Problem. — Consider a 50-ft. girder loaded with a uniform load of 1,000 lb. 
per lin. ft., which includes the weight of the girder, and a system of concentrated loads, 
as shown in Fig. 43. Find the points of theoretical and practical cut-off, if the section of 
each flange at the point of maximum moment is made up as follows: 

H of web - (H) (60) (0.375) - 2.82 sq. in. 

2 angles, 6 X 6 X M in., net * 9.50 sq. in. 

2 plates, 14 X % in., net « 9.00 sq. in. 

21 32 sq. in. 

Assume the permissible flange stress — 16,000 lb. per sq. in., and effective depth « 69 in. 

The moments and required 1 flange areas at points of concentrated loading and certain 
intermediate points are as shown in the accompanying table. 

On Fig. 43, the required flange areas and the part areas assigned are shown plotted 
vertically. The points of theoretical cut-off are shown dotted, but the plates are extended 
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somewhat more than a foot at each end past these points. The total lengths required and 
the position of the left hand end of each plate with respect to the 70,000-lb. load are shown 
on the dir.gr am. 


Distance of point 
from left Bupport 
(ft.) 

Uniform load 
moment 
(ft. -lb.) 

Moment from 
concentrated 
loading (ft.-lb.) 

Combined 

moment 

(ft.-lb.) 

Required 
flange area 
(in.) 

5 

112,500 

565,000 

677,500 

8.5 

10 

200,000 

830,000 

1,030,000 

12.9 

15 

262,500 

1,095,000 

1,357,500 

16.9 

20 

300,000 

1,360,000 

1,060,000 

20.8 

25 

312,500 

1,275,000 

1,587,500 

19.8 

29 

304,500 

1,207,000 

1,511,500 

18.9 

33 

280,500 

1,139,000 

1,194,500 

17.7 

37 

240,500 

871,000 

1,111,500 

13.9 

41 

184 , 500 

603,000 

787,500 

9.8 

45 

112,500 

335,000 

447,550 

5.6 


496. Analytical Methods. — Where the loading is uniformly dis- 
tributed, or is such that it produces practically the same moment curve and flange 
area curve (a parabola), the theoretical lengths of the flange plates may be readily 

l 

determined by analytical means. In Fig. 44, let 75 be the half span of the girder, 
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Fiq. 44. — Analytical determination of length of flange plates. 


and A, the maximum ordinate, be the total flange area required at the center. 
A parabolic curve BD , with vertical axis and vertex at D } will then correctly 

X\ 

represent the flange area requirement at all points of the half span. Let ^ * 

etc., be the half lengths of the flange plates, the areas 'of which are a h a 2 , etc., 

numbered from the outside. The area a\ is to be taken as the area required to 
be contributed by the outside plate. 

For similar reasons to those set forth in Art. 13, the lengths of the first or 
outer flange may be written 


Xi - 
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For the second and the nth plate the lengths are 

7 a /^1 + a 2 

x 2 = i yl—j — 

7 \[a 1~+ #2 + * * * On 
Xn = l \ 2 

To the theoretical lengths thus found there should be added about a foot at 
each end to ensure action of the plates where first needed. 

The above simple method is based on the assumption that the net areas 
of component parts of the flanges are the same at points of cut-off as at the 
point of maximum moment. A more precise solution may be devised in the 
same form as that for the length of reinforcing plates for beams (Art. 13). 

Illustrative Problem. — If the total net area of one flange of a 50-ft. plate girder sub- 
jected to uniform loading be 18.67 sq. in., and of this 4.22 sq. in. is provided by each of 
two flange plates, find the theoretical and practical length of the two plates. 

• / 4.22 

Theoretical length of first cover = x\ - 50 = 23.75 ft. 

Adding a total of 2.25 ft., the practical length becomes 26 ft. 

V ~SA4~ 

= 33.6 ft. 

Practical length = 36 ft. 


60. Economic Depth. — It may be shown by means of the calculus that for a 
girder to withstand a given bending moment, there is a depth which will give the 
minimum weight of material. This depth may be conveniently called the least- 
weight depth. In determining it, however, certain assumptions with respect 
particularly to the size and spacing of stiffeners have to be made which have an 
important influence on the result. If they are not realized in a given case — and 
such is possible, as there are very great differences in practice respecting stiffeners 
— the resulting depth may be materially in error. 

As a result of such studies it may be shown that the least-weight depth varies 
from as much as >£ to of the span, the former figure being for short, very 
heavily-loaded spans and the latter for long, slightly-loaded spans. For girders 
of from 40 to 80-ft. span with modern railway loading, the least-weight depth is 
not far from of the span. 

Practical considerations often make it desirable to adopt a shallower depth 
than that giving the least weight. For example, for girders used in grade sepa- 
ration work where the upper grade must be kept as low as possible and the 
lower one as high as possible, it is economically wise to use the shallowest prac- 
ticable girders. In long span girders the depth of web indicated by least weight 
calculations may entail extra cost per pound for wide plates and especial risk 
of damage in fabrication, shipment, and erection. In such 6ases, it is best to 
reduce the least weight to give what may be called the true economic depth. 

Fortunately, little addition to the weight of a girder is caused by considerable 
changes in the depth. Thus, it may be shown that for a change of as much as 
25 per cent, the increase in weight is only about 3 per cent. The advantages to 
be gained in other respects, and larger economies which may be effected, result 
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in the true economic depth of plate girders being usually 15 or 20 per cent less 
than the least-weight depth. 

Such depth ratios as have been given may be regarded without material error 
as referring to the depth of the web plate. 

51. Flange Riveting. — In order that the flanges of a plate girder may act as 
an integral part of the whole girder, they must be attached to the web by sufficient 
rivets to transfer to them from the web the stress that they should properly bear. 
In this connection it is helpful to conceive of the web as the primary part of the 
girder and the flanges as edge reinforcement of the 
web. Up to the limit of the capacity of the flange 
rivets, therefore, the shortening and lengthening of 
the edges of the web will bring about a stress trans- 
ference to the angles and plates of the flanges. 

The rate of transference of stress to the flange, or 
the rate of increase of stress therein, on which flange 
rivet spacing depends, is directly proportional to the ^ 
rate of increase of moment, as will be seen from the 
formula F = M/d , in which F = /(A/ + %A W ) = 
the total flange stress, M = the moment, and d — 
the effective depth (which may be assumed con- 
stant). But the rate of increase of moment, hori- 
zontal distances being denoted by x } is dM/dx , which 
may be shown as equal to F , the total vertical shear. 

Rivet spacing formulas may therefore be based upon 
the vertical shear at the section, a quantity that is more readily determined than 
the moment. 



P m 7 
Fig. 45. — Pitch 
rivets when wob 
moment. 


of flange 
takes no 


61a. Unloaded Flange, Web Takes No Moment. — Consider the 
section of the plate girder shown in Fig. 45. Let the distance between the rivet 
lines in the two flanges be b! and the total vertical shear at the section be F. 
The increment in moment per lin. in. being dM/dx = F, the growth in total 
flange stress per lin. in. will be %' — V/h', assuming the transference of stress 
to be at the rivet lines and assuming that no part of the flange stress is taken 
by the web. If the safe resistance of one flange rivet be r lb., then the number of 

r_ 

V rh' 

inches that may be served by one rivet = ^7, or the pitch p = y (1) 


Illustrative Problem. — Find the rivet spacing for the bottom (unloaded) flange of the 
girder shown in Fig. 39, assuming that the web takes no share of the moment. Vertical 
shear at the section == 100,000 lb.; rivets, % in. dia.; safe shearing and bearing stresses on 
rivets « 13,500 and 27,000 lb. per sq. in. respectively, using A.R.E.A. specifications. 
Distance between gage lines of flanges = 56.5 in. 

Least safe resistance of %-in. rivet is in bearing on the %-in. web «* (0.88) (0.38) (27,000) 
* 9,030 lb. 

Theoretical pitch, p » (9,030) (56.5) /100, 000 3=3 5.10 in. 

515. Unloaded Flange, Web Takes Moment — If the web is assumed 
to take its proper share of the bending moment, the increment in flange stress 
per lin. in. will be less than if the web takes no moment, in the proportion of 
the respective effective flange areas, tf, therefore, K « (net area of flange 
angles and covers of one flange) (net area of flange angles and covers of one 
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flange + web equivalent), the actual increment of flange stress per lin. in. going 

V 

to the angles and covers will be i = K • jj}- The rivet pitch then becomes 


or 


rb! 

P = Kv 


( 2 ) 


The value of K defined above applies to rivets in the tension flange. For the 
compression flange, gross areas may be used in finding K, but no material error 
results from using the same value for both flanges. The value obtained by using 
net areas is somewhat smaller than that found by using gross areas. 


Illustrative Problem. — Find the rivet spacing for the unloaded flange of the girder of 
the last problem if one-eighth of the gross area of the web is considered as effective flange 
area. Assume the rivet spacing for purposes of computing net section as 4 in., the rivets 
through the outstanding logs of the flange angles staggering exactly with those in the ver- 
tical legs, similar to those in Fig. 39. 

With a stagger of 2 in. and a distance between gage linos of 5 in. for a developed flange 
angle, the deduction for one angle is 1 4 0.85 = 1.85 holes, and for two angles it is 3.70 
holes. The net area of two angles is (2) (4.5) — (3.7) (1) (0.5) = 7.15 sq. in. For one cover 
plate it is, as previously found, 4.13 sq. in. The web equivalent is 2.81 sq. in. 


K = 
V - 


7.15 +4.13 
7.15 4 4.13 4 2~.8i 
9,030(56.5) 


0.8 


( 0 . 8 ) ( 100 , 000 ) 


6.40 in. 


61c. Loaded Flange, Web Takes No Moment. — Where the imposed 
load on a girder is applied directly to one or other of the flanges, as in deck plate 
girder bridges and also in occasional through plate girder spans with ties bearing 
on the outstanding legs of the flange angles, the flange rivets have a dual function 
to perform. Not only must they transmit to the flange angles and covers the 
same increments of flange stress as in the unloaded flange, but they must be able 
to carry the directly applied load into the web for proper distribution. The 
stress per lin. in. on rivets, therefore, is a resultant stress, compounded of the 
horizontal increment of flange stress i' and the vertical load per lin. in. w, or 
R * y/i' 2 + w 2 , The rivet pitch then becomes r/R = r/y/i' 2 + w\ or since 
i' - V/W 


r 



Illustrative Example. — Consider the top flange of the girder of Fig. 39 as supporting a 
directly applied load of 7,200 lb. per lin. ft. and the web as taking no share of the moment. 
Other data will be as for the last two problems. Find the rivet spacing. 

Increment of flange stress per lin. in. » V/h' ® 100,000/56.5 ** 1,770 lb. 

Directly applied vertical load on flange rivets per lin. in. — 7,200/12 » 600 lb. 
Resultant stress on rivets per lin. in. of girder — y/ (1,770) s 4 (600)* ** 1,870 lb. 
Pitch, p m 9,030/1,870 *■ 4.83 in. 


61 d. Loaded Flange, Web Takes Moment. — If it be assumed that 
the web resists its appropriate share of the bending moment, the increment of 
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flange stress per lin. in. will be i = Ki' = Kjj and Formula (3) becomes 



This is the general form of a rivet spacing formula, reducing to Formula (1) 
when K = 1 and w = 0, to Formula (2) when w = 0, and to Formula (3) when 
K = 1. 

Illustrative Problem. — Adding to the data of the last problem the stipulation that one- 
eighth of the gross area of the web is to be assumed as effective flange area, find the spacing. 
For deduction purposes assume the pitch as 4 in., the Btagger being similar to that shown 
in Fig. 39. Assume K * 0.80, the same 
values as used for the tension flange. 

+ (600) 2 
= 1,540 lb. 

The pitch is, therefore, 

V - 9,030/1,540 * 5.86 in. 

die. Multiple Rows of 
Flange Rivets.— Formulas (1), (2), Fiq - 46.— Pitch for multiple rows of flange 

(3) and (4) apply directly to flanges 

containing one row of rivets, or to those containing two rows if they be staggered, 
as in Fig. 46a. In the latter case the distance h! is to be measured to the center 
of gravity of the rivet lines, as also when the flange contains two rows of rivets 
opposite each other, as in Fig. 466. When the pitch is to be computed for rivets 
arranged as in Fig. 466, it should be remembered that the rivets are in pairs and 
hence the general Formula (4) becomes 



In this case the directly applied load w is sometimes considered as taken up 
entirely by the upper pair of angles, since the load bears directly on them and the 
short stiffeners between the angles transfer load only at distances of several feet 
apart. 

Illustrative Problem. — Find the pitch of the rivets in the top (loaded) flange of the girder 
shown in Fig. 41 if the total shear at the section is 80,000 lb. and a uniformly distributed 
load of 6,000 lb. per lin. ft. is applied to the top flange. Rivets %-in. dia.; safe shearing 
and bearing stresses on rivets = 10,000 and 20,000 lb. per sq. in. respectively. Web 
equivalent *» Consider vertical load as transmitted to both pairs of angles. 

Least resistance of one rivet in bearing on web «* (0.875) (0.4375) (20,000) *= 

7,680 lb. 

Ratio K for the compression flange from the problem under Art. 44 relating to this 
girder - 28.44/31.72 = 0.89. 

Distance h* from Fig. 41 «■ 52.5 in. 




w « 6,000/12 - 500 lb. per lin. in. 
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Hence required pitch 


(2) (7,660) 


V( 


+ (aoo) , 


10.6 in. 


As the minimum permissible pitch in the line of stress is 6 in. for this case, the theoretical 
spacing would need to be reduced to the latter figure (see Art. 
51A). 



51/. Rivet Pitch in Flange Plates. — Since the 
function of the rivets connecting the flange plates to the 
other material of the flange is to transmit to them the 
part of the increment of flange stress per lin. in. which 
they should bear, a formula similar to (2) will apply. The 
part of the total increment of flange stress going to the 
flange plates or to any one plate will be some fraction 
K' of the whole increment, or 

v 

= r/.I 
1 A h f 


pitch 

flanges. 


in sloping 


The rivet value employed will in general be the single 
shearing value r' and not the bearing value r. If the 
rivets in any plate or group of plates are in pairs, as is usual, the pitch will be 


2 r'h' 
V - K ' V 


( 6 ) 


where K r = 


Net area of plate (or plates) considered on one flange 
Total net area of one flange including web equivalent 


Illustrative Problem. — Find the theoretical required pitch of rivets in the cover plates 
of the girder shown in Fig. 39 at a section where the shear is 100,000 lb., if J'g-in. rivets are 
used and the safe shearing and bearing stresses on rivets are 10,000 and 20,000 lb. per sq. 
in., respectively. Web equivalent = V 

Least value of rivet is single shearing value » (0.601) (10,000) « 6,010 lb. 
h ' from Fig. 39 = 66.5 in. 

Net area of one cover plate 4.13 _ 

** Total net flange area including web equivalent 5=0 13.94 * * 


counting four holes out of the flange angles and two out of the cover plate. 
Hence, 


(2) (6,010) (56.5) 
p - (0.30) (100,000) 


22.7 in. 


This would need to be reduced to not over 6 in. for practical reasons. 


51 g. Rivet Spacing in Sloping Flanges. — Where a flange is inclined 
to the horizontal, as shown in Fig. 42, Formulas (1) and (2), Arts. 51a and 515 
must be modified to take into account the fact that the increment of flange 
stress per lin. in. is not the total shear at the section divided by the vertical 
distance between rivet lines in the flanges, for part of the shear is resisted by the 
inclined flanges. The amount of this increment for typical cases will be found. 

Consider a vertical strip of web of width dx and height hf between flange rivet 
lines at the section considered, as shown in Fig. 47. Let the shear actually 
absorbed by the web be V v and let the total compressive and tensile flange stresses 
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to the left of the strip be C and T respectively, and to the right of the strip C' 
and T'. Then if i be the actual increment in the top flange stress per lin. in., 

C' — C — i dx sec b. 

Taking moments about A, 

idx sec b • h! cos b = Vw dx 

or 



Hence the pitch measured along the top flange is 

rh' 

V = TT 

V u> 

or substituting the value of V„. from Art. 47, 

rh' 

V - ji/ ( 7 ) 

V — K -j (tan a + tan b) 

Proceeding in the same manner for the bottom flange the same formula may be 
shown to apply, indicating that for the case considered the pitch measured along 
the flanges is the same for top and bottom flanges. 

51h. Practical Considerations in Rivet Spacing. — To simplify both 
office and shop work, it is desirable to use one spacing of rivets for a section of 
flange several feet in length. Accordingly, the theoretical pitch is computed for 
several points in the half span, usually at the center of the panels marked off by 
stiffeners, and a spacing to the nearest lower practicable fraction of an inch is 
adopted for the entire panel, putting any odd spaces near the stiffeners. If one 
flange is loaded, it may be desirable to make the spacing in the unloaded flange 
correspond with it so that the flange angles may be kept alike. 

In no case must the adopted spacing depart from the usual minimum of 3 
diameters of the rivet or the maximum of 16 times the thickness of the outside 
material, or 6 in. The restriction on the minimum side often necessitates increas- 
ing the thickness of the web to keep the rivets at the end of the girder from being 
too close. 

Where the girder is shallow and has heavy flanges, the approximate method 
of determining spacing outlined above cannot safely be applied. The horizontal 
shear method explained and illustrated for box girders in Art. 37 must then be 
employed. 

52. Intermediate Web Stiffeners. — One way of strengthening the web of a 
plate girder or of making, what otherwise might be too thin, a web available for 
a given girder is, as has been pointed out in Art. 17, to restrain it from buckling, in 
some measure at least, by means of stiffeners. These consist usually of pairs 
of vertical angles, one on each side of the web, riveted firmly thereto at intervals 
of approximately the depth of the web, or in accordance with formulas recently 
written into the design specifications. Stiffeners in place in a typical girder are 
shown in Fig. 34. 

In addition to their service of stiffening the web, intermediate stiffeners may 
help to transmit concentrated loads to the web and distribute them over it. For 
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example, the stiffeners in a deck plate girder, or any girder loaded along the 
top flange, help to carry the applied load down into the web and relieve the top 
flange rivets of much of the vertical component of their stress (see Art. 51). They 
also to some extent lessen the deflection of the inner outstanding legs of the top 
flange angles in deck railway girders carrying ties. If definite concentrated loads 
are applied to the top flange over stiffeners, or are applied to them anywhere 

within their length, they must 
be treated as concentrated 
load stiffeners, as described 
in Art. 53. 

Formerly, stiffeners were 
sometimes placed in a diagonal 
direction pointing downward 
towards the near support at 
an angle of 45 deg. with the 
neutral axis. The idea was 
virtually to construct columns 
in the line of maximum stress 
at a number of points. How- 
ever, between the columns so 
Fig. 48.— Spacing of indeterminate web stiffeners, constructed little support 
would be given the web, and so, for reasons of greater efficiency as well as simplic- 
ity, vertical stiffeners were employed. These as shown in Fig. 48 restrict the 
length of a laterally unsupported strip of web to the length of the diagonal of the 
rectangle bounded by consecutive stiffeners and by the flanges. Moreover, there 
is but one narrow strip of this length in each rectangle. All other strips are 
intercepted by stiffeners and prevented from buckling over their full length. 

Whether stiffeners are to be used or not is usually determined by the applica- 
tion of the rule, stated in Art. 42, that the clear or unsupported distance between 
the flange angles must not exceed 60 or 70 times the thickness of the web. 

The A.R.E.A. specification is 60; that of the A.I.S.C. is 70; and the approach 
to the question of spacing is from the viewpoint of the elastic stability of flat 
plates, rather than from the former method of assuming a diagonal strip and of 
adapting a column formula to it. 

The 1940 formulas of the A.R.E.A. and the A.I.S.C., in principle at least, were 
developed from a formula on flat plates by Prof. George H. Brown 1 and adapted 
by Otis E. Hovey 2 to plate girder stiffener spacing. The A.R.E.A. formula is as 
follows: 



. 255,000* 3 fvt 

d r~ yjJ 


when j > 60 and in no case shall d be greater than 72 in. The quantity d * clear 

distance between stiffeners. The maximum shearing value in plates according 
to A.R.E.A. specifications is 11,000 lb. per sq. in. 

With a maximum web shear stress of 13,000 lb. per sq. in. the A.I.S.C. formula 
ifc 


1 Proc, London Math. Soc., 1891. 

* A.R.E.A. Bull, February, 1935. 
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d = 


270,000i a [Ft 


, h h 8,000 

when y > 70 or when y exceeds “ 


^=- For values of 


( 8000 \ # 
“V 

- = 70 and no stiffeners are called for ; when y exceeds stiffeners are required. 


, TT1 h 
When y 


V 

170, j 


v = 2,200 lb. per sq. in. and stiffeners are not required 

unless d should amount to m6re than 84 in. 

The following illustrative problem is used by permission of the A.I.S.C. in 
connection with their stiffener spacing chart, Fig. 486, by way of indicating the 
ease with which the spacer formula may be solved when the chart is used. 

A B C DEO C B A 



Fig. 48a. 

96 by % in. = 60.0 sq. in. ; angles 6 by 6 in. ; h « 96j£ in. 


Illustrative Problem. — Web 
h 

— 12 in. = 84^ in.; y = 135. Assume maximum calculated shear at 


A « 750,000 lb. 
B = 570,000 lb. 
C - 390,000 lb. 
D « 192,000 lb. 
E - 90,000 1b. 


Unit shear 
Unit shear 
Unit shear 
Unit shear 
Unit shear 


12,500 lb. 

9.500 lb. 

6.500 lb. 
3,200 lb. 

1.500 lb. 


1. Enter chart at right with t *= % in. 

2. Proceed horizontally left to intersection with clear depth h — 84.6 in. (position 
estimated between full-line curves marked 80 and 90) . 

3. Note that this intersection lies between unit-shear curves (dotted) marked 3,000 and 
4,000, or about 3,700. This being greater than 3,200 (at D), intermediate stiffeners are 
not obligatory in panel DED (unless by reason of concentrated loads). (This is a graphical 


ascertainment of the fact that 135 does not exceed 


8,000 \ 
VX206/ 


4. From the same intersection proceed vertically downward to the successive inter- 
sections with the remaining unit shears, viz., 12,500, 9,500, 6,500 (the intersection with 

6,500 falls below the chart and is not needed). 

5. Proceed horizontally left from each such intersection to the left border and there 
read the required maximum clear spacing: 

For panel AB, clear spacing d = 6lH in. max. 

For panel BC t clear spacing d * 74 in. max. , 

For panel CD, clear spacing d by intersection would exceed 84 in. ; use 84 in. max. 


The effort to utilize a comparatively thin web for high diagonal compressive 
stresses by very close stiffener spacing is likely to prove inadvisable. Where the 
necessary stiffener spacing works out to be less than half the depth of the web, 
it is more economical to use a thicker web. 

Most specifications prescribe an arbitrary maximum permissible spacing for 
stiffeners. The specifications of the Canadian Engineering Standards Association 





clear distance between stiffeners, in inches 
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fix it at the depth of the web, or 7 ft. These rules should not be interpreted to 
mean that such spacings may be adopted without question for the whole girder. 

STIFFENER SPACING CHART 



Fig. 486. 

The spacing should be regarded as dependent upon the actual web stresses and 
in the typical girder these require a gradually diminishing spacing near the ends. 


thickness of web, in inches 
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Although calculation of the web stresses may indicate a low shearing stress, 
stiffeners must nevertheless be used if the ratio of unsupported depth to thickness 
is over the limit set down in the specification, say 60 or 70. An arbitrary rule 
such as this is open to question, but it is of the same kind as the one fixing the 
upper limit of the slenderness ratio for columns. 

Proportioning of Stiffeners . — Experimental investigation has shown that under 
working conditions the deformation of an unstiffened web or of ordinary inter- 
mediate stiffeners along vertical lines is small. The function of stiffeners not 
carrying concentrated loads is, therefore, merely to stay the web laterally. 
They arc to be regarded as vertical beams rather than columns. For this reason, 
the outstanding legs should be relatively wide, but the legs next to the web may be 
as narrow as the riveting will permit. 

No recognized method for the scientific proportioning of intermediate stiffeners 
exists. A useful empirical rule given in the A.R.E.A. specifications is that the 
outstanding leg of each angle shall not be less than 2 in. plus Mo of the^depth of 
the girder, nor more than 16 times its thickness. The thickness for railway 
girders is usually % in., while for highway bridges and building girders it is 
usually Yus in. 

The following sizes for intermediate stiffeners of railway girders are fixed in 
the specifications of the Department of Railways and Canals, Canada: 


Depth of Web 
(Feb'i ) 

3 ft. and under 

4 

5 

6 
7 


Size of Stiffener Angles 
(Inches) 

3X2 M x M 

3 X 3 X H 

3 H x 3M x % 

4 X 3M X % 

5 X 3M X % 


While so far as duty is concerned, intermediate stiffeners not carrying con- 
centrated loads may be crimped over the flange angles, opinion differs consider- 
ably as to the economic advantages of crimping. For stiffeners shorter than 3 ft., 
it is doubtful if the saving in filler material will offset the cost of crimping, unless 
the fillers be very thick. For depths greater than 3 ft., most shops crimp the 
stiffeners. A.R.E.A. specifications prohibit crimping of stiffeners at bearings. 

In case forces are applied to the flange of a girder acting towards the neutral 
axis, the stiffeners should be carefully fitted to the flange to which the loads are 
applied. It is not theoretically necessary that the other end should be fitted 
to the flange, but it is found easier to make a tight fit at two ends than at one. 
If a tight fit is specified at one end, therefore, the fabricating shop would probably 
fit stiffeners tight at both ends. 

Unless known concentrated loads are to be provided for, the rivet spacing 
in stiffeners is a matter of judgment. The maximum spacing permitted is usually 
6 in. 

Illustrative Problem. — Recommend a size for the intermediate stiffeners of a building 
girder 54 in. deep. 

Baaed on the A.R.E.A. rule, the outstanding leg should be not less than 

2 + 5 Ho - 3.8 in. 

For building work the stiffeners would probably be two 4 X 3 X angles, with 

the 4-in. legs outstanding. 
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63. Concentrated Load Stiffeners. — If at any point a concentrated load is 
applied to a girder flange or web, reinforcement of the web is usually required. 
Should the load be applied on the tension side of the neutral axis, the stresses 
due to the concentration will augment the existing diagonal tensile stresses in the 
web and it may bt necessary to add distributing plates or angles to carry the 
load up into the web. 

It is more usual, however, for concentrated loads to be applied to the compres- 
sion side of the girder and very commonly to the top flange. If these would 
raise the existing diagonal compressive stresses in the web above the limit of 
safety, distributing angles or stiffeners, such as described for beams in Art. 18, 
must be introduced. The principles of design of these stiffeners, as given in 
Art. 18, apply when they are used for plate girders. 

A very common occurrence of the concentrated load stiffener is at the end or 
reaction stiffeners for a girder. These consist usually of two or three pairs of 
vertical angles tightly fitted in between the outstanding legs of the flange angles 
and arranged in one or other of the ways shown in Fig. 49. 




Fig. 49. — Typical arrangements of end stiffeners. 


Arrangement (a) is very commonly adopted when the girder reaction is 
transmitted to the masonry through a shoe plate and a bed plate only. Type 
(6) is preferred by some designers for the same situation on the ground that the 
load is not applied to the edges of the shoe plate, as in (a), but is fairly well placed 
on the four quarters of the plate. If the girder rests on a bolster or rocker, 
arrangements (c) or ( d ) should be used, the former for light reactions and the 
latter for heavy ones. 

End stiffeners have a dual function to perform: (1) They serve as vertical 
beams to stay the web against buckling under diagonal compression; and (2) they 
receive the concentrated load of the end reaction and distribute it to the web. 
In the latter role they act in some degree as columns, but since their loading 
varies gradually from a maximum at one end to zero at the other, they are com- 
monly assumed to have a length as columns of only one-half the depth of the 
girder. In order that they may be well adapted to carry loads as columns, they 
should not be crimped, but should be kept straight by the use of fillers between 
them and the web. 

Since the lower edge of the web cannot be counted upon as bearing on the 
shoe plate, and since the rivets passing through the flange angles and the web 
are already stressed to their safe limit for flange purposes, and also since the bear- 
ing of the ends of the fillers on the inner edges of the flange angles is uncertain, it 
is customary to assume that the entire end reaction is carried into the web by the 
stiffener angles. This load they receive in end bearing on the outstanding legs 
of the flange angles. Np bearing value can be credited to the legs of the stiffeners 
in contact with the vertical legs of the flange angles by reason of the grinding or 
bevelling necessary to clear the flange angle fillets, as shown in Fig. 50. If the 
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outstanding legs of the stiffener angles should extend beyond the rounded corners 
of the flange angles, the projection cannot be counted, so the bearing length is 
restricted to 6, shown in Fig. 50. Close fitting of the lower ends of the stiffener 
angles to the bottom flange angles is imperative for all girders and in the case of 
deck girders to the top flange angles as well. While theoretically it is unnecessary 
to have a close fit to the upper flange angles in through girders, it is found that the 
fitting at the bottom is facilitated if they are 
fitted tightly at both ends. 

To give large bearing area as well as to in- 
crease the lateral stiffness of stiffeners, the 
outstanding legs are usually specified to be as 
wide as the flange angles will permit. The 
legs in contact with the fillers may be as 


t tti n T r 

Fig. 50. — Bearing of end stiffener angles. 

narrow as riveting will allow, for although these legs have value in the column 
it is small as compared with the outstanding legs and as has been seen, their bear- 
ing value is zero. 

By reason of the deflection of a girder resting on ordinary shoe and bed plate 
bearings, the stiffeners nearest the face of the support probably receive much 
more load than those farther back. Practice varies with respect to the assumed 
distribution of load amongst the pairs of angles, but if there are two pairs at the 
extreme inner and outer edges of the shoe plate, it is probably fair to assume that 
the inner pair receives about twice as much load as the outer pair. If the pairs 
are placed closer together, or in somewhat from the edges of the bearing, the 
inequality of loading would be somewhat lessened. 

Rivets connecting the stiffeners to the web plate must be sufficient in number 
to transmit safely to the web the maximum stress calculated to be borne by each 
pair. As has been pointed out, the flange rivets should not be counted. If loose 
fillers are used, the number of rivets required, figured in bearing on the web, 
would, under most specifications, need to be increased by 50 per cent. 

Illustrative Problem. — The total end reaction of a plate girder is 120,000 lb., the end 
section consisting of a 48 X %-in. web and four 6 X 4 X %-in. angles, as shown in Fig. 
51. Determine the size and arrangement of the end stiffeners. Permissible stresses in 

l 

compression and bearing « 15,000 — 50 - and 16,000 lb. per sq. in., respectively. Rivets 

% in. diameter. Safe shearing and bearing stresses on rivets 12,000 and 24,000 lb. per 
sq. in., respectively. Rivets through loose fillers to be increased 25 per cent. 

Load on inner pair of stiffener angles is approximately (%) (120,000) * 80,000 lb. 
Outstanding legs must extend at least to rounded comers of flange angles, which will 
require 5-in. legs. Length of bearing, 6, for each angle is approximately 4.5 in. 




H-1 
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Required total bearing area for two angles « 80,000/16,000 * 6.0 sq. in. 

Required thickness of each stiffener angle t * ( 2 ) ~ ( ^~ 5 ) = 0.55 in., say Jfg in. 

Assuming 3-in. legs next the web, the angles would be 5 X 3 X in. 

Radius of gyration of two such angles about axis in plane of web 

. /2[aWTT4:i87(2^)T „ _ . 

r = \ E36 302 m - 

Assuming effective length of stiffener column of 48/2 = 24 in., 

p = 15,000 - (50) (g 2 ^) = 14,600 lb, 

Required area for column action = 80,000/14,600 = 5.48 sq. in. 

Area provided = (2) (4.18) = 8.36 sq. in. and hence section is adequate. 

Least value of one rivet is in bearing on 3 s-in. web = (0.75) (0.375) (24,000) = 6, 7504b. 

Number of connecting rivets requiied = 80,000/6,750 = 12. 

If loose fillers be employed, this must be 12 + 25 per cent = 15, exclusive of those in 
the flange angles. 

This number cannot be driven without adopting practically the minimum permissible 
spacing and so it is best to use tight fillers. These will be 13 in. wide and extend under 
both angles on each side of the web. The rivets driven in the fillers may be counted as 
effective for the stiffeners, since they increase the bearing area of the rivets through the 
stiffener angles. The same riveting arrangement will be adopted for the outer pair of 
angles as for the inner pair, as shown in Fig. 51. For the stress borne by the inner angles 
there are 8 rivets in the angles themselves plus one-half of those in the line along the center 
of the fillers, or 12 in all. Any standard column formula might have been used. 

54 . Girders under Lateral Flexure. — Apart from the accidental lateral flexure 
to which girders are subjected, due to vibration, swaying of trains, wind, or flange 
buckling, there are sometimes definite lateral loads to be provided for in design. 
In the case of crane runway girders, for example, the end thrust of the crane due 
to sudden stopping of the loaded trolley on the crane bridge or due to lifting heavy 
loads by inclined pull is often definitely fixed in specifications. In Schneider’s 
“General Specifications for the Structural Work of Buildings,” it is required that 
the top flanges of crane girders shall withstand, in addition to the vertical load, a 
lateral loading based upon one-fifth the lifting capacity of the crane equally 
divided amongst the four wheels. 

In proportioning the top flanges of such girders a section is first assumed which 
appears suitable for the combination of vertical and lateral moment. The stress 
due to vertical moment may then be found at the extreme fibers by the approxi- 
mate Formula (2) of Art. 44 (using the subscript v to indicate quantities having 
to do with vertical moment), 



or preferably by the exact flexure formula 



The stress due to lateral moment is then found by the flexure formula 

, Mu' 
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the subscript l indicating quantities pertaining to lateral moment and d being 
the half width of the flange. 

If fv + fi exceeds the permissible working stress, the section must be increased. 

55. Torsion on Plate Girders. — If girders are curved horizontally or are of 
such slope in plan that vertical loads do not come on the line joining the supports, 
a condition of torsion on the cross-section is produced. The comments on the 
design of beams for torsion in Art. 23 will apply to built-up girders. 

BEARING PLATES AND BASES FOR BEAMS AND GIRDERS 

56. Types and Uses. — In order to transmit its loads to the masonry, a beam 
or girder must in general have bearing plates or bases placed under its ends. The 
bearing strength of the masonry is so much less than that of a steel beam flange 
that the flange must in effect be enlarged to prevent the masonry from being 
crushed. 

The simplest bearing is the flat, rectangular plate, Fig. 52a or 6, extended 
out on either side of the beam or girder flange, and of a length parallel to the beam 



Fig. 52. — Simple fixed bearings for beams and girders. 


equal to the bearing on the support. When the plate is of cast iron, it is possible 
to taper it out towards the ends and so vary the section in accordance with the 
bending requirements. 

When the reaction becomes heavy, a much deeper bearing must be employed 
in order to transmit loading to a large area without exceeding the safe bending 
stresses or the allowable upward deflection. Ribbed bases of cast iron or cast 
steel, such as shown in Fig. 52 c, can be made to distribute heavy loads over 
large areas. They are also incidentally useful to raise the end of the girder to a 
greater height above the masonry, thus permitting the more ready attachment of 
bracing and serving to keep the masonry at the fixed end of a long span girder at 
the same elevation as at the roller end. Cast steel is preferable to cast iron for 
such pedestals on account of its greater reliability, but it costs more. 

If the span is longer than about 60 to 80 ft., it is desirable to use hinged bolsters 
so as to prevent the high intensification of stress near the inner edge of the bearing 
due to the deflection of the girder. Some engineers mate this limit as low as 50 
ft. These bolsters may be of cast steel, as shown in Fig. 535, or may be built 
up of plates and angles, as in Fig. 53c and d . They consist of an upper and a 
lower part connected by a pin, pivot, or disc. 

For all spans over 25 or 30 ft. it is necessary to provide for changes of length 
due to expansion and contraction. One end of a beam or girder must, therefore, 
be allowed to slide freely. At the fixed end of a girder the base or bolsters de- 
scribed above are placed directly on the masonry, with perhaps a sheet of lead 
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between, and are bolted or anchored down with usually two anchors, one on each 
side of the girder, so as to prevent movement. 

At the sliding end it is necessary to place a bed plate or bed casting on the 
masonry to provide a smooth surface on which the adjustment may take place. 
For girders up to about 60- or 80-ft. span, adjustment is allowed to take place 
merely by the upper or sole or shoe plate sliding on the lower plate, as in Fig. 53a. 
If bolsters are used, rollers must be interposed between the sole plate of the 
bolster and the bed plate at the sliding end. These consist of a group, or “ nest, ” 





Fia. 53. — Sliding and hinged bearings. 

of either round or segmental rollers held against shifting endwise by planed grooves 
in the shoe and bed plates or a ridge on them engaging a turned recess in the 
rollers, and kept at the proper distance apart by spacing bars attached to the ends, 
as shown in Fig. 53d Segmental rollers are flattened on their vertical sides 
so as to take advantage of the higher strength of large rollers without having to* 
provide an unduly large shoe or bed plate. Sometimes they are concaved on 
the sides, thus making a greater rotation possible for the same clear spacing. To 
prevent segmental rollers from tipping over, it is frequently required that at 
least one of them be geared to the upper and lower plates. With close spacing 
and substantial side bars this danger is minimized. 

57. Design of Simple Bearing Plates. — In proportioning a bearing plate, Fig. 
52a or 6, the required area is first found by dividing the manmum reaction by 
the allowable pressure on masonry of the class employed. If there is no specifica- 
tion for this, an average value may be found in any of the civil engineering hand- 
books. The dimensions are then fixed so as to utilize readily-obtained plates, one 
of them being equal to the bearing on the support. Recommended bearings and 
sizes of plates for building work are found in all of the steel handbooks. 
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To determine the thickness required, consider a strip of plate at right angles 
to the beam or girder, Fig. 52a or 6. It is in effect a cantilever of span l subjected 
to an upward loading. This is commonly assumed as uniformly distributed, 
although the pressure at the outer edge is much less than near the beam flange. 
Let p be the uniformly distributed upward pressure in pounds per square inch, / 
the allowable flexural stress on steel plates, and t the thickness required. Then 

t = 1.732 1 Vf (1) 

The strength of the combined flange and bearing plate in bending should also 
be investigated. They form a cantilever beam of span V and thickness t ', Fig. 
52a or b. It is not always safe to assume this cantilever as a single beam of depth 
t\ since there may be insufficient connection between the flange and the bearing 
plate to resist the horizontal shear accompanying beam action for the whole 
depth. The moment of resistance of each should in such case be found and the 
two added. 

Tables may be prepared of the allowable projections of bearing plates based 
on Formula (1). They will vary in accordance with the allowable pressure and 
flexural stress assumed, but are usually from 3 to 5 times the thickness. 

68. Design of Ribbed Bases. — The load applied to a ribbed base, such as 
shown in Fig. 52c, must be transmitted to the masonry by means of the ribs 
acting as short columns or prisms. These ribs should be so placed as to receive 
the load from the beam or girder in the most direct manner possible. One rib 
should be directly under the web and, when cast pedestals are used for plate 
girders, transverse ribs should be directly under the outstanding legs of the end 
stiffener angles. The rib under the pair of stiffeners nearest the edge of the 
support is much more highly stressed than the others by reason of the deflection 
of the girder. Some designers assume that the whole reaction is applied over 
this rib. If it be proportioned for the whole load and the other ribs made of the 
same thickness, the base will be amply strong. While it is desirable to have three 
ribs running longitudinally, as shown in Fig. 52c, only two need be run trans- 
versely if there be but two pairs of stiffener angles. With three pairs of angles 
there should be three ribs. The top plate of the pedestal must be fixed largely by 
judgment and experience, but should not be less than 1 J4 in. The bottom plate 
is designed by assuming it as a cantilever projecting past the most heavily- 
loaded rib. The moment of the uniformly varying pressure on the projection 
taken about the edge of the rib is then found and the projection, including both 
base plate and extension of ribs, is figured in the same manner as a cast iron lintel 
section (Art. 30). The ribs should not be thinner than 1 in. for important work 
and the bottom plate not thinner than 1 % in. 

To equalize the pressure on the masonry, it is desirable to make the top plate of 
the casting as narrow as possible in a direction parallel to the length of the girder. 

69. Design of Bolsters. — The design of the upper and lower parts of bolsters 
involves the same principles, although, by reason of its bearing on masonry, the 
lower part is usually the larger. Considering Fig. 536 or c, it is seen that the 
ribs which transfer the load from the girder to the pin, and from the pin to 
the lower part of the bolster, must be of sufficient thickness to carry their loads 
without exceeding the safe bearing pressure on the ribs or on the pin. To deter- 
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mine their thickness, the size of pin must, therefore, be assumed first. If the 
rib thicknesses are satisfactorily fixed and the moment or shear on the pin is 
excessive, the pin size will need to be increased, which may make it possible to 
use thinner ribs. The bottom plate of the lower part of the bolster must be 
investigated as a beam continuous under the ribs and cantilevered past them. 
The upward pressure may be assumed as uniformly distributed over the lower 
parts of the bolsters. 

Care must be taken not to make the ribs so thin as to render them likely to 
buckle laterally. To safeguard against this it may be necessary to introduce 
transverse diaphragms between them. 

As both the upper and lower parts of the bolster are in effect beams resting 
on a single central support, they should be figured in bending at the vertical 
section through the pin hole. Due to the lateral deformation of the pin under 
pressure, causing it to bear against the right and left faces of the hole, no deduc- 
tion need be made for the hole. 

60. Design of Expansion Bearings. — If sliding is provided for merely by 
allowing a sole or shoe plate to slide on a bed plate, as in Fig. 53a, the shoe plate 
is designed in the same manner as an ordinary simple bearing plate (Art. 67) and 
the bed plate is made about the same thickness. Each of these plates should 
either be planed or straightened to ensure true contact. They are rarely less 
than % in. thick. 

Round holes for anchors are provided in both sole and bed plates at the fixed 
end, but slotted holes must be provided in the sole plate at the sliding end. 
These must be elongated about in. for each 10 ft. of span. 

Where the span is in excess of from 60 to 80 ft., rollers must be provided. 
Since round rollers take up a great deal of room for their pressure value, segmental 
ones are now very commonly used. For diameters up to 25 in., A.R.E.A. specifies 

7 ) — 13 000 

a bearing value per linear inch on rollers or rockers of — 2Q OOQ — 600d, where 

d = diameter in inches and p = the lesser yield point in tension of the roller or 
base. Railway bridge specifications now frequently require that rollers be not 
less than 6 in. in diameter. The bearing length provided must be clear of all 
recesses engaging ribs on the shoe or bed plates. 

To make the masonry of the same height at the two ends and at the same time 
keep the bolsters alike, a cast or built-up bed equal to the height of the rollers 
and the bed plate at the expansion end should be placed under the bolster at 
the fixed end, as shown in Fig. 53 c and d . In the case illustrated, this bed is 
made up of a cellular casting resting on a steel plate. 

To give true bearing on the masonry, beds are sometimes set K to 1 in. high 
and .grouted underneath. Another method is to place a sheet of lead H in. 
thick under the bed, as shown in Fig. 53c and d. 

61. Anchors. — Beams and girders are prevented from shifting horizontally 
on their supports by means of anchors. For ordinary rolled beams resting on 
loose bearing plates, a round rod is frequently used, preferably bent so as to 
engage the masonry beyond the end of the beam. Sometimes two angles are 
bolted to the end of the beam, the outstanding legs securing the beam to the 
masonry. Rod anchors are usually % in. in diameter, projecting about 9 in. on 
either side of the web. Angle anchors should have a 6-in. outstanding leg and 
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be H or Jie in. thick. Such anchors are illustrated in the A.I.S.C. handbook 
“Steel Construction.” 

If beams or girders rest on sole plates riveted thereto, anchor bolts are inserted 
vertically in the masonry through holes left in it for this purpose or specially 
drilled after the erection of the steel, care being taken to locate the holes so that 
this can be done. Usually two anchors, one on each side of the beam or girder, 
are employed. For building work, they should not be smaller than % in. 
diameter, while for railway bridge work the minimum should be 1M in. They 
should extend at least 12 in. into the masonry and be well grouted or otherwise 
secured thereto. To this end, split bolts with wedges in the ends, or hacked 
bolts, are sometimes used. 

Holes for anchor bolts should be )£ or in. larger than the bolts, to provide 
for errors in placing the bolts or for easier drilling of the holes. 

STEEL TENSION MEMBERS 

62. Forms and Uses. — Steel tension members vary in form with the magni- 
tude and character of the stress carried by them, with the character and situation 
of the structure of which they form a part, and with the methods of construction 
adopted. 

Round or square rods, single or multiple, made adjustable by end nuts, turn- 
buckles or sleeve nuts, Fig. 54a, 6 and c, are used in many cases where loads 
are light and cheapness is desired. In pin-connected bridges they are employed 
as counters, and sometimes, though inadvisedly, as laterals in both riveted and 
pin-connected bridges; in buildings they serve for lateral and sway bracing, for 
hangers and for tie rods in arch floors; in towers they are frequently used for 
bracing. The end connections are made by forging the bar into a simple or a 
forked loop, Fig. 546 and c, or, perhaps, by attaching a clevis thereto, as shown 
in Fig. 54d. 

Eye bars, which consist essentially of rectangular bars of metal with a head, 
Fig. 54c, forgec^at each end, through which a pin hole is bored, have an exten- 
sive use as tension members, usually in multiples of two bars. While formerly 
used for bridge and roof trusses of almost all spans, their use is now confined very 
largely to the longer spans, where there is little likelihood of objectionable rattling 
or vibration. For such situations they afford a reliable, easily transported and 
readily erected tension member. In places where reversal of stress is possible, 
or where attachment of riveted work is necessary, eye bars are replaced by built-up 
tension members, as for the end panels of the bottom chord and for the hip 
hangers of railway bridge trusses. 

Adjustable eye-bars are frequently used as counters in bridge trusses. The 
adjustment is made possible by inserting in the body of the bar at a conveniently 
accessible point, a turnbuckle or a sleeve nut, Fig. 54/. 

Flats, or narrow plates, Fig. 54 g f are little used, as they are flexible, easily 
become bent in transportation and erection and do not hold their length or 
straightness well against drifting or reaming. They are sometimes used as 
hangers, but apart from such use are seldom employed in America. 

Single angles, Fig. 546, are extensively used as light tension members in 
trusses and as lateral and sway bracing. 

Double angles, arranged as in Fig. 54i or ;, are used as truss tension members 
of medium capacity. 
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Forms consisting of four angles arranged in H -shape and connected together 
by a single plane of latticing or tie plates, Fig. 5 4k, or by a web plate, are very 
economical and are advantageously used as bottom chords, tension diagonals, 
and hip hangers of riveted trusses. 



M 

Fig. 64. — Typical steel tension members. 


Two channels with flanges turned in, as in Fig. 54/, and connected together 
by latticing or tie plates, are well adapted for bottom chords of through spans, 
and for tension diagonals and hip hangers of both deck and through trusses. If 
the two channels are arranged with their flanges turned out, as in Fig. 54m, 
the section is well adapted for the bottom chords of deck spans. 

Built channels, with flanges turned in, as in Fig. 54n, or with flanges turned 
out, as in Fig. 54o, and with or without added side plates, are the commonest 
forms for riveted tension members in both riveted and pin-connected trusses of 
both moderate and long span. 

63. Theory of Design of Tension Members. — Assuming a uniform distri- 
bution of stress over that portion of the. cross-section that may be considered 
as effective, it follows that the effective area required in a member for the resist- 
ance of a given force is given by the formula 



where A * effective area of section required in square inches. 
P * force, or total stress, to be resisted, in pounds. 
p »= permissible stress in pounds per square inch. 
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If it should happen that the force to be resisted by the tension member is 
applied at some other point than the center of gravity of the net section, the 
member must be designed for a combination of direct and bending stress. The 
principles governing the design of such members have been thoroughly explained 
in Sec. 1. If the load is applied on a principal axis of the cross-section, then, 
neglecting the effect of the deflection arising from the eccentric application of the 
load, the maximum resultant stress at the most highly stressed fiber, distant c 
from the neutral axis, is given by the formula 


h * 


P Pec 
A + I 


( 1 ) 


where e = the eccentricity, and / = moment of inertia of section about an axis 
normal to the plane of bending. 

Let p be the permissible stress on the most highly stressed fiber, and r the 
radius of gyration of the section in the plane of bending. Then the total required 
area 


A = 


p r 2 p 


( 2 ) 


Should the resultant axial load be applied eccentrically and not on a principal 
axis of the cross-section, the maximum resultant stress 1 on the most highly 
stressed fiber is 

P Px p (y i - Xy tan a) 

P A J — I v tan a ' 


where X\ and y i are co-ordinates of the most highly stressed fiber, the origin being 
at the centroid of the section. 

x p and y p = co-ordinates of point of application of load P. 

a = angle which neutral axis makes with z-axis, found from equation 

j. I* x p J Uv 

tan a u, 

j jj p i y p 

J = product of inertia of section. 

I x and I y = moment of inertia of section about x- and 2/-axis. 

The necessary effective area can be found by a trial and error application of 
Formula (3). 

64 . Choice of Section. — Members should be composed, in so far as possible, 
of sections symmetrically placed and should be of forms such as to obviate large 
eccentricity in the end connections. In order to secure the maximum efficiency 
of the material employed, the form chosen should permit the direct connection at 
the joints of as large a proportion of the area as possible. Thus, in the case of 
single — or double — angle tension members, connected by one leg only, unequal- 
legged angles should be employed and the longer legs connected to the gusset 
plate. Even though both legs are connected to the gusset, it is preferable to use 
unequal-legged angles with the longer leg in contact with the gusset, for the 
reason that the avoidance of dependence upon rivets where possible requires 
that the amount of stress delivered through attached details — such as a lug and its 
two sets of rivets — should be reduced to a minimum. There is, too, the further 

1 See paper by C. Batho in Transactions Canadian Society of CM Engineers , Vol. 26, 1912, p. 249. 
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advantage that the use of a relatively narrow outstanding leg effects a saving in 
the material of the lugs. 

For members of structures subject to vibration, rigid or stiff forms should be 
used. Open sections are in all cases preferable to closed ones. Limiting sections 
and thicknesses prescribed by the governing specifications must be observed. 

65. Net Section. — The net section of a tension member at any right section 
is the gross area of the member less all rivet holes, pin holes or cuts, or fractions 
thereof, that diminish the resistance of the member at that section. It is deter- 
mined in accordance with the form of the member. As explained in Art. 68 , when 
the stress is assumed as uniformly distributed, sometimes only a fraction of the net 
section is effective. In such cases it is this effective portion that must be con- 
sidered in designing. 

For rods, the net section is the section at the root of the thread, unless the rod 
is upset, when it is the section in the body of the rod. 

In the case of eye bars the net section is the net area of the body, since con- 
siderable excess area is always provided in the eye. For adjustable eye bars it 
is also the area in the body. 

For riveted or built tension members the net section depends on the types 
of body and end details adopted, and the arrangement and size of the rivets. 
Details involving the minimum practicable number of rivet holes on, or within 
certain critical distances of, any right section through the body of the members are 
desirable since they give the maximum net section. Other arrangements should 
be avoided if possible. Obviously the larger the rivet, the greater the loss of 
section. It is almost universal practice in calculating net areas to consider the 
diameter of the rivet hole as % in. greater than the diameter of the rivet before 
driving. 

The number of rivet holes that must be deducted from the gross area of a 
right section, to give the net section, depends upon the number of gage lines and 
the stagger of the rivets. Obviously, the net area adopted should be such that 
nowhere on any diagonal or zig-zag section should the maximum stress due to 
the combination of normal and shearing stresses exceed that on a right section. 
This result will be attained if the number of rivet holes N deducted from the gross 
right section be taken as the maximum number given on any zig-zag section 
by the formula 

N - 1 + xi + x 2 + x z + . . . . . (1) 

where x *» a fraction of a rivet hole 

• _ g _ 2(g» + « 8 - h Vf+T 2 
h h(g + y/g* + 4s 2 ) 

g *** the gage, i.e. the distance between any two holes measured at right 
angles to the axis of the member. 

8 * stagger of these holes. 

h — diameter of rivet hole as considered for deduction purposes * 
diameter of rivet + H in. 

. This formula is to be applied to alternative sections, the successive terms 
representing the deductions for successive holes considered in a chain across the 
member. The particular group of rivets to be considered is that which will 
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give the greatest total deduction, whether the rivets lie on adjacent gage lines 
or not. * 

To obviate the large amount of work required in solving Formula (1), the 
diagrams of Fig. 55 have been prepared. These give the theoretically correct 
deductions for any assured ratio of stagger to gage. The curves have been drawn 
for y±- and %-in. rivets, for staggers up to 9 in., and for gages up to 15 in. 

66. Proportioning of Rod Members. — If a tension member consisting of one 
or more rods or bars of uniform section is threaded for end connections or for 
insertion of a turnbuekle or sleeve nut, its strength will depend on the net area 
at the root of the thread. If, however, the rod is upset befor threading, the 
rods may be weaker through the body than at the root of the thread. Good prac- 
tice requires that this be the case and hence the standard upsets for both round 
and square rods tabulated in the steel handbooks provide for an area at the 
root of thread usually between 20 and 30 per cent greater than through the body 
of the bar. If, then, standard upsets are to be employed, the designer need 
concern himself only as to the area to be provided in the body of the member. 

It is not always economical to use upset ends. If the rods are short and of 
small area, the actual saving of material effected by upsetting may be more than 
offset by the labor cost of making the upsets. For example, tie rods for floors 
and sag rods for roofs are not always upset. 

Loops at ends are so proportioned as not to constitute a source of weakness 
to the member. If standard loops are to be provided, no attention need be given 
to the looped ends in design. 

For adjustable rod members, the stress may, in most cases, be assumed as 
uniformly distributed. The different rods, if there are more than one, may be 
given equal tension by adjustment, and care should be taken to see that in service 
they are equally stressed. Only regular inspection can ensure this. If the rod 
is not at right angles to the pin to which it connects, the load will be applied at 
one edge and allowance would then need to be made for flexural stress in addition 
to the tensile stress. 

Illustrative Problem. — A round rod tension member of soft steel with ends threaded 
but not upset, is to carry safely a load of 22,000 lb. If the permissible stress in tension is 
15,000 lb. per sq. in., determine the necessary size of rod. 

Required net area = 22,000/15,000 = 1.47 sq. in. 

From A.I.S.C. handbook, it is found that one 1%-in. round rod with area of 1.52 sq. 
in. at root of thread, or two 1%-in. round rods with combined area of 1.78 sq. in. at root of 
thread would do. One rod would be cheaper, if practicable for the situation. 

Illustrative Problem. — A tension member is to consist of one or two round or square 
Boft steel rods upset and threaded at the ends. Determine the required size. Load and 
permissible stress as in last problem. 

Required net area » 1.47 sq. in. 

Area of one 1%-in. round rod upset *■ 1.49 sq. in. in body of 1 bar and 1.74 sq. in. at root 
of thread. 

Area of one 1%-in. square rod upset « 1.56 sq. in. in body of bar, or 2.05 sq. in. at 
root of thread. 

The round rod is the more economical. 

Two 1-in. round rods, or two %-in. square rods, would also be sufficient. 

67. Proportioning of Eye Bar Members. — For pin connected structures, the 
eye bar, Fig. 54e, affords a very convenient unit from which to build up a tension 
member. The heads are now so well standardized that the designer need have 
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no fear of the bar failing therein. Examination of the tables of proportions of 
heads in A.I.S.C. handbook shows that the area through the eye is ordinarily from 
35 to 40 per cent in excess of that through the body of the bar. The A.R.E.A. 
specifications require the excess to be 35 per cent. 

Experience has shown that there should be a certain minimum thickness for 
each width of bar, for reasons of manufacture and since very thin bars tend to 
fail by buckling in the head. This varies from in. for bars 2 in. wide, to 1% 
in. for bars 16 in. wide. On the other hand, the thinner bars simplify packing 
at joints and reduce pin moments. It is commonly specified that the thickness 
of the bars shall not be less than }£ the width. 

The size of head to be employed will, of course, depend on the necessary size 
of pin. Ordinarily, it is about times the width of the bar. In selecting a 
bar, care should be taken to ensure that the head is not too large to fit into any 
built-up member, such as a top chord, to which it may be required to connect. 
Bars should be selected with the size of pin in mind. It is now often required 
that the pin be not over }£ the width of the widest bar attached. 

Ample basis for fixing safe working stresses on eye bars exists in the many full- 
sized tests that have been made. Their ultimate strength is on the average less 
than for small specimens of the same material, usually about 85 to 90 per cent as 
great, due to the less perfect working received by the thick metal of the bar and 
to the annealing of the heads after forging. However, since the eye bar member 
is subjected to low secondary stress in the structure, and also since the probable 
percentage loss by corrosion is small and the resilience is large, the permissible 
working stress may be quite as great as for riveted members. 

In building up eye bar tension members, the constituent bars should be 
packed symmetrically about the plane of the truss with the inclination of any bar 
thereto as small as possible and in no case greater than Hein, per foot. By keep- 
ing the inclination or “cradling” down, the flexural stresses are thereby mini- 
mized. Bars should be secured against lateral shifting and so arranged that 
adjacent bars in the same panel will not be in contact with each other lest there 
be corrosion between them. 

niustrative Problem. — A tension member of a truss carrying a load of 285,000 lb. is to 
consist of two or four medium steel, non-ad justable eye bars connecting at each end to a 
pin estimated to be 4V£ in. diarheter. The thickness of the bars is not to be less than one- 
eighth the width, nor less than 1 in,, and the width of the bars not over eight-sevenths of 
the diameter of the pins. Permissible tensile stress p » 16,000 lb. per sq. in. Heads of 
A.I.S.C. standard. 

Required area in body of bars = 285,000/16,000 =* 17.82 sq. in. 

Maximum permissible width of bars — (4.5) (%) — 5.1, says 5 in. Minimum thickness 
for 5-in. bars = 1 in. 

Two bars 5 X l 1 ?^ in- with a total area °* 18.13 sq. in. would be sufficient. If four 
bars be used, they must each be 5 X 1 in. because of the rule respecting minimum thick- 
ness. This would give a considerable excess of area, although the use of the thinner bars 
is desirable for other reasons. 

68. Proportioning of Riveted Tension Members. — Design of the simplest form 
of riveted tension member, the narrow plate, or flat, is vitally related to the 
arrangement of rivets in the end connections. To develop the highest possible 
efficiency the rivets should be arranged in a triangular group, as shown in Fig. 
54 g, with the apex of the triangle formed by a single rivet, pointing towards the 
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center of the member. With such a connection it is necessary to reduce the gross 
section by only one hole in proportioning for the full calculated stress, since at 
the second line of rivet holes the stress in the member is less than the full stress 
in the body by the amount of the stress taken out by the first rivet. 

Practical objections to the arrangement of connections as shown in Fig. 54gr 
usually result in a less efficient arrangement. The proper deduction to be made, 
however, can easily be determined by following the methods of Art. 66. 

Although a flat as a tension member is deficient in lateral rigidity and may for 
that reason contribute to the vibration of a structure, the rigidity of the end 
connections as compared with those of the pin type is an advantageous feature. 



Fig. 56.- 


(0) ( b ) 

-Effect of end connections on efficiency of flat plate tension members. 


One inherent defect of a single flat as a tension member is that by reason of the 
end connections being made to a gusset in the form of a lap joint, as shown in Fig. 
56a, there is an eccentricity of one-half the thickness of the plate, assuming, as 
appears justifiable in the light of experiment, that the load is applied at the plane 
of contact of the member with the gusset. If there be two flats side by side 
forming a single-member, and possibly stitch riveted together, with the end con- 
nections in the form of a butt joint, Fig. 565, the effect of eccentricity is not 
wholly overcome, for each component part of such a tension member tends to 
bend in its own way, due to the eccentric application of the part of the applied 
load that goes to it. The bending is somewhat restrained, however, by the body 
details. 

With the single angle, or more complicated forms of tension members built up 
of angles or other shapes and plates, it is desirable to have as large a portion as 
possible of the cross-section directly connected to the end gussets. By so doing, 
the length of the end connections and size of gusset plates is thereby reduced and 
often a more equable distribution of stress over the cross-section is brought about,* 
thus improving the efficiency of the member. If possible, single angles should 
have unequal legs and, if only one leg is connected, it should be the longer one. 

In most riveted tension members there is an unavoidable eccentric application 
of the load, by reason of the fact that the component parts lack perfect symmetry 
in themselves or are connected to the gussets in the manner of a lap joint. Typi- 
cal cases of this kind are shown in Fig. 57. 

The load is applied to a single angle tension member, Fig. 57a, along the 
line of connecting rivets, and slightly inside the gusset. If G is the center of 
gravity of the angle, there is consequently an eccentricity KG = e. The true 
maximum stress resulting from this combination of direct and bending stress 
can only be calculated by employing the theory of unsymmetrical bending, as 
explained in Art. 22. 
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The main component parts of the members shown in Fig. 576 and. c will 
receive their loads eccentrically. Each one should, therefore, properly be 
designed for a combination of direct and bending stress, unsymmetrical bending 
being considered for the case of Fig. 576. The presence of connecting stitch 
rivets, tie plates, or battens does not entirely prevent this bending, but, according 
to Professor C. Batho, 1 each component part tends to bend in its own way. 









\./r 

0 




(or) (b) (c) 

Fig. 57. — Eccentric application of load on tension members. 


The relation of the maximum to the mean stress is dependent on the amount 
of initial eccentricity and the restraining effect of the end connections. By 
utilizing heavy, wide gusset plates, the deflection of the member due to eccentric- 
ity is lessened, which in turn tends to equalization of stress over the. cross-section. 
While the effect of the restraint in a direction normal to the plate is small, it is 
important in the plane of the plate. The average decrease of the ratio of maxi- 
mum to mean stress for single angles, due to the stiffness of the end plate in its 
own plane, was found by Prof. Batho to be about 35 per cent at the highest load 
applied. It, therefore, appears most desirable, in order to improve the efficiency 
of members connected unsymmetrically, to fix the direction of the ends as far as 
possible. 

The effort to equalize the stress in an angle member by connecting it by both 
legs is shown by the tests of Prof. Batho to bring comparatively little advantage. 
In the most favorable cases it decreased the ratio of maximum to mean stress at 
working loads by about 4 per cent. The earlier tests by Prof. F. P. McKibben 2 
showed an improvement in efficiency of under 15 per cent in the most favorable 
case and in most cases under 10 per cent. For single angles connected by one leg, 
the efficiency ranged from 75 to 83 per cent, while for single angles connected by 
both legs, it ranged from 86 to 96 per cent. The practice of permitting only the 
connected leg to be counted for angles connected by only one leg, while allowing 
both legs to be counted if lug angles are used, is thus seen to be unduly favorable 
to the use of lug angles. 

Experimental investigation shows that a considerable change may be made 
in the position of the line of pull of the gussets with respect to the gravity line of 
the angles connected, without greatly affecting the stress distribution over the 
angles or the efficiency of the member. From Prof. McKibben's tests, it appears 
that changing the line of pull from the gage line of a single angle connected by 
only one leg to the projection of the gravity line improved the efficiency only 
5.5 per cent in the most favorable series of tests. In another series it was improved 

1 Transactions Canadian Society of Civil Engineers, vol. 26, Part I, 1912. 

* Engineering Rows, July 5, 1906, and Aug. 22, 1907* 
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by only 2 per cent. No great sacrifice in efficiency is thus brought about by 
placing the gage line of an angle member on the skeleton line of a truss. 

Double angle members, such as shown in Fig. 576, have the merit of some- 
what hindering each other from bending perpendicularly to the gusset plate, with 
the result that the ratio of maximum to minimum stress over the cross-section is 
thereby reduced. In Prof. McKibben’s tests, no particular advantage appeared 
to attach to this form of member, but Prof. Batho found them to give better 
results than single angle members. 

In the practical design of tension members composed of either single or double 
angles, it is desirable to proportion on the assumption that the stress is uniformly 
distributed over the cross-section. Allowance can be made for the loss of 
efficiency arising from eccentricity by reducing the net area by a percentage to 
give the true effective area. This percentage will vary with the amount of eccen- 
tricity and the ratio of the legs of the angle, and will depend on whether lug angles 
are used or not. 

Although the tests cited indicate that only from 75 to 83 per cent of the net 
area of representative angles connected by one leg is effective, the adopted effi- 
ciency in design should be higher than this. Built tension members with an 
average efficiency of 87 per cent are regarded as 100 per cent effective, and 
consequently for consistency, single and double angles should be considered as 
having an efficiency about 1 5 per cent higher than that shown by actual test. 
To be on the safe side, however, it would seem desirable to limit this excess to 
10 per cent. The percentage efficiency of single and double angles connected by 
one leg only has been found to be expressed fairly well by the formula 

V = 100 - 30 • J (1) 

where p = percentage of net area effective. 

8 — length of outstanding leg of angle in inches. 

g = gage in inches of angle if one gage line only is used, or two-thirds of 
the sum of the gages if two gage lines are used. 

c — length of connected leg in inches. 

Efficiencies of angles connected by both legs may with safety be taken as 5 per 
cent higher than those given for angles connected by only one leg. 

. These effective percentages are to be applied to the net sectional area as 
determined by the principles of Art. 65. The reduced net area then becomes 
the true effective area. 

Illustrative Problem. — Let it be requirod to find the effective percentage of the net sec- 
tion of a Z}4 X 2H-UI. angle connected by the 3}^ -in. leg, with rivets on a 2-in. gage. 

V - 100 - ZOag/c 2 « 100 - (30)(2.5)(2)/(3.5)* = 87.8 per cent. 

Find the effective percentage of the net sectional area of a 6 X 4-in. angle, connected by 
the 6-in. leg, with two lines of rivets driven on gages of 2% and in. 

p - 100 - (30) (4) (0.67) (2.25 + 2.25) /(6)* - 90 per cent. 

• Although no records of tests of single channels in tension are available, it is 
probable that single channels connected by their webs only, would, because of 
the relatively high ratio of eccentricity to corresponding section modulus as com- 
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pared with angles of the same area, show an efficiency somewhat less than that of 
single or double angles. The relative areas of the flanges and the web, or the 
weight of a channel for a given depth, should materially affect the efficiency. 
It is probable that fbr single channels the effective area is about equal to the net 
area of the web plus 70 per cent of the net area of the flanges. 

Due to eccentricities and imperfections of material and workmanship, built 
up tension members will not develop under test the 
same strength in pounds per square inch of net area 
as would be given by a small specimen. Tests re- 
ported by J. E. Greiner 1 on (1) members of H-shape 
made up of four angles connected by latticing, 
battens, and solid web plates, and (2) on members 
composed of two built-up channels connected by 
latticing and battens, showed that the efficiency 
ranged from 80.4 to 96 p^ cent. Some of the lower 
figures were for specimens with a highly eccentric 
pin-plate connection to the outstanding legs of the 
angles of the member. The lowest were, strangely 
enough, for box-shaped members with both legs of 
the four main angles connected to the end pin plates. 

This lack of strength was probably due to the fact 
that the pin plates did not extend to the near ends of 
the end batten plates. 

In fixing working stresses, the efficiency likely to 
be attained should be borne in mind. In view of the 
fact that for tests on eye bars, the average efficiency 
is over 90 per cent, the working stresses on built-up tension members may safely 
be as great as on eye bars. 

Body Details . — When a tension member is built up of an assemblage of rolled 
sections, it is desirable to connect them together at certain intervals depending 
on the character of the member. 

If angles or channels are used without web plates, the connection may be in 
the form of stitch rivets, Fig. 58a, or latticing, Fig. 586, or battens, Fig. 58c, or d . 
Stitch rivets are used where the two connected parts are sufficiently close together 
to make it practicable to insert washers between them through which the rivets 
may be driven. Latticing, formerly much used for the larger tension members, is 
now chiefly employed for compression members, or for members subject to 
reversal of stress. Battens are found to be cheaper and practically as satisfactory 
as latticing for tension members. If web plates are used, the connection of angles 
or channels thereto is made by lines of rivets spaced as described below. 

Body details such as shown in Fig. 58 serve several'purposes. They lessen 
the transverse vibration by so connecting the parts that they will act practically 
as one unit with a width or depth equal to the over-all lateral dimension. This 
reduces general vibration in the structure and minimizes the likelihood of loosen- 
ing of the rivets in the end connections. Web or batten plates near the end of the 
member, Fig. 58 d, serve to lessen the effect of the eccentric application of load 
by restraining the end of the member against bending. Solid webs or closely 

i Transaction* American Society of Civil Engineer*, vol. 38, 1897, 
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Fig. 58.— Body details of. 
steel tension members. 
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spaced battens or latticing help to equalize the stress over the cross-section by 
transferring stress from a heavily loaded to a lightly loaded part. 

Where stitch rivets are used, they are spaced from 2 to 4 ft. apart in angle 
members and, where they connect shapes to web plates or various plates together, 
they are spaced in the line of stress a distance not over 16 times the thickness of 
the thinnest outside metal, nor over 6 in. 

Latticing, if used, is designed and arranged in the same manner as for com- 
pression members. 

Battens are spaced center to center about 3 or 4 ft. apart. 

The thickness of battens for tension members may be determined by the rule 
applied to single lattice bars — that is, not less than }io of the distance between the 
rivet lines. In no case should it be less than the miminum prescribed by the 
specification for secondary material. For light members the length of the batten 
plates parallel to the axis of the member need not be greater than is required to 
accommodate two rivets in each line. At the ends of members, in order to con- 
tribute to the restraint of the individual parts of the member and lessen bending 
due to eccentricity, the battens should be as long as the member is wide and be 
placed inside the end gusset plates. 

Illustrative Problem. — In the following problems, let the permissible stress in tension 
be 16,000 lb. per sq. in. of effective area, and the rivets % in. dia. with holes 1 in. dia. 

(a) Find the size of a double flat plate tension member to carry 47,000 lb., if a line of 
stitch rivets runs along its axis and if provision must be made for two rivets opposite each 
other at the inner edge of the end connections. 

Required net area = 47,000/16,000 = 2.94 sq. in. 

Net section will be at the end connection, and if w — width of plates and t the thickness 
bf each plate, it = (w — 2)2*. 

Hence (w — 2)2 = 2.94 sq. in., from which assuming w = 6 in., * required = 0.368 in. 

Two 6 X %-in. plates will be used. 

( b ) A single angle with one leg only connected is to carry a load of 28,000 lb. Find the 
required size. 

Effective area required = 28,000/16,000 *= 1.75 sq. in. 

Assume a 3V£ X 3 X J6-in. angle connected by the 3j^-in. leg on a 2-in. gage. 

Netysection — 2.30 — (1)(0.38) 1.92 sq. in. 

Effective percentage of net section from Formula (1) is 

p - 100 - (30) = 85.4 per cent 

(3.5) z 

and effective area of angle ** (0.854) (1.92) = 1.64 sq. in. 

The angle is not large enough. A 3 % X 3 X Ke- in * angle gives an effective area of 
1.89 sq. in., and hence would be satisfactory. 

(c) Find the required size of angle for problem (6) if both legs were connected and the 
stagger of the inner rivets were 2 in. 

Assuming a X 3-in. angle with gages of 2 and 1% in., respectively, in the 3j^- and 
3-in. legs, the distances of the rivet lines apart, or g t assuming a thickness of in., is 
3.31 in. The deduction, from Fig. 55, is 1 -f 0.7 « 1.7 holes, and the net area ■* 2.65 — 
(1.7) (1) (0.44) * 1.90 sq. in. 

Assuming the efficiency as 5 per cent greater than for an angle connected by one leg, or 
say 90 per cent, the effective area = (0.90) (1.90) »=1.71 sq. in. This is slightly below the 
requirement but would in most cases be accepted. 

(d) A truss member carrying 235,000 lb. is to be of H-shape, consisting of two pairs of 
fugles 12H in. back to back with connecting battens, as shown in Fig. 59. Determine the 
sise, assuming the rivet arrangement as shown. Assume the full net area as effective, 
because of the restraining effect of the end battens. 

Required effective area of member « 235,000/16,000 « 14.7 sq. in* 
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Assume four 6 X 4 X %-in. angles. Considering one angle developed as in Fig. 69a, 
it is found by consulting Fig. 66 that the least net section is S-S, the deduction from each 
angle being 2 holes. 

Net section = (4) (4.75) — (8)(1)(J^) = 15.0 sq. in. which is adequate. 

(e) A truss member carrying 370,000 lb. is to be made up of two channels, 12 in. deep, 
with flanges turned out, reinforced by two 11-in. plates on the backs of the channels, as 
shown in Fig. 60. Battens connect the flanges of the channels, the end batten being outside 
the gussets. Determine the necessary section if only 70 per cent of the net area of tho 
channel flanges is considered effective. 

Required effective area = 370,000/16,000 * 23.2 sq. in. 

Assume two 12-in., 30-lb. channels and two 11 
X J^-in. plates with the riveting at the inner edge 
of the connection as shown. 

Critical section is S — S, cutting four web holes 
and four flange holes. 

Gross area of section = (2) (8.79) + (2) (11) (0.5) 
= 28.58 sq. in. 
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59. — Design of four-angle 
tension member. 



Fig. 60. — Design of a double channel 
tension member. 


Area of 4 holes through webs of channels and plates (section S-S ) = (4) (1) (0.51 + 
0.50) = 4.04 sq. in. 

Gross area of flanges of channels — total area — area of webs = (2) (8.79) — (2) (12) 
(0.51) = 5.34 sq. in. 

Not area of flanges, the grip being }i in., = 5.34 — (4)(1)(0.5) = 3.34 sq. in. 
Reduction of flange area = (0.30) (3.34) = 1.00 sq. in. 

Effective area of member = 28.58 — (4.04 + 1.00) = 23.54 sq. in. which is adequate. 


69. Tension Members Subject to Cross Bending. — It frequently happens that 
tension members are subjected to transverse as well as to axial loading. This 
produces a combination of direct and bending stress for which the member must 
be designed. The problem is essentially the same as for a tension member sub- 
jected to eccentric axial loading and consequently a moment of eccentricity. 

Common cases of cross bending in bending members are a tension member 
subjected to its own weight or to a directly applied load. The bottom chords of 
roof trusses in mill buildings are frequently loaded with trolleys, piping, wires, 
etc. Another case is a tension chord subjected to the thrust of a cross strut of a 
lateral system. 

If the effect of the deflection in augmenting the moment is neglected, the 
maximum fiber stress is 

P Me /i\ 

fi +/ 2 = -j + ~r 

If the deflection be considered, assuming the ends free to turn, the maximum 
stress becomes 

P , Me 
* + PI 2 
1 10 E 


jfl +/2 


( 2 ) 
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where fi * uniformly distributed stress due to axial load P. 

/ 2 = flexural stress on extreme fiber. 

P = axial load. 

A = area of member. 

M = bending moment.. 

c = distance from neutral axis to most highly stressed fiber. 
I = length of member. 

I = moment of inertia in direction of bending. 

E = modulus of elasticity. 


Fio. 61 


Illustrative Problem. — Tho bottom chord of a truss is 15 ft. long between panel points 

and consists of two 4 X 4 X JK e-in. angles with 
the vertical legs back to back and separated by 
a space of % in. Washers and stitch rivets aro 
inserted 2 ft. apart. Tho axial load is 40,000 lb. 
If a wind strut carries a load of 3,000 lb. into 
the $hord at right angles to it and lj£ ft. from 
one end, as shown in Fig. 01, find the maximum 
resulting stress, neglecting the effect of tho de- 
flection. Rivets, ?^-in. dia. 

As tho angles are fairly closely stitch riveted, 
it will be assumed that they act as a single section 
against transverse loading. 

Net area of member = (2) (2.40) — (2) (0.875) 
(0.3125) - 4.25 sq. in. 

Uniformly distributed stress 
, 40,000 



-Tension member subjected to 
bending. 


4~2lT “ lb. per sq. in. 


Wind reaction at end of chord nearest tho strut connection = (3,000) (13.5) /15 = 2,700 

Wind moment at strut connection = (2,700) (1.5) (12) = 48,600 in.-lb. 

Gross moment of inertia of chord about a vertical axis, 


1 9 - 2[3.7 + (2.40) (1.31) 2 ] - 15.6 

Moment of inertia of 2 holes in outstanding legs assuming a gage, approximately, 

- (2) (0.875) (0.3125) (2.69) 2 * 3.9. 

Net moment of inertia *= 15.6 — 3.9 — 11.7. 

Extreme fiber stress due to wind moment 


/* 


(48,600) (4. 19) 
11.7 


17,400 lb. per sq. in. 


Total extreme fiber stress, /i + ft — 9,400 4- 17,400 * 26,800 lb. per sq. in., an exces- 
sive stress even considering the usual increase permitted for a combination of dead load, 
live load and wind stresses. 


CAST-IRON COLUMNS 

70. Use of Cast-iron Columns. — Cast-iron columns are suitable only for 
small buildings of non-fireproof construction. They offer somewhat greater 
resistance to fire than unprotected steel columns and occupy A minimum of space 
in the building, but cast iron is by no means as reliable as steel and the bolted 
connections of cast-iron columns allow more or less lateral movement which is 
serious in high buildings. 

Columns of this material should not be used with fabricated steel in skeleton 
construction or under conditions which produce flexural stresses of any m&gni- 
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tude, other than those due to concentrically-loaded column action. The unrelia- 
bility of cast-iron columns is due to the variation in quality of the material, 
defects likely to occur in casting, and the difficulty of thorough inspection. 

71. Properties of Cast-iron. — Cast-iron has a very high unit compressive 
strength — usually considered to be about 80,000 lb. per sq. in. This material, 
however, is not strong in shear or tension, the average ultimate shearing stress 
being 18,000 lb. per sq. in., and the average ultimate tensile stress 15,000 lb. 
per sq. in. The ultimate intensity of stress which can be developed in a piece of 
cast-iron varies with its fineness of grain, and depends largely upon its thickness 
and the rate of cooling, as well as its composition. The high compressive stresses 
make it a very desirable material to use in compression, but because of the some- 
what treacherous nature of cast-iron, the high compressive stresses found are often 
misleading. Also, the low shearing and tensile values preclude its use under <any 
condition other than that of direct compression. It does not rust as quickly as 
steel and resists fire somewhat better, but may, however, be subjected to serious 
strains because of sudden cooling with water from a fire stream. It is very hard 
and brittle, and fractures suddenly without warning. No riveted connections 
should be made to cast-iron. All connections of girders to columns, or column 
to column, must therefore be made by bolts which impair the rigidity of a struc- 
ture by the allowance for clearance. 

72. Manufacture of Cast-iron Columns. — Cast-iron columns may be cast in 
sand molds either upon the side or on end. In either case a baked core molded 
to the dimensions of the inside of the column must be made of sand, flour, and 
water, and supported within the sand mold. There are practical conditions 
surrounding every part of the work which will determine the quality of the 
column produced. Many pronounced defects found in columns are due to the 
method of pouring used in their manufacture. 

If the column is cast on its side, the core will be buoyed up within the mold 
because of the great difference in density between it and the molten metal. 
Provision must, therefore, be made to prevent the core from rising toward the 
top side of the mold, or from being sprung from line so that the mid-portion of 
the top side of the casting will be thinner than the desired thickness. This defect 
produced by “ floating cores” is one which is frequently found in cast-iron col- 
umns. The molten metal rising in the mold carries dirt and air above, in which 
will form “honeycomb” and “blowholes” along the top side of the column, unless 
provision is made by vents for the escape of the air. This provision can be made 
by forcing a wire rod through the mold at intervals. When these difficulties have 
been overcome, there are still others which may arise, due to unequal cooling 
produced by the manner or speed of pouring, by the condition of part of the 
mold, or by the unequal radiation in the molds. The last may be due to an 
unequal uncovering of the mold. Unequal cooling Inay produce stresses which 
will crack the column before any load is placed upon it. 

The end method of casting avoids some of these difficulties if the molten 
metal is introduced at the bottom of the mold. The dirt, sand, and air that 
collect will thus be borne to the top of the mold so that they can be removed, 
but the pressure produced by the head of molten metal will often be greater than 
the mold can withstand, if the column is of any considerable length. The defects 
found in columns cast on end will not, however, be so numerous as those found 
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in columns cast on the side. These defects can be eliminated to some extent by 
careful foundry work. If not eliminated, they should be caught at the time of 
inspection. 

73 . Inspection of Cast-iron Columns. — Cast-iron columns may have defects 
either in the surface, or within the metal, or may have insufficient strength due to 
variation in the section of the metal due to displacement of the core. Defects 
in the surface can be found by a careful examination of the column. Defects 
within the metal can be discovered by a careful tapping of the column with a 
hammer, as the honeycomb or sand spots will sound dead. In hollow square or 
round columns, variation in thickness of the metal can be determined by drilling 
two or three in. holes through the column. If this variation is more than 
J^-in., the column should be rejected. The H-section affords easy access to the 
surface for inspection and painting, and opportunity to measure the section. 
Columns with brackets should be carefully inspected at these details, especially 
if the column has been poured on its side through the bracket. 

74 . Tests of Cast-iron Columns. — The Department of Buildings of New York 
City made a series of tests upon cast-iron columns some years ago at the works 
of the Phoenix Bridge Co. Nine columns were tested to destruction and a tenth 
to the capacity of the testing machine. Six of the ten columns had a diameter of 
15 in., a length of 15 ft. 10 in., and a thickness of shell of 1 in.; two had a diameter 
of 8 in., a ratio of L/d equal to 20, and a shell thickness of 1 in. ; two had a diameter 
of 6 in., a ratio of L/d equal to 20, and a shell thickness of 1 in. 

The columns broke at loads varying from 22,700 lb. per sq. in. to over 40,400 
lb. per sq. in., the latter being the intensity of stress in one of the 15-in. columns 
which withstood the total capacity of the machine. The other five 15-in. columns 
all exhibited foundry dirt, honeycomb, cinder pockets, or blowholes. 

75 . Cast-iron Column Formulas. — The following are some of the formulas 
for cast-iron columns used by different authorities: 

New York Building Code (1938) 

Cambria Steel Handbook (Round Columns) 

Cambria Steel Handbook (Rectangular Columns) . . . 


Chicago Building Code 

Boston Building Law 

Watertown Arsenal Tests: 

A.R.E.A. Specifications (Buildings) 


P/A 

P/A 

P/A 

P/A 

P/A 

P/A 

P/A 


9.000 - 40i/r 
10,000 
1 2 

1 + 800d* 
10,000 
*2 


1 + l,O67i0* 

: 10,000 - 60Z/r 
i 10,000 - 70 \}r 

- 34,000 - m/r 

- 12,000 - 601 /r 


In these formulas r is the radius of gyration, d is the outside diameter, and w is 
the least lateral dimension. * The formulas are all for flat ends, and all but one 
are for working loads. The Watertown Arsenal Tests formula, which is for ulti- 
mate loads, is quoted by J. B. Johnson, who says it fits very well the results 
obtained on certain tests made on full-sized cast-iron columns. 

In order to compare the above column formulas, the allowable unit load has 
been calculated for a column 15 ft. long, outside diameter 10 in., and inside 
diameter 8 in. These dimensions give a radius of gyration of 3.2 and a slender- 
ness ratio of 56.2. The results are as follows: 
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Formula jp/X 

New York Building Code 6,750 

Cambria Steel Handbook 9,620 

Chicago Building Code 6,630 

Boston Building Law 6,840 

Watertown Arsenal -Tests 7,250 

A.R.E.A. Specifications (Buildings) 8,630 


A factor of safety of 4 was used with the Watertown Arsenal Tests formula. 

The product of the iron foundry is improving with time. While the old 
Cambria formula gives the highest result, it is probably safe. It goes without 
saying that the others are even safer. 

76. Design of Cast-iron Columns. — The sections of cast-iron columns in 
general use are shown in Fig. 62. The hollow cylindrical section gives the best 
distribution of metal in a column, but the connection details do not work as 
nicely as those for the hollow square section, which is almost as efficient in dis- 
tribution of material. The hollow square section, on the other hand, has dis- 
advantages which are not found in the hollow cylindrical section. The corners 
of the square section are very liable to crack, due to the 
cooling of the column; but this can be obviated by an out- 
side curved corner and an inside fillet. The H-section, 
though not affording a distribution of material as efficient Fig - 62> c a st - ir ° n 
as the hollow cylindrical or hollow square column, has the COiUm41 iectlom 
advantages of being open to inspection, of being cast without a core, and of being 
easily built into a brick wall. It meets the greatest favor as a wall column. 

In all the formulas given in the preceding article it will be noted that the area, 
A , and the radius of gyration, r, both appear in the formula. Therefore, for the 
ordinary column, in a design problem, the designer is confronted with two 
unknowns, neither of which can usually be expressed in terms of the other. For 
this reason it is necessary to design columns by trial and error methods. The pro- 
cedure involves choosing a size of column which is assumed to be satisfactory, 
and then calculating the lbad which it can carry. If the column is too small or 
too large, then the dimensions must be increased or decreased, respectively, and 
a second trial calculation must be made. 

The following specifications should be observed in the design of the shafts of 
cast-iron columns: 

The minimum thickness of the shell should not be less than % in. or thinner 
than one-twelfth of the greatest lateral dimension or side; the maximum thickness 
should not be greater than 1% to 2 in. 

The maximum diameter should not be greater than 16 in.; the minimum diam- 
eter should not be less than 5 or 6 in. 

The slenderness ratio, L/r, should not exceed 70; the unsupported length of the 
column should not exceed 20 times the least diameter. 

All corners should be filleted with a radius of K to % in. 

No inside offset or any sudden change in the thickness of shaft should be 
made. 

Illustrative Problem. — A hollow, round oast-iron column is 16 ft. long, flat ended, and 
is to carry safely a load of 200,000 lb. The New York Building Code formula is to be used. 

One rough method of making a first guess as to the sise required is to assume that the 
column is a short compression member with l/r equal to sero. According to the formula 
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this would mean that the unit load oould be 9,000 lb. per sq. in. The area required on this 
200 000 

basis is -q-^qq- * 22 sq. in. This is known to bo too small, so that an area of 30 sq. in. 

will be chosen for a first trial. Assuming an outside diameter of 10 in., ^ (10* — d *) — 30, 

di *« 7.85 in., and an inside diameter of 8 in. will be used. For the diameters of 10 and 8, 
the radius of gyration is 3.2 in. and the area is 28.3 sq. in. From the formula the load 

P « 28.3 [ 9,000 - ( 40)( 3 1 ^ -- - ] = 187,000 lb. 

which is a little too small. If the thickness of the column is incror aed to 1 in., the inside 
diameter will be 7.75 in., the radius of gyration will be 3.16 in. and the area will be 31.4 
sq. in. Substituting in the formula, 

P = 31.4 [9,000 - — = 206,000 lb. 

which is satisfactory. 

The handbooks published by the steel companies contain tables of safe loads for various 
sized columns, so that the work of computation may be considerably reduced by using these 
tables. 

77. Column Caps and Bases. — Hollow cylindrical and square cast-iron col- 
umns are generally fastened together by a simple flanged base and cap as shown 

in Fig. 63a and 635. The flanges 
should not be thinner than the shaft 
of the column and should be at 
least 3 in. wide; which width will be 
sufficient for hexagonal nuts on ?£- 
in. bolts. These flanges should be 
faced at right angles to the axis of 
the column. The bolt holes in the 
flanges should be drilled to a templet 
so that the columns can be fitted 
together in proper alignment and the 
flanges should be spot-faced at bolt 
holes so that they will give a square 
firm bearing to bolts and nuts. If 
the ends of cast-iron columns must be left rough, sheets of lead or copper 
should be placed between flanges of columns bolted together, so that an even 
bearing will be obtained by the soft metal taking up the inequalities of the sur- 
face. In no case should shims be used to wedge up one side of a column. 

If it is desired to give any architectural pretentions to the caps or bases of 
cast-iron columns, the design of such should be made so as not to weaken the 
shaft section of the column by. change of dimensions or offsets that will throw 
transverse stresses into the column. Ornamental caps or bases of large size 
should be cast separate from the column. 

78. Bracket Connections. — The usual forms for the connections of beams and 
girders of cast-iron columns are shown in Fig. 63c, d, and e and in the table 
of Manufacturers' Standard Cast-iron Column Connections." The beam rests 
upon the bracket shelf and is bolted to the lug on the column through the web. 
The holes in the web of the beam for bolting to the lugs should be drilled in the 
field in order to match the cored holes of the lug. 
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Connections should be designed with a bracket directly below the web of a 
single girder or below each web of a box girder so that no transverse bending 
strains will be thrown into the bracket shelf. The bracket shelf should be given 
a slope of }{ in. to the foot away from the column so that the load cannot be 
applied at the end of the shelf. A bracket will bear only about one-half as great 
a load applied eccentrically at the edge of the shelf as one distributed over the 
shelf. A bracket shelf may fail in one of three ways, (1) by shearing through 
shelf and bracket next to the column, (2) by transverse bending, or (3) by tearing 
out a section of the column as shown in Fig. 63/. 


Manufacturers' Standard Cast-iron Column Connections 
Dimensions in Inches 



Tests by the Building Department of New York City have shown that 
brackets will not fail by shear or transverse bending on columns of more than 6-in. 
diameter if designed according to standard practice. Of 22 brackets tested, 
those on 8- or 16-in. columns failed by tearing holes in the body of the column, and 
4 on 6-in. columns failed by shearing or transverse stress. 
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The design of bracket shelves by any rigorous analytical method is impossible. 
Some of the factors which complicate it are the rate of cooling, variations in the 
thickness of metal, and imperfections. The design should, however, be checked 
against failure due to shear or transverse bending. 

STEEL COLUMNS 

79. Steel Column Formulas. — A diagram of the allowable unit stress in 
structural steel columns for the A.I.S.C. and A.R.E.A. formulas is shown in 
Fig. 64. The following tabulation of formulas indicates the trend toward 
uniformity. 



Fig. 64. 


A.I.S.C Am. Inst. Steel Const, (main members), maximum 

- - 120 

r 

A.I.S.C Am. Inst. Steel Const, (secondary members), 

- = 120 to 200 

r 

A.R.E.A. . . .Ara. Ry. Eng. Assoc, (buildings) not to exceed 15,000 
A.R.E.A. . . .Am. Ry. Eng. Assoc, (bridges, rivet ends), maximum 

- - 120 

r 

A.R.E.A. . . . Am. Ry. Eng. Assoc, (bridges, pin ends), maximum 

- - 120 

r 


17, (XX) - 0.485 ^ 

18,000 _ 
l 2 

1 + lpOOr* 

18,000 - 60 - 
r 

15,000 -l 1 -, 

4 r* 

1 Z 2 

15,000 -Ji 


C Chicago Bldg. Code, maximum 15,000. 


18,000r* 


E.I.C Eng. Inst. Canada 


12,000 - 0.3 


l* 
r 2 


.New York (main members), not to exceed 15,000, , 

-up to 120 — ?M>0 — 

f 1 + - JL 

^ 18,000r» 
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For bracing and secondary members same formula 

with - up to 200 
r 

1 ift non 

P Philadelphia, not to exceed 15,000, - up to 120 1 — — 

r 1 4* 1 

^ 18,000r* 

For compression members with known eccentricities of loading for all slender- 
ness ratios the A.R.E.A. uses the formulas: 

For riveted ends: 


fee , AOR \ 0.75 iJfp 

+ \ r i + °* 25 / sec 2 r ' E 


For pin ends: 


+ »- 25 ) 


0.875 Jfp 
2 r v E 


where p = allowable average compressive stress. 

e = known eccentricity of applied load in inches. 

c = distance, in inches, from neutral axis to extreme fiber in the direction 
of the known eccentricity. 

I — length of member in inches. 

r = least radius of gyration in direction of known eccentricity. 

E — modulus of elasticity. 

y = yield point in tension. 

33.000 for structural steel. 

45.000 for silicon steel. 

55.000 for nickel steel. 

/ — factor of safety based on yield point. 

1.76 for structural steel. 

1.80 for silicon steel. 

1.83 for nickel steel. 

80 . Forms of Cross-section. — For economy, the radius of gyration of the 
section should be as large as possible. This makes it desirable to place as much 
of the material as possible as far from the axis of the column 'as is consistent with 
good design. The hollow cylinder is theoretically the most economical form of 
column cross-section, for in this form all of the material is at a maximum distance 
from the axis. 

Steel pipe columns are frequently used for light loads where the loads are 
quiescent and there is no probability of a lateral component to the forces acting 
on the column. The caps and bases of these are usually cast iron and the use of 
this form of column has the same limitations as that of cast-iron columns. 

Figure 65 shows the more common forms of cross-section for steel columns 
and struts. 

Struts of 2 angles (Fig. 65a) are commonly used for light lateral bracing. The 
section is unsymmetrical and for this reason is undesirable for main compression 
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members. Columns composed of 2 channels laced (Fig. 65gr, h , and k) or 2 pairs 
of angles laced (Fig. 656) are not as rigid in the plane of the lacing as those in 
which the parts are connected by plates. Care should be used in proportioning 
the lacing in such columns. Types i and l are forms which are commonly used for 
top chords and end posts of bridges. The lattice on the lower side permits access 

for cleaning and painting. The 
Bethlehem H-section (Fig. 65c and 
f) is a form much used in building 
work. Type c without cover plates 
is very economical on account of 
the small amount of fabrication 
necessary. Type / is much more 
expensive as it is necessary to drill 
the holes in the heavy flanges of the 
H-section for riveting on the cover 
plates. These flanges are too thick 
to punch. . Z-bar columns (Fig. 6 5q 
and r ) are seldom used in modern 
structures. The Gray column (Fig. 
65c) and the 4-angle column (Fig. 
65t) are frequently used in com- 
bined steel and concrete columns. 

81. Design of Cross-section. — 
The method of designing steel col- 
umns is quite similar to that used 
for cast-iron columns. Here also 
the radius of gyration and the area 
both appear in the formulas, and it 
is usually not possible to express one 
in terms of the other. This means 
that a column size must be chosen and tried out to determine whether it is 
satisfactory. 

The nature and size of the work will determine whether a single structural 
shape may be used as a column, or whether several parts must be riveted together 
to obtain sufficient area. The method used in design will be illustrated by work- 
ing a problem using an I-beam, and a second problem using a section built up of 
two channels and two plates. 


<0 
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faced 
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Fig. 65. 
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dangles 


Illustrative Problem. — A steel column is 8 ft. long, flat ended, and is to carry safely a 

1 Z* 

load of 100,000 lb- The American Railway Engineering formula, P/A « 15,000 — 4 ^ 
is to be used. 

If the column were a short compression member with slenderness ratio zero, it could 

. 100 000 

carry a unit load of 15,000 lb. per sq. in. On this basis an area of ' ffijQ « 6.67 sq. in. 

would be required. This is known to be too small. Therefore, a size will be chosen frdm 
the tables of standard I-beams giving a larger area. A 9-in. 30-lb. I-beam has an area 
of 8.82 sq. in. and a least radius of gyration of 0.85. Substituting in the formula 
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In designing columns it is good practice to calculate the slenderness ratio after choosing 
a aize for a tentative design, yi order to determine whether the column falls outside the 
l 

limits of - set by the formula. In the above problem, if the column had been 15 ft. long the 

slenderness ratio for the first tentative design would have been 212, which is above the 
limit of 140 established by the A.R.E.A. In such a case Rankine’s or Euler’s formula may 
be employed. 

Illustrative Problem. — A steel plate and channel column is to be designed to carry a 
load of 300,000 lb. The column has flat ends and is 20 ft. long. The A.I.S.C. formula 

P l 2 

— 17,000 — 0.485 ~ 2 , is to be used. 

The standard plate and channel columns, taken from the steel handbooks, will be used, 
because the work of computation is greatly simplified when the area and least radius of 
gyration can be found in the handbook tables. For l/r * 0, a unit load of 17,000 lb. per 

300,000 

sq. in. could be carried, so that on this basis an area of Y7 ~ qq q~ * 17.65 sq. in. will be 
required. Since this is known to be small, the first choice will be a column of 19.93 sq. in. 
area, made up of two plates X 9-in. and two 7-in. channels, each weighing 14.75 lb. 
per ft. For this column the least radius of gyration is 2.53 in. Substituting in the formula, 


P 


= 19.93 


£ 17,000 


(0.485) (240) H 
(2.53) 2 J 


252,000 lb. 


whioh means that the column is too small. To carry 300,000 lb. the above column area 
should be increased about 30 per cent. Therefore, the next choice will be a column made 
up of two plates x 10-in. and two 8-in. channels, each weighing 21.25 lb. per ft. The 
area in this case is 25 and the least radius of gyration is 2.80. Substituting in the formula 


P - 25 £l7,000 - (0 ' 4 (| 5 8op 0)i ] = 336,000 lb. 
which is satisfactory. 

82. Eccentrically Loaded Columns. — When a column carrying direct loading 
is also subjected to bending moment due to the column load, or any part of it, 
being applied away from the axis of the column, the resulting fiber stresses may be 
determined by the formulas given in the chapter on Bending and Direct Stress in 
Sec. 1. The fiber stress may also be determined from the equation in Sec. 1, 
Art. 80, p. 134, which may be written in the form 


f A + KI 


( 1 ) 


Values of K for pin-ended columns are given in Fig. 66. For columns with fixed 
ends use one-half the column length in determining values of l/r for use in Fig. 
66. In all cases the radius of gyration should be taken about an axis normal 
to the plane of bending. Note that this value of r may not give the greatest value 
of l/r which should be used in the column formula. 

Illustrative Problem. — Figure 67 shows a building column to which floor beams are 
connected unsymmetrically, causing an eccentric load oh the column. Determine 
the fiber stress in the column section. Solve by means of eq. (1), and also by means of the 
formulas given in the chapter on Bending and Direct Stress in Sec. 1. 

If the beams are riveted to the column in addition to resting on shelf angles, it is safe to 
assume that the load is applied at the face of the column. The defleotion of the shelf angles 
would probably be sufficient to bring the oenter of pressure very near to the face of the 
column in any caBe. 

The total load, P ~ 90,000 + 32,000 •+ 32,000 + 40,000 - 194,000 lb. 

The bending moment, M *» (40,000) (5%) » 235,000 in,-lb. 
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Solution by eq. (1) : 

For the given conditions ^ = 38. From Fig. 66 with ~ » 38 and ^ ** ~ ^19^ 

«■ 10,210, we find K 0.935. Then from eq. (1), 

194,000 (235,000) (5.875) 

f = 19' + (0.935) (499.0) 

• 10,210 + 2,960 = 13,170 lb. per sq. in. 



o to 40 60 60 100 120 1 40 160 130 200 

Values of 


Fig. 66. — Use of eccentrically loaded columns with pin ends. For columns with fixed 

ends use l $l in determining -• 
r 


Solution by eq. (5), p. 141: 

194,000 (235,000) (5.875) 

f “ 19 + ~ 499 

- 10,210 + 2,760 - 12,970 lb. per sq. in. 

Solution by eq. (14) p. 145: 

Since the ends of the column are probably partially fixed, use C «= } {q. 

235 000 

M - - (194,000) (16) ! (12) J = 246 ' 000 in Jb - 

1 “ (10) (30,000,000) (499) 

Then 

194,000 . (246,000) (5.875) 

" 19 + 499 

- 10,210 + 2,890 - 13,100 lb. per eq. in. 


/ 
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Since the results given by these three solutions are practically identical, we conclude 
that the second solution is preferable because it is more simple than* the others. 

83. Column Details. — No element of a column should be left in a condition 
which will make it possible for this element to fail locally. A column made up of 
several parts must be so designed that no element can fail as a column between 
the rivets attaching it to the adjacent column parts. It is evi- 
dent from Fig. 64 that if the slenderness ratio for any element 
is made less than about 40 to 50, this possibility of failure will 
be provided against. Specifications cover this matter by pre- 
scribing rules for the pitch of rivets for lacing, the pitch of rivets 
for attaching plates, the thickness of side plates and cover 
plates, and the maximum pitch of rivets which attach plates to 
other shapes. 

84. Shear in Column. — Because a column fails partly by 
direct stress and partly by bending, it is necessary to make 
provision for the shear which is produced in a column because 
of the bending. In a column made up of two channels latticed 
together it is necessary to design the details so that the column 
may act as a unit. These details must be designed so that 
the column will have the necessary stiffness as well as the 
necessary strength. 

It may be well to recall that when two wooden beams, each 4 X 4 in. in cross- 
section, are placed one on top of the other to form a beam, the strength is propor- 

(2) (4) 3 

tional to the section modulus of two 4- X 4-in. beams, or r — g — * = 21.3. If, 

however, instead of separate beams a solid beam 4 X 8 in. is used, then the 

(4) (8) 2 

strength is proportional to — g — = 42.7. In the second case the beam is twice 

as strong as the two separate beams because of the horizontal shearing stresses 
which it can resist. The same effect could have been produced by fastening the 
two 4- X 4-in. beams together in some other way so that they 
would act as a unit. 

In a latticed column the lacing bars must provide the material 
for taking care of the shearing stresses which are developed be- 
cause of the bending which occurs. If the column is made up of 
two 15-in. 40-lb. channels, it will have a strength equal only to 
twice the strength of a single channel unless they are properly 
fastened together. Two such single channels 12 ft. long could 
carry a load of 114,600 lb. according to the Carnegie Steel Com- 
pany handbook. If, however, the channels are laced together 
they will develop a strength of 377,000 lb. 

Shear in columns may occur in the case of a rather long column bent into a 
single loop (Fig. 68), in the case of a short column bent in double curvature due 
to the fact that the load is applied with opposite eccentricity at the two ends 
(Fig. 69), or in the case of a short column subjected to secondary bending 
moments. 

One method of estimating the shear in a column is that required by the speci- 
fications of the American Railway Engineering Association, which is as follows: 



Fig. 68. Fig. 69. 
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In compression members, the shearing stress normal to the member in the 
plane of the lacing shall be that obtained by the following formula: 



where V 
P 
l 
r 



Fig. 70. 


= normal shearing force. 

= allowable compressive axial load on member. 

= length of member in inches. 

= radius of gyration of the section about the axis perpendicular to the 
plane of lacing in inches. 

Any shear due to transverse forces other than that arising from col- 
umn flexure should be added to the amount obtained by eq. (2). 

86. Design of Latticing. — When the shear which must be provided 
for in a column is known the lattice bars may be so designed as to take 
care of this shear. 

In a column with single lacing on each side, Fig. 70, the total stress 
in each lattice bar is 


F 


V a 
2 b 


( 3 ) 


in which 

a — length of the lattice bar. 
b = width between rows of rivets. 

This follows from the fact that if F is the total stress in the lattice bar it will 


have a horizontal component of F -> and the equilibrium equation is 



V 


An alternative method makes use of the formula developed for the horizontal 
shearing unit stress in a beam, which was 

VQ 
v = it 

in which 

v = shearing unit stress, horizontal or vertical. 

V * total shear at the section. 

Q = statical moment of one-half the area of the cross-section with respect to 
the neutral axis. 

I * moment of inertia of the cross-section. 
t = thickness of beam at neutral axis. 

If the unit shear is uniform, then the total shear for 1 in. along the beam, either 
horizontally or vertically, would be (v) (1) (t). From this it is evident that the 

shear per linear inch is If the lacing is the same on both sides, then the total 
shear carried by a section covered by one lacing bar is II the force in the 


1 See monograph by Shortridge Hardesty, Proc . A.R,E,A. vol. 86, pp. 724-782, 1935. 
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a 


and 


F = 


VQb 

21 

VQa 

21 


If the lacing is double, as in Fig. 71, then 

v _Va 
F “ 46 


or 


F = 


VQa 

47 


(4) 


(5) 


( 6 ) 


If a column has three webs, as in Fig. 72, then again the shear per lineal inch 
is and, if the lacing is the same on both sides, 
then the total shear carried by a section covered 
by one lacing bar is Here Q = statical 

moment of the outer rib section with respect to 
the column center. 

If the force in the bar is F, then for horizon- 
tal equilibrium, 

Fb VQb 
a ~ 21 
and 

VQa 
21 



Fig. 71. 



F = 


(7) 


Illustrative Problem. — A column 15 ft. long is composed of two 15-in. 45-lb. channels 
placed as shown in Fig. 73. Determine the size of the lacing bars required. 

Equation (2) may be used to estimate the shear carried by the lacing bars. For the 
given column A = 26.48 sq. in., r = 5.48 in. From 


and 


17,000 - 0.485 

r 2 


46,800 


P » 46,800 lb. 


100 


f 

100 

180 ' 
5.48 
+ 100 

180 

^5.48 + 10 

t 


- 1,2451b. 


F 


718.0 lb. 


Since the column has single lacing, eq. (4) is to be used.. For the given column h * 14^ in., 
and a — 17 in. The stress in a lacing bar at the end of the column is then 

(1,2 45) (17) 

(2) (14.75) 

This stress may be either tension or compression. 

For the given channels the usual specifications require a J-fJ-in. rivet. The minimum 
size of lacing bar is generally taken as 2^ X % in. Assuming a working stress in tension 
of J.8,000 lb. per sq. in., the net area required for the lacing bar is 

718 


18,000 


*» 0.04 sq. in. 
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The net area provided, allowing for a 1-in. rivet hole, is 

(2 Vi - 1 )(H) - 0.562 sq. in. 


Since l 


■ 8.5 because lacing has fixed ends, - 


Then / - 


17,000 - 0.485 ^ 


_8.5_ 

' 0.1082* 

13,994 lb. per sq. in. by A.I.S.C. formula, and the area required is 

718 
13 994 

The area furnished is (2 }£)(%) = 0.937 sq. in. Hence the assumed bar is larger than 
required, but since it is the minimum allowed by good practice 
it will be adopted. 



‘!5/n.45ibBf 
A.A m B648sq in 
r A •5.32" 
r a -5.48" 


86. Design of Tie-plates and Forked Ends.— -At 

the ends of compression members the lacing is gener- 
ally replaced by tie-plates , as shown in Fig. 74. These 
plates act as lacing and in addition they hold the seg- 
ments of the member rigidly in line, and assist in trans- 
mitting the stress uniformly over the cross-section of the 
column. 

The end connections for compression members, 
whether riveted or pin connected, are generally so 
constructed that moments are set up due to eccentricity 
of application of the applied load. Thus in Fig. 74a, 
the usual type of connection is so arranged that the stress at the end of the mem- 
ber is transmitted to the web of the channel at lines 6-6. In the body of the 
member the load may be considered as applied at the center of gravity of the 
segments, as shown by the lines a-a. 

The moment due to eccentricity is 
then the load on that segment times 
the distance between lines a-a and 
b-b. This moment must be resisted 
by the tieplate and the rivets con- 
tacting the tie-plate to the segments 
of the member. 

Tie-plates should be placed as 
near the end of the member as pos- 
sible. The loads should be trans- 
ferred from the member to the joint 
or bearing plates as outlined in the 
chapter on Column Bases which fol- 
lows. In pin-connected structures 
it often happens that the tie-plates cannot be placed at the ends of the members 
due to interference with other members at the joint. This makes necessary the 
use of a forked end , as shown in Fig. 746. These forks must be designed to carry 
the shear to the tie-plate and lacing. The total moment carried by both forks 
is Vc f where V = shear determined as in Art. 84 . The distribution of the shear 
V between the two forks is indeterminate. It will probably be best to design 
each fork for a moment equal to % 7c. If the forks are overstressed, they may 
be strengthened by side plates placed on the webs of the channels and extending 
beyond the edge of the tie-plate. 
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COLUMN BASES 

87. Types and Uses. — To transmit the load of a column to the masonry with- 
out exceeding the safe bearing pressure on the latter, the lower end of the column 
must be enlarged by constructing a base for it. This may be either an inde- 
pendent construction or an enlargement of the column itself. 
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Fig. 75. — Cast bases for columns. 


If the former, it may be a separate steel plate or slab ; it may be an iron or steel 
casting, as shown in Fig. 75a, b or c; or it may be a built up steel bolster or grillage, 
such as shown under the casting in Fig. 15. The solid tapered cast plate, shown 
in Fig. 75a, can be used for only light loads, and, if its thickness would exceed 
about 4 in., it should be replaced by a ribbed pedestal. This may be either 
rectangular or circular, usually the former. The advantage of the separate base 
is that it can be placed and levelled much more easily than can a column with a 
base riveted to it. Steel grillages are preferred by some engineers as being more 
reliable than cast-iron bases, and cheaper than cast steel ones. They lend them- 
selves well to situations where long narrow bases must be provided and where the 
bending moment on them is very large. 

Steel columns resting on separate plates, slabs, or cast bases require at most 
only side connection angles to the base merely to hold them in position. For 
light columns not subjected to lateral forces or uplift, no connection between the 
column and the separate base is required. 

If the base is riveted to the bottom of the column, forming an enlargement of 
it, the spread must be large, and projecting side angles must be used, supple- 
mented perhaps by side plates and by stiffener angles. The type shown in Fig. 
76 a is the simplest of these, consisting of a base plate and two pairs of side angles. 
Type b shows the addition of distributing gussets or side plates; type c shows the 
further addition of stiffener angles to assist in the distribution of load; while the 
type illustrated in Fig. 78 shows a base with stiffener angles arranged to transfer 
the pull of anchor bolts to the column shaft. This latter type is used only where 
an uplift on the column is likely to occur. 
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88. Design of Plain Bases. — To find the size of any base, the load to be 
transferred by it must be divided by the allowable pressure on the masonry as 
fixed by the specification. If the base consists of a plain steel plate or slab of 
rectangular shape, the thickness may be determined by figuring the maximum 
moment on the plate, or slab, and applying the common flexure formula to the 
dangerous section. If it is assumed that the moment is a maximum at the center 



<c) 

Fio. 76. — Built-up bases for columns. 


of the base — an assumption on the side of severity — the moment in the direction 
of the length is 

M = HW(L - l) (1) 

and in the direction of the width 

M = y 8 W(B - b) (2) 

where W - total upward reaction on base. 

L — length of slab in inches. 

B = breadth of slab in inches. 

I = outside dimension of column parallel to L . 
b = outside dimension of column parallel to 6. 

If the moment be taken at the edge of the column shaft, corresponding for- 
mulas may be readily written. The whole width of the plate or slab is assumed 
to be effective in calculating the resistance. 

Knowing the bending moment on the base, the thickness may then be found. 

89. Design of Ribbed Cast Bases. — Having found the required size of the 
base in plan, and having fixed the dimensions of the top plate so as to provide the 
necessary area to receive the column and to accommodate the connecting bolts, 
the height of the base, the number and arrangement of ribs, and the thicknesses 
of ail parts must be determined. 
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It has been found that the height of cast bases is best made between one- 
third and one-half the side of the bottom plate. This enables the upper edges of 
the ribs to be sloped down at approximately an angle of 45 deg. If the slope is 
appreciably flatter than this to the horizontal, the flexural stresses in the part 
of the base projecting past the upper plate become high and lessen the efficiency 
of the base. For the same reason it is found that as the reacting pressure in 
pounds per square inch increases, the economical ratio of height to side of the base 
also increases. 

The arrangement of the ribs underneath the column shaft should correspond 
as closely as possible to the shape of the column, so that the pressure may be taken 
directly down to the bottom plate without putting much flexure in the top plate. 
The plan views of the bases shown, in Fig. 756 and c show how two bases were 
arranged to suit a wide-flange column. Frequently, a circular hub is provided at 
the center of the casting, as in Fig. 75c, with ribs radiating to the edges. A par- 
tial rib across the space within this hub is provided, if the column has one central 
web, so as to receive the load from the web. The number of ribs to be provided 
will depend on the size of base and the load to be carried. There may be as many 
as 16 radiating from the center to the edges. The sectional area of the ribs 
should be such that the portions under the load will take the vertical load safely 
as short columns or prisms. It is best to limit their ratio of clear height to thick- 
ness to about 15 and proportion for a compressive stress of not over 8,000 lb. per 
sq. in. if they are of cast-iron. The heaviest ribs are, of course, under the load. 
Those radiating to the edges are the thinnest. In no case should ribs be thinner 
than 1 in. 

The bottom plate is proportioned as a beam continuous under the various 
ribs. Between ribs, it should be calculated as a restrained beam at the allowable 
tensile flexural stress for cast iron, or about 3,000 lb. per sq. in., if the base be of 
this material. The projecting portions should be calculated as cantilevers and 
similarly proportioned. To strengthen the edges of the bottom plate, a flange is 
frequently provided around the outer edge, as shown in Fig. 75c. This is com- 
monly from 3 to 5 in. deep over all. The bottom plate itself may be from 1 to 
3 in. thick. 

To test the sufficiency of both the ribs and the bottom plate, the moment on • 
the projection past the edge of the top plate on one of the four sides should be 
calculated, and the moment of resistance of the section cut by a vertical plane 
passing through this edge should be computed and compared with the bending 
moment. The moment of resistance is found in the same manner as that of a 
cast-iron lintel, Art. 30, p. 230. 

To ensure that the pressure is uniformly applied to the top of the base, it 
should be planed. If it rest on a steel grillage, both the latter and the bottom 
of the base should be planed. 

Holes should be left through the bottom plate to enable grout to be poured in 
under the base plate after it is brought to the required height and levelled. 

90. Design of Built-up Bases. — The size of the base plate for a built-up base 
is found by dividing the total load by the permissible bearing on the masonry. 
Its thickness should be sufficient to withstand the upward uniform pressure 
without exceeding the allowable flexural stress on steel, or without undue deflec- 
tion. The portions that project farthest past the column shaft, or span the 
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greatest distances between column flanges or side plates, should be investigated 
as cantilever or continuous beams, as the case may be. The thickness of base 
may vary from % in. for light angle columns to 1 K in. for very heavy columns. 
It is frequently somewhat less in practice than a strict calculation of bending 
stresses would warrant. 

To attach thu base plate to the column shaft, one or two pairs of angles may 
be used, two pairs being used for the larger columns. These transfer pressure to 
the base plate up to the limit of capacity of the rivets that attach them to the 
column shaft. The strength of the outstanding leg in flexure may need to be 
investigated to discover if the angle can transfer outward at right angles to its 
length, the load that its connecting rivets would warrant. The thickness of 
angles commonly used varies from to % in. The length of vertical leg is 
commonly 6 in., but the horizontal leg is usually 3^ or 4 in. 

Side plates are from Ke to >2 in. thick and should be attached by sufficient 
rivets to the column shaft to ensure that the load which they are supposed to 
transmit to the base plate may be developed safely. It should be remembered 
that the rivets through both the base angles and the side plates have to do double 
duty. The upper edges of the side plates and ends of the base angles riveted 
over them are usually cut to one slope, as shown in Fig. 766 and c. This is 
not usually less than 45 deg. with the horizontal. 

Stiffeners, where used, are % or in. thick with outstanding legs wide enough 
to cover the outstanding legs of the base angles on which they bear. Their 
attachment must be sufficient to develop the load they are supposed to transmit. 

The proportion of the total column load to be taken by the side plates, base 
angles, and stiffeners, will depend on how much is assumed as transmitted to the 
base plate directly by the faced end of the column shaft. This is commonly 
taken at only 40 or 50 per cent of the total load, so that the side details must 
account for the other 50 or 60 per cent. 

Illustrative Problem. — Design a riveted steel plate and angle base for a 10-in. 49-lb. 
wide-flange column of the type shown in Fig. 77. The vertical centric load is 170,000 
lb. Consider 40 per cent of the total axial load as carried directly to the base plate by 
the faced end of the column shaft. Rivets, % in. Anchor bolt holes }i in. larger than 
the bolts. Permissible stresses: 

Bending = 16,000 lb. per sq. in. 

Bearing on end of column * 16,000 lb. per sq. in. 

Shearing on shop rivets == 12,000 lb. per sq. in. 

Bearing on shop rivets * 24,000 lb. per sq. in. 

Bearing on concrete * 500 lb. per sq. in. 

Base Plate . — Required area of plate, A * 170,000/500 = 340 sq. in. 

To facilitate details, adopt a plate 18 X 19 in., giving an area of 342 sq. in. The 18-in. 
dimension is made parallel to the web to accommodate two base angles with 3 3^ -in. hori- 
zontal legs and two %-in. side plates. 

Calculations of the thickness required, assuming the base plate as an overhanging or 
continuous beam, gives results in excess of the thickness found satisfactory by experience. 
For a base of this character, the base plate is usually about % in. This thickness will be 
adopted. 

Side Plates and Base Angles . — Since only 40 per cent of the total axial load is assumed 
to be transferred to the base plate by the faced end bearing of the column shaft, the remain- 
ing 60 per cent, or (170,000) (0.60) ** 102,000 lb., must be delivered to the base plates by the 
side plates and base angles. To make this possible, enough rivets must be placed through 



Sec. 2-91] DESIGN OF STEEL AND CAST-IRON MEMBERS 


317 


the column shaft to develop 102,000 lb. Assume 16 rivets through the flanges, for which 
the least value (single shear) is (0.44) (12,000) = 5,280 lb., and 4 rivets through the web, 
for which the least value (bearing on 0.36-in. web) is (0.36) (0.75) (24,000) « 6,480 lb. 
The total safe resistance of these two groups of rivets, therefore, * (16) (5,280) -f (4) (6,480) 
— 110,500 lb., which is adequate for the load. 



t l 7 
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Fio. 77.*— Design of a built-up base with side plates. 


The side plates, which for a column of the section considered should be about % in. 
thick, will extend across the full width of the base plate to help transfer load out to its edges, 
and will be 12 in. deep so as to accommodate two rows of rivets outside the base angles, 
which are riveted to it. 

The base angles riveted to the column flanges are run full width of the base and two 
rivets are driven through each angle into the side plate. There are, therefore, 6 rivets in 
single shear through each angle, so that the angles will deliver to the base plate (12) (5,280) 
= 63,400 lb., or 37 per cent of the total column load, leaving 23 per cent to be delivered 
by the side plates and the base angles on the web. 

Four rivets through the base angles in the column web will develop (4) (6,480) * 25,900 
lb., or 15 per cent of the total column load. This leaves only 8 per cent of the total column 
load to be delivered to the base plate by the two side plates. 

All vertical rivets through baso angles must be countersunk on the under side. Only 
sufficient rivets are employed to hold the angles and plate tightly together. 

Anchor bolt holes are provided in. larger than the anchors, which will be 1 in. diam. 


91. Anchorage. — If there be no appreciable lateral force or uplift exerted on 
columns, the bases do not really need to be anchored down to the masonry. The 
frictional resistance of the base on the top of the pier, once the column has received 
its full dead load, is sufficient to prevent it being displaced by blows or shock. 

In case there is considerable lateral force exerted on the base, anchor bolts 
will need to be provided. To resist sliding, their shear value should be equal 
to the difference between the lateral force and the frictional resistance of the base. 
As a safeguard against the overturning of the column, the anchor bolts should be 
embedded far enough in the masonry, or sufficiently anchored thereto, to develop 
the maximum tension likely to come on them. The mass of masonry engaged 
should weigh at least times the tension on the bolt. 

In order to develop high resistance to overturning, the bolts should be placed 
as far apart as possible in the direction of the moment. 
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Illustrative Problem. — A column consisting of a 24 X %-in. web, two 5X3 H X H- 
in. angles and two 5 X Sjjj X 3 e[-in. angles with the 5-in. legs outstanding, as shown in 
Fig. 78, is subjected to an overturning wind moment of 65,000 ft. -lb. The minimum axial 
load is 20,000 lb. applied 1 in. off center on the side towards the wind. Assuming the base 
plate, side angles, and side plates shown as already fixed, design the anchor bolts and an 
attachment for them to develop the required tension. 

Net overturning moment about leeward edge of base plate, M — (65,000) (12) — 
(20,000) (18) - 420,000 in.-lb. 




Fig. 78. — Design of an anchorage for column. 


If the bolts pass through the outstanding legs of the base angles on the column flange, 
their distance from the far edge of the plate would be 31 56 in. 

Tension in windward bolt = 420,000/31.63 * 13,300 lb. 

Required area of one bolt at root of thread = 13,300/16,000 — 0.83 sq. in. 

One 1 J^-in. diam. bolt with a net area of 0.89 sq. in. at root of thread will be adopted. 

Shelf angles, 6 X 4 X in., riveted to the sides of the column, as shown, will take the 
anchor bolt tension into the column shaft. Two stiffeners, 3^6 X 33*2 X 56 » will be 
employed under each shelf angle. The rivetB through the shelf angles and the stiffeners 
are ample at any ordinary working stresses to carry the stress into the column. 

The embedment of the anchors in the masonry must be such as to develop the tension 
in them. Each should engage a mass of masonry weighing at least 1% times the amount 
of the uplift in it. The pressure on the masonry under the leeward side of the base plate 
should also be investigated to ensure that the safe bearing pressure on it at the leeward 
edge of the base plate is not exceeded. 





SECTION 3 

SPLICES AND CONNECTIONS FOR STEEL MEMBERS 


1. Kinds of Connections. — Three different kinds of connections are used in 
steel construction, as follows: (1) riveted; (2) bolted; (3) pin and welded con- 
nections. Rivets are used for fastening together the elements of a built-up 
structural member and for connecting the members themselves in the finished 
structure. Bolts are used for holding the parts together while rivets are being 
driven and in certain cases are used for permanent connections in place of rivets. 
Where several members must be connected in such a way that they will be free 
to turn with respect to each other at a joint, a pin connection must be used. 
Since the stresses involved in riveted connections and bolted connections are 
alike, and since the design of pin connections involves several distinctly different 
features, the first two will be discussed together while the subject of pin or welded 
connections will be treated separately (see Arts. 18 and 20). 

2. Kinds of Rivets and Conventional Signs for Riveting. — When classified 
with regard to the method of driving, there are two kinds of rivets, namely: 
(1) those driven at the fabricating shop, called shop rivets , and (2) those driven 
at the place of erection called field rivets. At the fabricating shop most of the 
work is done by means of heavy hydraulic or pneumatic riveters and facilities 
are provided for properly supporting the members while the rivets are being 
driven. At the place of erection the riveting must be done by a much lighter 
portable device, called a pneumatic riveting hammer or air gun, or it must be 
done by hammering the rivet set with a sledgehammer. Except on very small 
jobs, this latter method is never used. While the blows delivered by the pneu- 
matic hammer are relatively light, yet they are delivered rapidly and very satis- 
factory work can be produced by this method. 

Shop rivets are used whenever practicable since higher working stresses may 
be allowed for them than for field rivets. They are used entirely for connecting 
the various parts of built-up members and also for connecting members so as to 
make larger parts which may be handled and transported conveniently as units. 
Necessarily, field rivets must be used to join parts of the structure which are 
transported to the place of erection separately. 

Rivets may be classified as follows, depending on the way they are made: 
(1) Full button heads; (2) countersunk and chipped; (3) countersunk and not 
chipped; and (4) flattened. Rivets having full button heads are used almost 
entirely in structural work. In special cases where sufficient clearance cannot be 
obtained by the use of button head rivets, it may be necessary to flatten the 
heads. Where a smooth surface is desired the rivets must be countersunk and 
chipped. 

Rivets with countersunk and flattened heads are not so strong as those with 
full button heads. An old rule of the American Bridge Company is as follows. 1 

1 Engineering Newa-Record, Feb. 24, 1921, p. 336. 
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Shear and bearing values of countersunk rivets are assumed at three-fourths the values 
of rivets with full heads when the metal is not thinner than one-half the diameter of the 
rivet. As a rule, countersunk rivets are not used in thinner metal, but when unavoidable, 
they are rated at three-eighths the values of full-headed rivets. Flattened heads are 
assumed equal to full heads when their height is not less than % in., or )4, the diam- 
eter of the rivet for fi £-in. rivets and less. Rivets flattened to less than these heights are 
regarded as counte sunk rivets. 

The A.I.S.C. merely reduces the bearing length by the depth of the counter- 
sink. 

In order that the designer in the office might be able to indicate to the man in 
the shop or out on the job just what kind of rivets are desired at different points, 
it has been found necessary to adopt a system of indications or signs which would 
convey this information. The system of conventional rivet; signs shown in Fig. 
1, known as the Osborne System, is the one which is used almost entirely in this 
country. Bolts are usually indicated by notes. 
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Fig. 1 . — Conventional rivet signs. 


3. Sizes of Rivets. — The diameter of rivet to be used in any particular case is 
dependent upon the kind of rivet to be used, the stresses involved, and the width 
and thickness of each of the parts to be connected. It will take more field rivets 
than shop rivets for a given strength, other things being equal. With a given 
number of rivets in a connection, the diameter must increase if the stresses 
increase. A rivet of large diameter cannot be used in a member or portion of a 
member of relatively small width, because of the reduction of the area of the 
cross-section at the rivet. The maximum sizes of rivets which can be used in 
angles and in the flanges of beams and channels are given in Tables 1, 2, and 3. 

The sizes of rivets used most in structural steel work are % in., % in., and % 
in. Rivets H in. in diameter are sometimes used in very light work, while in 
very heavy work rivets 1 in. in diameter are employed, and occasionally larger 
sizes are necessary. In the Hell Gate arch bridge there are about 840,000 shop 
rivets and 334,000 field rivets, of which 400,000 are 1 H in. in diameter. 1 

4. Spacing of Rivets. — Rivets are located on lines running parallel to the 
edges of the members. These lines are called gage lines (see Fig. 2). The dis- 
tance between gage lines, or the distance from a gage line to some surface, is known 
as gage. Standard gage for angles, beams, and channels are given in Tables 1, 

i Engineering and Contracting , vol. 50, p. 394 
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Table 1. — Beams, American Standard Dimensions for Detailing 1 
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Table 1. — Beams, American Standard Dimensions for Detailing. 1 — ( Continued ) 


Usual 

mm 

at 

(in.) 


2H 
2H 
2 X 
2 X 

2 X 
2X 
2H 
2H 

2H 
2H 
2 X 

2 

2 

2 

1 X 
1 X 
i X 

i K 
IK 
IK 
IK 

IK 

IK 

IK 


1 Courtesy of American Institute of Steel Construction. 

* Gage o\ is based on h + IK in. to nearest K in. 

t Gage a is permissible near ends of beam; elsewkeie specification may require reduction in rivet size. 

2, and 3. The distance from the center of rivet to the edge of a member is 
called the edge distance . There must be enough distance between the rivet and 
the edge of the member so that there will be no tendency to cause bulging of the 

material and consequent failure. The distance 
from asheared edge should always be greater 
than the distance from a rolled edge since the 
metal near a sheared edge is injured to a certain 
extent in the shearing process. The minimum 
distance from the center of any rivet to a 
sheared edge should not be less than the diameter 
of the rivet plus K in. The distance center to center of rivets measured along 
the gage lines is called the pitch. In extreme cases the distance between centers 
of rivet holes may be made three times the diameter of the rivet, but a minimum 
distance of 3 in. for %-in. rivets and in. for ?£-in. rivets is preferable. For 
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members composed of plates and shapes the maximum pitch in the line of stress 
should be 6 in. for rivets and 5 in. for in. rivets. Where two or more 
plates are used in contact, or where two angles in contact are used as tension 
members, a maximum pitch of 12 in. may be allowed. A rivet cannot be placed 
close against the web of an I-beam or close to the leg of an angle because space is 
necessary for the die which forms the head of the rivet. This space is called the 
clearance and is another of the factors controlling the spacing of rivets. Data 
representing standard practice in regard to the pitch and clearance for various 
sizes of rivets are given in Table 4. 

Table 2. 1 — Gages for Angles 

. 9m 


n 



1 From “Pocket Companion,” 20th edition, Carnegie Steel Co., Pittsburgh, Pa. See also similar 
table in A.I.S.C. handbook. 

For column details, 6-in. leg (>£ in. thick or less) against column shaft, gn ■« in., gt »» 3 in. 

For diagonal angles, etc., gage in middle, where riveted leg equals or exceeds 3 in. for in. rivets 
3H in* for K-in. rivets. 

Use special gages to adapt work to multiple punch, or to secure desirable details. 


5. Rivet Holes. — Depending upon the class of the work, the rivet holes are 
made in three different ways as follows: (1) punched to the final size in a single 
operation; (2) punched under size or sub-punched and then increased in size by 
reaming; or (3) drilled. In order that the heated rivet may enter the hole easily 
the hole is made H 6 in. larger than the nominal diameter of the rivet in each of 
these three cases. 

If a reasonable amount of care is taken in laying out and punching the holes, 
results sufficiently good for all ordinary work may be obtained in the single 
operation of punching to the required diameter. However, since there is an 
unavoidable injury to the metal surrounding the hole, in the better classes of 
work, sub-punching and reaming are often required.* The punch used in this 
case should have a diameter not less than H 6 in. smaller than the nominal diam- 
eter of the rivet and then the hole should be increased in size by reaming until the 
diameter of the hole is H e in. larger than that of the rivet. 

Tapered rods known as drift pins are used in assembling but their use in lining 
up rivet holes which do not match should not be tolerated because of the injurious 
effect upon the material surrounding the hole. Instead, the metal causing the 
difficulty should be reamed out. Such work cannot be considered as regular 
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Table 3. — Channels, American Standard Dimensions for Detailing 1 
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Table 3. — Channels, American Standard Dimensions for Detailing. 3 — 

(Continued) 
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1 Courtesy of American Institute of Steel Constiuction. 

* Car and Shipbuilding Channel; not an American Standard, 
f Gage Q\ is based on k + 1)4 in., to nearest }i in. 

t Gage 0 is permissible near ends of channel; elsewhere specification may require reduction in rivet 
size. 

§ Rolled by Jones & Laughlin Steel Corp. 
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Fig. 3. 

reamed work, however, since only a part of the metal surrounding part of the 
holes is removed. 

Where the very highest class of work is desired, the rivet holes are drilled. 
Holes so made are truly cylindrical in form, are accurately centered, and the 
metal surrounding the hole is damaged less than in punching or in sub-punching 
and reaming. 

6. Lap and Butt Joints. — Two kinds of joints are used in structural work — 
the lap joint and the butt joint (see Fig. 3). In the lap joint, shown in Fig. 3a, 
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T 'r 

Butt joint with two 

comrptotn 

(c) 



326 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. *-6 


Table 4. — Rivet Spacing 1 
All dimensions in inches 
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1 Courtesy of American Institute of Steel Construction. 
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shearing stresses in the rivets along the plane of contact of the two plates are 
induced and in addition the pressures which the rivets and plates exert upon each 
other induce high hearing stresses . Since the plate is usually harder than the 
rivet, the resistance of the connection to this latter kind of action is limited by 
the bearing strength of the rivet. The rivets tend to shear along only one plane 
and therefore are said to be in single shear . This is also true of the butt joint of 
Fig. 36. Shearing stresses along two planes are induced in the butt joint shown 
in Fig. 3c, hence in this case the rivets are said to be in double shear . 

The strength of the rivets in single shear is usually the factor which determines 
how many rivets shall be used in joints such as those shown in Figs. 3a and 36. 
Ordinarily in such a joint as the one shown in Fig. 3c the bearing pressure will 
determine the number of rivets necessary. However, if this plate is compara- 



tively thick, the strength of the rivets in double shear may control the number 
required. The joint of Fig. 3c is the best one of the three, since the other two 
joints will deform as shown in Figs. 4 and 5 thereby causing some direct tension 
on the rivets. 

7. Rivets vs. Bolts in Direct Tension. — Formerly many specifications required 
that rivets be not subjected to direct tension but that turned bolts could be used 
in tension. 

R. Fleming, engineer for American Bridge Company (retired), thought it 
unnecessary to substitute bolts for rivets in all cases — the kneebrace, for instance. 
He suggested that the tension stress in rivets be held down to 7,000 lb. per sq. in. 
and that in bolts to 9,000. It would seem that in either case, at present, the 
values could be raised somewhat, provided there is no shear accompanying the 
direct tension. 

The A.I.S.C. recognizes the situation and for the top rivets in a kneebrace 
makes provision for a reduction of stresses to 15,000 lb. per sq. in. Chicago's 1938 
Building Code permits a tensile stress of 13,500 lb. per sq. in. where the rivet head 
is neither flattened to less than % in. nor countersunk. The New York Building 
Code of 1938 says that rivets used for bracket or shelf support may, in addition to 
their shearing and bearing stresses, carry a ten- 
sion of 13,500 lb. per sq. in. 

When bolts are used in tension, the working 
stresses shall be reduced to 7,000 lb. per sq. in. of 
net area for steel, and to 5,000 lb. per sq. in. for 
wrought iron, and the load shall be transmitted into the head or nut by washers 
distributing the pressure evenly over the entire surface k of the same. 

8. Distribution of Stress in Riveted Joints. — In the design of riveted joints 
it is usually assumed that the stress is uniformly distributed over the rivets. 
However, in a great many cases, the end rivets of a connection are subjected to a 
unit stress which is greater than that of any of the other rivets of the connection. 
This fact may be illustrated by a consideration of the joint shown in Fig. 6. 
Since plates B and C are each one-half as thick as A, the unit stress in all three 
plates will be the same and will be represented by /. If we assume, as is usually 
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done, that the rivets are equally stressed, then each rivet carries a load equal to 

Then the unit stress in plate A between rivets 1 and 2 is equal to Hf, and between 
rivets 2 and 3 it is equal to % f. The unit stress in plates B and C between rivets 
1 and 2 is equal to ? 3 / and between rivets 2 and 3 it is equal to >3/. If we let l 
represent the distance between rivets, then the total deformation in the length 
fl 

l is 51 or ~r Therefore the deformation of plate A between rivets 1 and 2 is equal 

Jii 


toJJ and between rivets 2 and 3 it is equal to | Likewise the deformation 

2 fl 

of plates B and C between rivets 1 and 2 is equal t < 0 ^ ^ and between rivets 2 and 


3 it is equal to 


ifl 

3 E 


Then if we let k represent the distortion of rivet 1, the distor- 


tion at rivet 2 will be equal to k plus the deformation of plate A between rivets 
1 and 2, minus the deformation of plates B and C in this same length. This is 
equal to 



2 fl 

3 E 



The distortion at rivet 3 will be equal to that at rivet 2, plus the stretch in plate A , 
minus the stretch in plates B and C. This is equal to 

. I £, 2 

K 3 E “*■ 3 E 3 E 


= k 


Therefore, the stresses in the first and last rivets are equal while the stress in the 

middle rivet is less. In general it will 
be found that the end rivets receive the 
most stress while those near the center 
receive the least stress. The results of 
tests confirm this conclusion. 

Where more than two rows of rivets 
arc used, an approach to uniformity of 
stress may be made by varying the 
cross-section of the cover plates as shown in Fig. 7. 

In the above analysis no allowance is made for the frictional resistance which 
is developed by the clamping action of the rivets. In reality the load will reach 
a considerable amount before this frictional resistance is overcome. Until this 
occurs, there is no slipping of the plates and only a very slight distortion of the 
rivets. After the frictional resistance is overcome and slipping of the plate 
begins, an appreciable movement takes place before all the rivets come into 
action due to the fact that the rivets do not fit perfectly. From the point where 
all the rivets come into action to the yield point of the rivets or the members in 
tension, the deformation is about proportional to the load. The frictional 
strength of riveted joints varies from 7,000 to 12,000 lb. per sq. in. as given by 
tests. However, no specifications are known where friction is assigned a part 
of the load. 

9. Splices in Tension Members. — In the design of splices for tension members 
allowance must be made for the reduction of area caused by rivet holes. Since 
the metal around a rivet hole is injured in the process of punching or drilling, it is 


,3 V. 



Fig. 7. 
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customary to deduct for a hole }i in. larger in diameter than the rivet. The 
areas to be deducted from plates of various thicknesses for rivet holes of different 
diameters are given in Table 5. Where the rivets are staggered, it is necessary 
to consider the net area not only on a section normal to the axis of the member but 
also on an inclined section through a greater number of rivets. While adequate 
experimental data on this subject is lacking, the usual custom is to make either 
the inclined net section equal to the normal net section, or else to let the section 
giving the smaller net area govern the strength of the connection. The pitch 
necessary to give a diagonal net section equal to the normal net section is shown 
in Table 6. 

Tests of angles connected by only one leg, where free bending of the angles 
has been allowed, have shown results which are only 75 to 80 per cent of the 
strength of the material. These results have been inci eased 5 to 10 per cent by 
connecting both legs. However, other tests in 
which the stress was applied along the gravity 
axis of the member and in w T hich bending was 
prevented, have shown there was no advantage 
from connecting both legs of angles. There- 
fore we may conclude that in a case in which 
the angles are more or less free to bend, an 
advantage will be gained by the use of lug 
or clip angles, as shown in Fig. 8, whereas 
if the connection is such that bending of the 
angles is prevented, then little or nothing is 
gained by the use of lug angles. In any case the use of a lug will help distribute 
the stress over the member to which the angle is connected. 

The A.R.E.A. permits the following shear and bearing stresses: 

Shear in power-driven rivets and pins 13,500 lb. per sq. in. 

Bearing on power-driven rivets, milled stiffeners, and 

other steel parts in contact 27,000 lb. per sq. in. 

The A.I.S.C. permits higher values as follows, all in pounds per square inch: 


Shepr in rivets, pins and turned bolts in 

drilled or 



reamed holes 


15,000 


Unfinished bolts 


10,000 



Double 


Single 

Bearing: 

Shear 


Shear 

Rivets 

.. 40,000 


32,000 

Turned bolts in drilled holes 

.. 40,000 


32,000 

Unfinished bolts 

.. 25,000 


20,000 

Pins 


32,000 


Milled stiffeners 


30,000 


Fitted stiffeners 


27,000 



In Table 7 are given the shearing and bearing values for rivets of various sizes 
and for plates of different thicknesses with A.I.S.C. working stresses. In this 
table the single shear value is equal to the area of the rivet times the allowable 
unit shearing stress, and the bearing value is equal to the diameter of the rivet, 
times the thickness of the plate, times the allowable unit bearing stress. 

If it is desired to use unit working stresses other than those given in the table, 
values similar to those tabulated therein may be obtained by proportion. For 





■u 


3 -* 


Fig. 8. 
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instance, suppose single shear is to be taken at 7,500 lb. per sq. in. and bearing at 
16,000 lb. per sq. in. The desired values may be obtained by multiplying those 
given in Table 7 by the ratio 0.50. 

Table 5. — Reduction op Area for Rivet Holes 
A rea in square inches — diameter of hole X thickness of metal 



Table 6, — Stagger of Rivets to Maintain Net Section 
American Bridge Company Standard 

Dimensions in inches 


d — diamet er of riv et 4- K to* 

0 — d «■ •%/ 0* 4* P* — 2d g* — 2d 

y/WW± 7*-M 

V - Vapd + ** v - V 3<r 'i + i* 
g m tarn of gages minus thickness of 
angle. 

M’to. rivets, can be taken at H in. 

less than for %-in. rivets. 
l« 4 n. rivets, oan be taken at K to. more 
than for H-ia. rivers 



X-in. 

M-in. 


M-in. 

M-in. 

P0H 1 

rivet 

rivet 

o f 

rivet 

rivet 


P 

P 


P 

V 

i 

1 H \ 

1 K 

5 

3Me 

3Me 

IK 

IK j 

2 

5K 

BK 

BK 

2 

2 Ms 

2 K 

6, 

BK 

BK 

2 K 

2 K 

2 Ms 

*K 

BK 

BK 

3 

2 Hs 

2 M 

7 

BK 

BK 

BK 

2 Me 

2 l Ms 

7 H 

BK 

4 

4 

2 l Me 

3 

8 

BK 

4M 

4K' 

2*Ms 

3M« 

8 K 

4 

4 K 
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n Table 7. — Power-driven Rivets (Shop and Field) and Turned Bolts in 
Reamed Holes, Allowable Loads in Kips 1 

Lb. per sq. in. 


Shear 15,000 

Bearing, S.8 . 32,000 

Bearing, D.S - ’ 40,000 


Rivet dia. 

M 

« 

K 

H 

1 

IK 

m 

Area 

0.1963 

0.3068 

0.4418 

0.6013 

0.7854 

0.9940 

1.2272 

Single shear 

2. 

95 

4 - 

60 

6.63 

9.02 

11 

78 

14.91 

18.41 

Double shear 

5. 

89 

9.20 

13.25 

18.04 

23 

56 

29.82 

36.82 

Thickness 

Bearing 

Bearing 

Bearing 

Bearing 

Bearing 

Bearing 

Bearing 

of plate 

32.0 

40.0 

32.0 

40.0 

32.0 

40.0 

32.0 

40.0 

32.0 

40.0 

32.0 

40.0 

32.0 

40.0 

0.125 (H) 

2.00 

2.50 

2.50 

3.12 

3.00 

3.75 









0.140 

2.24 

2.80 

2.80 

3.60 

3.36 

4.20 

3.92 

4.90 







0.160 

2.56 

3.20 

3.20 

4.00 

3.84 

4.80 

4.48 

5.60 







0.180 

2.88 

3.60 

3.60 

4.50 

4.32 

5.40 

5.04 

6.30 







0.1875 (H») 

3.00 

3.75 

3.75 

4.69 

4.50 

5.62 

5.25 

6.56 







0.200 


4.00 

4.00 

5.00 

4.80 

6.00 

5.60 

7.00 

6.40 

8.00 





0.220 


4.40 

4.40 

5.50 

5.28 

6.60 

6.16 

7.70 

7.04 

8.80 





0.240 


4.80 

4.80 

6.00 

5.76 

7.20 

6.72 

8.40 

7.68 

9.60 





0.250 (H) 


5.00 


6.25 

6.00 

7.50 

7.00 

8.75 

8.00 

10.0 





0.260 


5.20 


6.50 

6.24 

7.80 

7.28 

9.10 

8.32 

10.4 

9.36 

11.7 



0.280 


5.60 


7.00 

6.72 

8.40 

7.84 

9.80 

8.96 

11.2 

10.1 

12.6 



0.300 


6.00 


7.50 


9.00 

8.40 

10.5 

9.60 

12.0 

10.8 

13.5 



0.3125 (Ht) 




7.81 


9.38 

8.75 

10.9 

10.0 

12.5 

11.3 

14.1 



0.320 




8.00 


9.60 

8.96 

11.2 

10.2 

12.8 

11.5 

14.4 

12.8 

16.0 

0.340 




8.50 


10.2 


11.9 

10.9 

13.6 

12.2 

15.3 

13.6 

17.0 

0.360 




9.00 


10.8 


12.6 

11.5 

14.4 

13.0 

16.2 

14.4 

18.0 

0.375 (H) 




9.38 


11.3 


13.1 

12.0 

15.0 

13.5 

16.9 

15.0 

18.8 

0.380 


. . . . 




11.4 


13.3 


15.2 

13.7 

17.1 

16.2 

19.0 

0.400 






12.0 


14.0 


16.0 

14.4 

18.0 

16.0 

20.0 

0.420 





— 

12.6 


14.7 


16.8 

15.1 

18.9 

16.8 

21.0 

0.4375 (He) 






13. 1 


15.3 


17.5 


19.7 

17.5 

21.9 

0.440 








15.4 


17.6 


19.8 

17.6 

22.0 

0.460 








16.1 


18.4 


20.7 

18.4 

23.0 

0.480 








16.8 


19.2 


21.6 


24.0 

0.500 (H) 








17.5 


20.0 


22.5 


25.0 

0. 520 



l . . . . 





18.2 


20.8 


23.4 


26.0 

0.540 










21.6 


24.3 


27.0 

0.560 










22.4 


25.2 


28.0 

0.6625 (H«) 










22.5 


25.3 

I 


28.1 

0.580 










23.2 


26.1 


29.0 

0.600 


.... 








24.0 


27.0 


30.0 

0.620 












27.9 


31.0 

0.625 (H) 













28.1 


31.3 

0.6875 OK*) 












30.9 


34.4 

750 (H) 



i 











37.5 
















1 Courtesy of American Institute of Steel Construction. 
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Illustrative Problem. — Find the number of %-in. rivets required to make a lap joint 
between two 2)4 -X %-in. plates carrying a load of 10,000 lb. Assume working stresses 
of 15,000 and 32,000 lb. per sq. in. 

From Table 7 the resistance of each rivet in single shear is 4,600 lb. and the allowable 
bearing is 4,800 lb. Therefore single shear governs and the number of rivets required is 

4^60 5~ “ ^-1® or 3 rivets. On the basis of %-in. rivet holes, the area to be deducted for 

each rivet hole, as given in Table 5, is 0.28 sq. in. Then the net area of each plate at a rivet 

10,000 

is X % - 0.28 * 0.94 — 0.28 « 0.66 sq. in. Therefore the unit stress is 

= 15,150 lb. per sq. in. Since this is less than tho safe working stress of 18,000 lb. per 
sq. in., the design is satisfactory. 


10. Splices in Compression Members. — Assuming that the rivet holes are 
completely filled by the rivets, compressive stress can be transmitted through the 
rivets and hence no deduction need be made and the total or gross area may be 
regarded as effective in transmitting stress. When a connection is made between 
two members carrying compressive stress, as at a splice in the top chord of a truss, 
the usual practice is to mill the abutting ends. Then splice plates with only a 
couple of rows of rivets each side of the joint are needed to hold the members in 
line. No reliance should be allowed on the abutting ends if they are not milled 
but enough rivets must be placed in the splice plates to transmit all the stress 
across the connection. 

Columns used in building construction are made in one, two, or three story 
lengths. When columns one story in length are used, the designer may vary the 
size of the column with the load. In the case of columns two or three stories in 
length the section is constant throughout and sufficiently large to carry the load 
at the lower end. Too many connections are required when columns one story 
in length are used while columns three stories in length are difficult to erect. 
Hence the two story column is the one most frequently encountered in practice. 

The column splice must be placed above the floor line far enough so that the 
splice plates will not interfere with the connections of beams to the column. 
Ordinarily the splice plates are not assumed to carry much stress but the ends of 
the abutting column sections are milled. Where a radical change of size or shape 

of section is made a bearing plate must be 
introduced. 

11. Connection Angles. — Connections of 
beams to beams, of beams to girders, and of 
beams to columns are made by means of short 
lengths of angles, called connection angles', 
which are riveted to the members joined. 
There are two general types of angle connec- 
tion — web connections and seat connections. 
In the former case the connection angles are 
riveted to the web of the member which is to 
be supported, as shown in Table 9. In the 
latter case the connection angle forms a seat upon which the beam to be supported 
may rest. This form of connection is shown in Fig. 9. 

It has been found from experience that angles of a certain size and with a cer- 
tain number of rivets may be used for the average conditions of loading for beams 
of a certain size. Therefore it has been found convenient to make a list of these 
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Table 8. — Standard Beam Connections for Wide-flange Beams, Weights and 
Minimum Spans for Uniformly Distributed Loads 1 

Entering this table with sue of beam, the symbols and weights of standard A, H, HH, and B con- 
nections are found, together with the minimum spans for which they are respectively sufficient. Stand- 
ard A, H, and HH connections are for use with in. rivets, and standard B connections are for use 
with ££~in. riv ts. Standard beam connections for use with or %-in. rivets are given in detail in 
Table 9. 

Weights include shop (web) rivets only. 


Section 

A 

connection 

H 

connection 

HH 

connection 

B 

connection 

Depth 

Wt. 

(lb.) 

Symbol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Symbol 

Wt. 

(Ib.) 

Min. 

span 

(ft.) 

Symbol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Symbol 

W T t. 

(lb.) 

Min. 

span 

(ft.) 

30 

300 

280 

260 

250 

240 

230 

194 

182 

170 

160 

150 

A 10 

62 

40.8 

38.1 

35.1 
33.7 
32 3 

30.9 

24.5 

23.0 
21.4 

20.0 

18.6 

II 10* 

86 

31.3 

29.2 
26 . 9 
25 8 

24.7 

23.6 

18.8 

17.6 

16.4 

15 . 3 
14.2 

HH 10 

101 

25.5 

23.8 

22.0 

21.1 

20.2 

19.3 

15.3 

14.3 

13.4 

12.5 

11.6 

B 10 

57 

55.6 

51.9 

47.9 

45.9 

44.0 

42.1 
33.4 
31.3 

29.2 

27.2 

25.3 

33 

240 

220 

210 

200 

152 

141 

132 

125 

A 9 

56 

33.3 

30.4 
28.9 

27.5 
20.0 
18.3 
17.0 
15.8 

H 9 

77 

33.3 

30.4 
28.9 

27.5 
20.0 
18.3 
17.0 
15.8 

HH 9 

90 

21.4 

19.5 

18.6 

17.7 

12.8 
11.8 
11. Of 
10. 5f 

B 9 

51 

45.3 

41.4 

39.4 

37.4 
27.2 

25.0 

23.1 

21.5 

30 

210 

200 

190 

180 

172 

132 

124 

116 

108 

A 8 

50 

30.0 
28.5 
27 1 
25 7 

24.4 

17.5 
16.4 
15. 1 
13.8 

II 8 

08 

30 . 0 
28.5 

27.1 

25.7 

24.4 

17.5 
16.4 

15.1 

13.8 

JUT 8 

79 

20.0 

19.0 

18.0 

17.1 
16 3 
11.7 
10.9 

10.1 
9.4 + 

B 8 

46 

40.9 

38.9 

36.9 

34.9 

33.2 

23.9 

22.3 
20.6 
18.8 

27 

177 

163 

154 

145 

114 

106 

98 

91 

A 7 

43 

26.0 

23.9 

22.6 

21.3 

15.8 

14.6 

13. 9t 
13.lt 

H 7 

00 

26.0 

23.9 

22.6 

21.3 
15.8 
14.6 
13.5 

12.3 

HH 7 

70 

16.6 

15.2 

14.4 

13.5 
10.1 

9.8+ 

9.7+ 

9.2+ 

B 7 

. 40 

35.4 

32.6 

30.7 

29.0 

21.5 

19.0 
18.3 

16.8 

24 

100 

150 

140 

130 

120 

110 

100 

94 

87 

80 

74 

A 6 

37 

25.5 
23 . 8 
22.1 

20.4 

18.4 
17. If 
16.9" 
13. 6+ 
13. 5f 
13. Of 
12. 6f 

H 6 

52 

25.5 

23.8 
22. 1 

20.4 

18.4 

16.9 

15.3 

13.6 

12.6 

11.4 

10.5 

HH 6 

60 

15.3 

14.2 

13.3 
12.4+ 
11.4+ 
11.4+ 
11.4+ 

9.0+ 

9.0+ 

8.7+ 

8.5+ 

B 6 

34 

34.7 
32.3 

30.1 

27.7 

25.1 

23.0 
20.9 

18.5 

17.1 

15.6 
14.7+ 

21 

142 

132 

122 

112 

103 

96 

89 

82 

73 

68 

63 

59 

A 5 

31 

1 

H 5 

43 

23.4 
21.8 
20.1 

18.4 
15.8 
14.6 

13.5 
12.4 
11.1 
10.3 

9.5 

8.8 

HH 5 

50 

14.7 

13.6 

12.6 
11.6+ 

9.8 

9.1 

8.4 

8.3+ 

8.0+ 

7.9+ 

7.6+ 

jlR 

B 5 

28 

31.9 
29.7 

27.4 

25.1 

21.4 

19.9 

18.4 

16.9 

15.2 
14.5+ 
13. 9t 
13.6+ 


* Courtesy of American Institute of Steely Construction. 

* 1-in. rivets in outstanding legs, H-in. rivets in web legs, 
t These spans governed by web bearing or web shear. 



334 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 3-11 


Table 8. — Standard Beam Connections for Wide-flange Beams, Weights and 
Minimum Spans for Uniformly Distributed Loads. 1 — (i Continued ) 


Section 

A t 

connection 

H 

connection 

HH 

connection 

B 

connection 

Depth 

Wt. 

(lb.) 

Symbol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Symbol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Symbol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Symbol 

Wt. 

(lb.) 

Min. 

Bpan 

(ft.) 

18 

124 



22.1 



22.1 



11.0 



30.1 


114 



20.3 



20.3 



10.3+ 



27.7 


105 



18.7 



18.7 



10.2+ 



25.4 


06 



17.2 



17.0 



10.2+ 



23.2 


85 



14.4* 



14.4 



8.3+ 



19.6 


77 

A 4 

22 

14.2- 

H 4 

32 

13.1 

HH 4 

37 

8.4+ 

B 4 

20 

17.8 


70 



13.9 



11.8 



8.3+ 



16.31 


64 



13.8' 



10.8 



8.3+ 



16.11 


55 



12.0- 



9.1 



7.1+ 



14.01 


50 



11.8 



8.2 



7.1+ 



13.81 


47 



11. 2t 



7.6 



6.7+ 



13.11 

16 

114 



18.2 



18.2 



9.6+ 



24.8 


105 



16.8 



16.8 



9.7- 



22.9 


96 



15.3 



15.3 



9.8- 



20.9 


88 



14.3- 



14.0 



9.5’ 



19.0 


78 



11.8- 



11.8 



7.6- 



16.1 


71 



11 .4- 



10.7 



7.6* 



14.6 


64 

A 4 

22 

11.2 

H 4 

32 

9.6 

HH 4 

37 

7.5' 

B 4 

20 

13.1 


58 



11.0- 



8.7 



7.5" 



12.9 


50 



10.1- 



7.5 



6.7* 



11 .8* 


45 



10.0 



6.7 



6.7+ 



11.6- 


40 



10.0" 



6.7+ 



6.7+ 



11.7' 


36 



9. Of 



6.1+ 



6.1 + 



10.5* 

14 

42 



11.4+ 



7.5 



6.5+ 



13.3+ 


38 



ll.lt 



6.7 



6.3+ 



12.9' 


34 

A 3 

16 

10.7" 

H 3 

24 

6.2+ 

HH 3 

27 

6.2+ 

B 3 

14 

12.5 


30 



9.8+ 



5.7+ 



5.7+ 



11.5+ 

12 

36 



9.6+ 



6.31 






. 

11.1+ 


32 

A 3 

16 

9.5" 

H 3 

24 

6.3' 





B 3 

14 

11.0 


28 



9.4" 



6.3 







11.0+ 


26 



8.2+ 



5.61 







9.5+ 

10 

29 



5.7 









7.8 


26 

A 2 

16 

5.4+ 







B 2 

13 

6.9 


23 



5.2+ 









6.1 


21 



4.6+ 









5.4 

8 

21 



4.5+ 









4.5+ 


19 

A 2 

16 

4.2+ 







B 2 

13 

4.2+ 


17 



3.9+ 









3.9+ 


t These spans governed by web bearing or web shear. 


connections and their limitations and to use them wherever possible. Such lists 
of connections are called standard connections . A set of standard beam connec- 
tions along with limiting values is shown in Tables 8 and 9. The use of standard ‘ 
connections reduces the number of different connections which must be designed 
and fabricated, and hence simplifies the work in the office and in the shop. Of 
course, these standard connections cannot be used in all cases, such as for very 
short beams or very heavy concentrations of load. Wherever there is any doubt 
as to the strength of a connection for a given set of conditions, an investigation 
should be made. Draftsmen who have much of this sort of work to do, soon 
become familiar with the limitations of the various standard connections, and 
since they may be used in the majority of cases, a considerable saving of time and 
expense is effected by their adoption. 

, Seat angles are often used in erection for supporting beams to be carried by 
wet connections. Since the two connections cannot be assumed to act simultane- 
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Table 9. — Standard Beam Connections fob American Standard Beams, Weights 
and Minimum Spans for Uniformly Distributed Loads 1 

Notes in Table 8 apply in general, but for the beams listed on this page no H or HH connections are 
standardised. If spans are too short (or shears too great) for standard A or B connections tabulated, 
develop special connections. 

For channels use same standard connection as for American standard beam of same depth. 


Section 

A 

connection 

B 

connection I Section 

A 

connection 

B 

connection 

Depth 

(in.) 

Wt. 

(lb.) 

Sym- 

bol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Sym- 

bol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Depth 

(in.) 

Wt. 

(lb.) 

Sym- 

bol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

Sym- 

bol 

Wt. 

(lb.) 

Min. 

span 

(ft.) 

24 

120 

115 

110 

105.9 

100 

95 

90 

85 

79.9 

A 6 

37 

15.5 

15.1 

14.7 

14.4 

12.2 

11.8 

11.4 
11.1 
11. Of 

B 6 

34 

21.1 

20.6 

20.1 

19.7 

16.6 

16.1 

15.6 
15 1 

14.6 

12 

55 

50 

45 

40.8 
35 

31.8 

A 3 

16 

6.6 

6.2 

5.8 

6.2t 

5.6t 

6.5t 

B 3 

14 

8.9 

8.4 

7.9 

7.5 
6.5t 
7.6 t 

10 

40 

35 

30 

25.4 

A 2 

16 

5.8 

5.4 

4.9 

4.5 

B 2 

13 

8.0 

7.3 

6.7 

6.1 

20 

100 

95 

90 

85 

81.4 
75 

70 

65.4 

A 5 

31 

12.2 

11.8 

11.5 

11.1 

10.8 

9.3 

9.0 

8.9f 

B 5 

28 

16.6 

16.1 

15.6 

15.1 

14.7 

12.7 

12.2 

11.8 

8 

25.5 
23 

20.5 
18.4 

A 2 

16 

3.1 

3.0 

2 8 
3.4f 

B 2 

13 

4.3 

4.0 

3.8 

3.6 

18 

70 

65 

60 

54.7 

A 4 

22 

l 

B 4 

20 

12.8 

12.3 

11.7 

11.1 

7 



8 



■ 

6.0 

5.6 

5.2 

15 

75 

70 

65 

60.8 

55 

50 

45 

42.9 

A 4 

22 

8 5 
8.1 

7.8 
7.5 
6.3 

5.9 
6.4t 
6.8f 

B 4 

20 

11.5 
11.1 
10 6 
10 2 
8.5 
8.1 

7 6 

8 Of 

6 

17 25 
14 75 
12.50 

A 1 

8 

3 2 
2.9 
3. Of 

B 1 

7 

4.4 

4.0 

3.7 

5 

i 

14.75 

12.25 

10 

A 1 

8 

2.2 

2 0 
2.3f 

B 1 

7 

3.0 

2.7 

2.5 


t These spans governed by web bearing or web shear. 


STANDARD TWO-ANGLE CONNECTIONS "A** AND "B** SERIES 
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ously, the web connection is designed for the full load and no allowance is made 
for the strength of the seat angle. When a beam, however, is to be supported 
by a seat connection, it must be held rigidly against lateral displacement either 
by web or top angles. As in the preceding case, no allowance is made for the 
strength of these auxiliary angles, but the seat connection is designed to carry 
the whole load. 

12. Eccentric Connections. — In order that the stress at the connection of a 
member shall be uniformly distributed, the line of action of the stress in the 
member must pass through the center of gravity of the group of rivets. If this 
is not the case, a bending moment will be produced at the joint, and instead of the 
stress on the rivets being uniform it will be variable and will be made up of two 
components, one due to the direct stress and the other due to the moment stress. 
The stress in the rivets due to the direct force will be uniform while the stress in 
a given rivet due to the bending moment will vary with the distance of the rivet 
from the center of gravity of the group. Therefore, one of the outside rivets will 
receive the greatest resultant of direct stress and moment stress. The strength 
of the connection will be governed by the fact that this resultant stress must not 
exceed the allowable working stresses in shear, bearing, or tension. 

Let P = magnitude of the total force. 

e = the distance from the line of action of P to the center of gravity 
of the group of rivets. 

n = number of rivets in the group. 

x, y = coordinates of any rivet referred to the center of gravity of the group 
of rivets as an origin. 

z = distance of any rivet from origin = U 2 - 

X, Y = coordinates of rivet receiving maximum resultant stress. 

Z = distance from rivet receiving maximum resultant stress to origin = 

VwmTit 

f p = direct stress on each rivet. 

f 0 — moment stress on a rivet at a unit distance from the origin. 

f m = moment stress on any rivet = f Q z 
The moment of resistance of the moment stress on any rivet is 

fmZ = foZ 2 = f 0 (x 2 + y 2 ) 

The total resisting moment must equal the total turning moment or 

+ W) = Pe, /. - 2 *-$^ 

The moment stress on the rivet receiving the maximum resultant stress is 

f p * z Pr m 

Jm - Jot ~ Sa . 2 + Sy2 - + z y 2 U; 

z 


and the direct stress on this rivet is 



Then the resultant stress in shear or bearing f r on the rivet receiving maximum 
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stress is the resultant of / m and f P . Let X and Y be the coordinates of such a rivet 
with the center of gravity of the group regarded as the origin, 
and let Z be the slant distance from the origin to the rivet. 

From Fig. 10 the horizontal component of f r equals that of/ m , 

or is equal to The vertical component of/ r equals f p plus 

the vertical oomponent of f m , or is equal to f p + Then 


( 2 ) 



Since X 2 + Y 2 = Z 2 , we find upon reducing that 

J(f») i + 2§f,U+(f~) 2 

The maximum value of f, occurs when and /,„ are colincar. Then 


(3) 


fr=f P +U W 

X 

Since the value of n °t known until after the number and arrangement of 

X 

rivets have been determined, it will be found convenient to assume that ^ = 1 

(hence f r — f P + /*«), and to make a preliminary design based upon this assump- 
p p e 

tion. Substituting — for f P and v 2 ■ v " ■! * n e( l* ( 4 )> we 8 e t 

71 tmjX "T" w/y 

z 


/r- 


P Pe 

» + + 2y 2 


z 


or 


Neglecting the quantity 


we have 


1_ 

L _ ! 

P Vx 2 + Xy 2 
Z 


e 

+ 2y 2 

z 

p 

n “7 


(5) 


The value of f r may be obtained from Table 7 for the given rivet size and 
working stresses. 

2^2 2?/ 2 

Values of the quantity ^ ~ of eq. (1) have been calculated for fifteen 

different typical arrangements of rivets and for rivet spacings varying in both 
directions from 2 in. to 6 in. and have been plotted in Diagram 1. In this dia* 
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gram h represents the number of rows of rivets in one direction, v represents the 
number of rows of rivets in the other direction, while g and p represent the dis- 
tances in inches between the rows of rivets in the first and second directions 
respectively as indicated in the typical groups of rivets given above the curves of 
the diagram. Therefore, in any case, the coordinates of the rivet receiving maxi- 
mum stress are 


and 


(» - 1 )g 

2 

(6) 

(h - 1 ) P 
• 2 

(7) 

\/A' 2 + Y 2 

(8) 


In the design of connections, the approximate number of rivets is found by 
substituting in eq. (5). In this equation f r is the Value of the allowable stress in 
shear or bearing for the size of rivets and the thickness of metal under considera- 
tion. When the arrangement of the rivets has been assumed, the value of the 
resultant stress f r can be found by substituting in eq. (3). If this value of f r is 
within a few per cent of the value of the allowable stress, the assumed design 
is satisfactory. If this is not the case the assumed design may be altered until 
a satisfactory design is obtained. 


Illustrative Problem. — Design a connection for a direct stress of 90,000 lb. and a bend- 
ing moment of 60,000 in.-lb. on the assumption that the governing stress f r is 6,010 lb. given 
by in. rivets in single shear at a unit stress of 10,000 lb. per sq. in. 

90,000 

From eq. (5) n = q q|q = 15 rivets. Let us assume that n = 15 rivets, v = 3 rows, 
h = 5 rows, p m 4 in. and g = 4 in. From Diagram 1 


Substituting in eqs. (1) and (2) 
fm 

fp 

From eqs. (6), (7) and (8) 

X 

Y 

Z 


2z 2 -b 
Z 

60,000 


= 72 in. 


72 

90,000 


15 

(3 - 1)4 
2 

(5 - 1)4 


= 833 lb. 

= 6,000 lb. 


4 in. 
8 in. 


\/(4) 2 + (8) 2 - 8.95 in. 


Substituting the above values in eq. (3) 

/ r = ^(6,000)’ + 2 (g^g) (6,000) (833) + (833) ‘ 

- \/41, 164,000 - 6,410 lb. 

This value is greater than the allowable stress. If we change from p ** 4 in. and g «* 4 in. 

Sa ; 2 4* 2 

to p * 6 in. and g * 6 in., the maximum spacing, -g « 107 in. from Diagram 1, 

and U - 560 lb., f p - 6,000 lb., X - 6 in., Y * 12 in., Z « 13.4 in., and f r - 6,270 lb. 
This value also is greater than the allowable stress. Therefore, let us assume that n « 16 

4 . Si/* 

rivets, v ** 4 rows, a - 4 rows, p » 4 in., and g — 4 in. From Diagram 1 g? « 

75 in. Then f m « 880 lb., f p 5,625 lb., X *» 6 in., Y * 6 in., Z m 8.49 in. and fr •* 
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6,220 lb. Since this value also is too large, we shall try p s* 6 in., g * 6 in. In this case 
Xx 2 4 Xy 2 

^ * 113 in., and consequently f m « 531 lb. Also f v ** 6,625 lb. t X 9 in., 

Y * 9 in., Z = 12.73 in., and f r *= 6,010 lb. This design is satisfactory. 

Xx 2 + Xy 2 

The quantity ^ or a group of two or more rows of rivets becomes 

Xy 2 

-y- f° r a single row of rivets. Values of this quantity for a row of rivets varying 

from 2 rivets to 24 rivets in length, and for rivet spacings varying from 2 in. to 
6 in. are given in Diagram 2. The lower left-hand corner of Diagram 2 is shown 
to an enlarged scale in Diagram 3. 

In either of the above 'cases, namely, one row of rivets, and two or more rows 
of rivets, it is assumed that the line of action of f p is parallel to a row of rivets. 
If this is not true the direct stress may be resolved into components parallel to 
the rows of rivets and the moment stress f m . Then the design may be made 
according to the methods which have been given. 

In addition to causing moment stresses in the rivets in a connection, eccen- 
tricity causes bending stresses in the members connected. If a relatively flexible 
member is connected to a rigid member, then the greater proportion of the bend- 
ing moment due to eccentricity is resisted by the more rigid member and its con- 
nection. The bending stresses in the more flexible members are occasionally 
very high and therefore eccentric connections should be avoided whenever prac- 
ticable. Of course, in many cases it is necessary to use eccentric connections 
but sometimes they are used in places where, with slight modifications, concentric 
connections might be obtained. 

13. Bracket Connections. — In the preceding article methods have been given 
for the design of connections subjected to direct stress and a bending moment 
acting in the plane of the connection. Quite frequently it becomes necessary 
to design a connection which will withstand a shearing force acting in the plane 
of the connection and a bending moment acting in a plane perpendicular to that 
of the connection. In such a connection all of the rivets are stressed in shear and 
bearing by the shearing force and most of the rivets are stressed in direct tension 
due to the bending moment. The ordinary bracket connections are of this type. 
Many connections of beams to girders and columns are also of this type and may 
be designed according to the methods given in this article. 

In the cases where the rivets are subjected to shearing or bearing stresses 
we can assume that the center of gravity of a group of rivets is the center of 
rotation and Diagrams 1, 2 and 3 are based on this assumption. However, in 
the case of a connection in which the rivets are in direct tension the center of 
rotation will move toward the portion of the connection which is in compression 
due to the fact that the tensile deformation is greater than the compressive 
deformation. This movement of the center of rotation will continue until, in the 
limiting case, the end rivet on the compressive portion of the connection becomes 
the center of rotation. Diagrams 4 and 5 have been prepared for use in this case. 

Since the shearing stress and the tensile stress in the rivets produced by the 
shear and the bending moment respectively are principal stresses (see Art. 53, 
Sec. 1), the presence or absence of one has no effect on the other. Hence it is 
only necessary to design the connection for either the shear or the bending 
moment, whichever requires the larger number of rivets. 



340 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. #-13 







Vblues 


See. 8 - 13 ] SPLICES AND CONNECTIONS FOR STEEL MEMBERS 341 



n» number of rivets per nw n* number of rivets per row 
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Due to the fact that the moment acts in a plane perpendicular to that of the 

Z 


Zx 2 + Zy 2 Zy 2 

connection, the factor j Art. 12 becomes y- for each row of rivets 


in a line parallel to the plane of the moment. 

If V is the shear, M is the moment, f v the stress in shear or bearing on the 

V 

most highly stressed rivet and ft the tensile stress on this rivet, then f v = — ■ 

71 

and ft — 0T > f° r purposes of design 

~T 


and 



(9) 


Zy 2 M 
Y ~ ft 


( 10 ) 


In this case values of the allowable stress per rivet in shear or bearing and in 
tension should be substituted for f v and ft respectively. 


Illustrative Problem. — Design a connection for a shear of 50,000 lb. and a bending 
moment of 40,000 in.-lb. acting in a plane perpendicular to that of the connection. 
Assume the stress per rivet in shear is 4,420 lb. given by ?£-in. rivets at a unit stress of 
10,000 lb. per sq. in. and assume the stress per rivet in tension is 3,100 lb. given by?£-in. 
rivets at a unit stress of 7,000 lb. per sq. in. Only one row of rivets is to be used. 
Substituting in eqs. (9) and (10) 


n 

Xyf 

Y 


SChOOO 
4,420 = 
400,000 
3,100 


11.3 rivets. 
= 129 in. 


At least 12 must be used. 


When n m 12 rivets, and y - 129 in. we find from Diagram 4 that p — 3 in. 

Illustrative Problem. — Design a connection for the same conditions as given in the pre- 
ceding problem except that two rows of rivets are to be used. 

The least number of rivets is 12 as before. With two rows of rivets, 2 y » 129 in.. 
Si/* 

or y = 04.6 in. for 6 rivets. From Diagram 5 we note that p * 6 in. 

Assume that another condition is added that the connection shall be made as compact 
as possible. 

In the first solution the height of the connection is in — 1 )p ** (12 — 1)3 *» 33 in. 
In the second solution the height is — l) p ■ (¥ - 0 6-30 in. If we assume that 

2 yi 

the minimum spacing of 2.5 in. for % in. rivets is used with y- = 64.6 in. for two rows .of 
rivets, we find from Diagram 4 that there must be 9 rivets in each row or 18 rivets altogether. 
The height of this connection is — l) p • — l) 2.5 - 20 in. 


14. Design of Connections Subjected to Bending, Direct Stress, and Shear. — 
The connection of a steel mill building column to its base is quite often subjected 
to bending, direct stress, and shear due to the vertical dead load and the horizontal 
wind load. In the ordinary case of bending, direct stress, and shear, all three act 
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in the plane of the connection and the direct stress and shear are perpendicular 
to each other. Then this case is the same as that 
of Art. 12 except that we have the shearing force 
added. 

If we assume that the shear is the force acting 
parallel to the F-axis and that the direct stress is 
the force acting parallel to the X-axis then the forces 
acting on the rivet which receives the maximum 
stress are as indicated in Fig. 11. 

For the purpose of computing the resultant stress 
/ r , we may resolve f m into two components parallel to 
f p and Then the horizontal component of f r is 

Y X 

f P + Z f mj and the vertical component of f r is f v + % f m . Therefore 

fr = V (/, + |/») 2 + (/. + §f~y 

Since X 2 + Y 2 — Z 2 , we find upon reducing that 

fr = V (/„)’ + (/,) 2 + (/„)* + f /. Wp + Xf .) (1 1) 



If P = direct stress, V = shear, and f r = allowable stress per rivet in shear 


or bearing, then in selecting a trial design let n — 


V + \ 


fr 


when P is greater than 


7, and let n = — j — when V is greater than P. Then from Art. 12, eq. (1) 

Jr 

Pe 


fm — vy 


2x 2 + 


From eq. (2), / p = from Art. 13, eq. (9), f v ~ ~ and values of X, Y and Z are 

obtained from eqs. (6), (7), and (8) of Art. 12. When these quantities are deter- 
mined they may be substituted in eq. (11), from which the true value of f r is 
found. If this value is not close to the allowable stress,- the result will indicate 
which way the design should be changed. 


Illustrative Problem. — Design a connection for a direct stress of 55,000 lb., a bending 
moment of 30,000 in.-lb., and f a shear of 20,000 lb. Assume that each rivet can take a 
stress of 5,300 lb. given by ?i-in. rivets in single shear at a unit stress of 12,000 lb. per sq. in. 
Substituting in the equation 


we have 




50,000 + 


20,000 


4,800" 


n 


11.3 rivets 
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Let us assume that n * 12 rivets, v » 3 rows, h * 4 rows, o ** 4 in., and p ® 4 in. From 
Diagram 1, Sa;2 ^ * 51 in. and from eqs. (6), (7), and (8) X = ^ — - 4 in., 

Y - (4 ~ - 6 in,, and Z = - 7.21 in. 

51 in., from eq. (1) 


if SsM-Sj/s 

ii - z ~ 


From eq. (2) 


and from eq. (9) 


fm = ? 0 '° 1 00 = 590 lb. 


/, = 9^= 4, 580 lb. 

/ « 15,000 
12 


1,250 lb. 


Substituting these values in eq. (11) wo have 

fr - ^(4.580), + (1,250)2 + (590), + (^j) (590)[6(4,580) +4(1,250)] 


5,310 lb. 


This design is satisfactory. 


L7 


-o-o- o-o- 

o o o o 

o o o o 

o o o o 

j 

r 

b 


-Tj H 

Fig. 12. 


15. Design of Connections Subjected to Torsion. — Suppose that I-beams 
carrying a floor load are riveted to one side of the channel girder shown in Fig. 12. 
Then torsion is induced in the channel due to the end moments of the floor beams. 
Therefore the connection shown in Fig. 12 is subjected to torsion. In the ordi- 
nary case of a connection subjected to torsion the connection 
must be designed for bending moments in two mutually perpen- 
dicular planes in addition to a shear or a direct stress. One of 
these moments which we shall call the torsional moment acts in 
a plane perpendicular to that of the connection and hence pro- 
duces tensile stresses in most of the rivets of the connection. 
The other moment, which we shall call the bending moment, 
acts in the plane of the connection and hence produces shearing 
or bearing stresses in the rivets of the connection. The shear 
or direct stress which is present also produces shearing or bearing stresses in the 
rivets of the connection. 

The connection may be designed to resist bending and direct stress by the 
method of Art. 12 and then its resistance to torsional moment may be investigated 
by the method of Art. 13. The designer should use a lower working stress for 
the torsional moment which produces tension in the rivets than for the bending 
and direct stress which produce shearing or bearing stresses in the rivets. 

Due to the lack of adequate experimental data the exact nature of the stress 
distribution in a riveted joint subjected to torsional moment is not known. 
However, if a connection such as the one shown in Fig. 12 is acted upon by a 
torsional moment, it is quite evident that the row of rivets nearest the force 
producing the torque, i.e., the row of rivets on line ab must carry more of this 
torque than any other single row. Therefore if v represents the number of rows of 
rivets resisting the torsional moment, it is recommended that the row of rivets 
nearest the force producing the torque T (row ab of Fig. 12) be designed for a 
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1.57 1 . T 

torsional moment of -V- instead of a torsional moment of — which would result 
v v 

on the assumption of a uniform distribution. This means that with two rows of 
rivets, one row must carry 75 per cent of the total torsional moment; with three 
rows, one row must carry 50 per cent; and with six rows, one row must carry 25 
per cent. 

Illustrative Problem. — Design a connection for a direct stress of 90,000 lb., a bending 
moment of 60,000 in.-lb., and a torque of 20,000 in.-lb. Assume that the working stresses 
are 10,000 lb. per sq. m. and 7,000 lb. per sq. in. in shear and tension respectively, and 
that Jg-in. rivets are used. Therefore f r = 6,010 lb. and ft = 4,210 lb. 

A connection was designed in Art. 12 for the bending and direct stress specified. There 
it was decided to make n = 16 rivets, v = 4 rows, h = 4 rows, p * 6 in., and g » 6 in. 


From Diagram 5 we note that - y- =28 in. when v = 4 in. and p = 6 in. 
moment which one row of livets must carry is 


The torsional 


= lM2OM0) =7>500in .. lb . 
4 


From eq. (10) of Art. 13 we have 




This design is satisfactory. 


16. Plate Girder Web Splices. — Plate girder web splices are necessary when 
it is impossible to get the size of web plate desired or when it is inadvisable to ship 
the web plate from the shop to the place of erection in one piece. Both web and 
flange splices are almost invariably made in the form shown in Fig. 3c.. The 
thickness of each cover plate is made half the thickness of the part which is 
spliced. A plate girder web splice should be made equivalent to the web net 
section as nearly as possible. In order that this may be accomplished the splice 
must be designed for shearing and bending stresses. It is reasonable to assume 
that all rivets are stressed equally by the vertical shear and that the stress on 
each rivet due to the bending moment is in direct 
proportion to its distance from the neutral axis. 

Therefore the best splice for the portion of the web 
plate between the flange angles is one in which the 
rivets are uniformly spaced as in Fig. 13. There 
are several ways of transmitting the stress in that 
portion of the web plate underneath the flange 
angles.* One way is to use splice plates along the 
flanges as in Fig. 13. Sometimes it is possible to 
locate the splice at a section where the flange area 
is enough in excess of that actually required so that 
the excess area can be assumed to carry this stress. 

Another way is to create excessive flange area intentionally by extending a cover 
plate beyond its theoretical point of cutoff far enough to lap over the web splice. 

Since the resistance of a rivet to bending moment is proportional to its distance 
from the neutral axis, some designers have reasoned that a more effective web 
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splice would result if the rivets of Fig. 13 were rearranged as shown in Fig. 14. 
Undoubtedly the moment of resistance of the rivets in tile latter case is greater 
than in the former case. However, the variable rivet spacing of the splice of Fig. 
14, disturbs the natural linear distribution of moment stress in the web plate 
since it produces higher stresses near the flange angles and lower stresses near the 
neutral axis than would normally exist in the web plate. Therefore such a design 
is not in accordance with the principle that the web splice should be made equiva- 
lent to the web net section as nearly as possible. 

The web splice of Fig. 15 is also a result of the idea that a splice is improved by 
placing the rivets as far as possible from the neutral axis. In this form of splice 
the total shear is carried by the rivets in group efgh while all of the rivets carry 
moment stress. The stress in the portion of the web underneath the flange angles 
may be carried by splice plates on the flanges as in Fig. 13, by excessive flange 
area or the main web splice may be designed for the total bending moment. 
The first and second methods are better than the third. 



Fig. 14 . Fig. 16 . 


While neither of the web splices of Figs. 14 and 15 is in accordance with the 
principle that the splice should be equivalent to the web net section, yet both 
forms have been used and there seems to be no record of any serious effects 
resulting from their use. 

In the design of a web splice such as the one shown in Fig. 13 it is generally 
possible to locate the splice at a section where there will be an excessive flange 
area. Then the main web splice is designed for the total shear and for a moment 
of resistance equal to that of the portion of the web between the flanges. 

If the allowable extreme fiber stress on the net section of the girder is 18,000 
lb. per sq. in. then the extreme fiber stress on the gross section may be assumed 
at 16,200 lb. per sq. in., using A.R.E.A. allowable values. 

Let h = total height of girder. 

hi * clear depth of main portion of web between flanges. 
t = thickness of web plate, 
n »* number of rivets on one side of splice. 

V * total shear on the section. 

M = resisting moment of portion of web between flanges, 
or 



( 12 ) 
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Then for the horizontal component of the stress in the most highly stressed rivet 
we have 

. M 2,700</ii* 

Jm S 2 f ~ /S y\ 

t h {~r) 

and for the vertical component we have 


Since the resultant stress, 
we have 


fr 



fr = VTU ) 2 + (/.)*' 


I 


2J00thi 3 

*(¥)j 



or 


Xy 2 = 2,70Q^i 8 


(13) 


(14) 


Since a web splice is usually placed at a section where the moment is much more 
important than the shear, we may neglect the shear in making a trial design. 
Equation (14) then becomes 

Zy 2 2,70(W 

T~ = (15) 


in which / r is the allowable value in bearing or shear. 

2 

Values of the quantity -y- for a single row of rivets are given in Diagrams 2 

and 3. Values of this quantity for several rows of rivets may be obtained by 
multiplying the value found in the diagrams by the number of rows. This 
may be done because here the bending moment produces flexure and not rotation 
about a point as in the case of an eccentric connection. Hence the moment stress 
on any rivet varies in proportion to its distance from the neutral axis and not in 
proportion to its distance from the center of gravity of the group of two or more 
rows of rivets. 

After a trial design has been made by means of eq. (15) and either Diagram 
2 or 3, the exact value of the resultant stress f r can be found by substituting in eq. 
(13). If this value is not sufficiently close to the allowable value the design may 
be revised quite readily. * 


Illustrative Problem. — Design a splice similar to Fig. 13 (or a plate girder web for the 
following conditions: V « 150,000 lb h *» 80 in. t hi * 68 in., t ■ l n *« and/*. » 10,300 
lb. given by in. rivets in bearing on a e-in. plate at 27,000 lb. per sq. in. 
Substituting in eq. (15) we have 


Sy* 2,700(^6) (68) 3 
Y * 80(10,300) 


452 in. 


With hi * 08 in,, not more than 16 rivets may be placed in one row. 
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Si/ 2 

From Diagram 2 we note that for one row of 16 rivetB, with p » 4, -p- =» 180. For 

three rows of rivets = (3) (180) = 640 in. and n =* (3) (16) * 48 
Substituting these values in eq. (13) we get 

This design is satisfactory. 

Since plate girders are usually designed on the assumption that one-eighth 
of the web area is effective in resisting bending moment and since this in turn is 
based upon the assumption that the net area of the web is equal to three-fourths 
of the gross area, it is necessary that the rivet spacing in the web splice should 
conform to this practice. This means that the rivet pitch should equal four 
times the diameter of the rivet hole. 

The general principles which have just been developed and illustrated for the 
design of a splice of the type shown in Fig. 13 also apply to the design of a splice 
of the type shown in Fig. 15. However, in this case, Diagrams 2 and 3 cannot be 

2?/ 2 

used in the determination of the quantity -jr. In finding the value of this quan- 
tity for an irregular group of rivets such as abmn, Fig. 15, which is composed of 
several elementary rectangular groups of rivets such as abed , cfgh and klmv it has 
been found simplest to find the value of 3?/ 2 for each group of rivets with respect 
to its own horizontal axis of symmetry first. Then the value of 2?/ 2 for the group 
of rivets abed with respect to any other axis such as the horizontal axis of sym- 
metry for the whole group may be found by an application of the same principle 
used in finding the monent of inertia of an area with respect to another axis 
which does not pass through the center of gravity of the area. In Art. 16, Sec. 1, 
it has been stated that 1 

I x - I 0 + Ad 2 

where I 0 = moment of inertia of the figure about an axis through its center of 
gravity. 

I x = moment of inertia about a parallel axis. 

A — area of the figure. 
d = distance between axes. 

If we regard the area of each rivet as equal to unity, as we have been doing, 
then hy 2 is analogous to I and A is analogous to the number of rivets. Hencedf 
we desire the value of 2y 2 for an elementary rectangular group when y is measured 
from an axis other than the axis of symmetry of the group we may use the follow- 
ing relation: 

22/i 2 = Xy 2 + nd 2 (16) 

where y is measured from an axis of symmetry. 

yi is measured from an axis parallel to an axis of symmetry. 
n = number of rivets. 
d « distance between axes. 

Values of 'hy 2 for one row of rivets containing from 2 to 12 rivets and for rivet 
pitches varying from 2 to 6 in. are given in Diagrams 6 and 7. 

1 For proof of ibis statement, See Appendix B, p. 60S. 
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In the design of a splice of the type shown in Fig. 15 it is generally assumed 
that the rivets in the group efgh take all of the shear and a portion of the moment 
which is governed by the fact that the resultant rivet stress should not exceed the 
allowable stress and by the fact that the net area should be maintained at about 
three-fourths of the gross area. The remaining and generally the major portion 
of the moment is carried by the groups of rivets abed and klmn. It is also gener- 
ally assumed that the resisting moment of the full height of the web plate is to 
be developed and not just that portion of the web plate between flanges. There- 
fore hi of eq. (12) becomes h and we have for the total moment carried by the 
splice 

M = 2, 700fA* (17) 



n- number of rivets per row n» number of rivets per row 


To get the portion of the total moment carried by the middle group of rivets, 
let 


V 

m 


total shear. 

portion of moment carried by middle group of rivets efgh. 
n and -y~ refer to this group alone. 


Then 


from which 



Y 




( 18 ) 
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Since the outer groups of rivets carry none of the shear 

M — m M — m 


fr ~ fm — 


Sy t 2 


or 


2y 2 + nd 2 


+ nd 2 
F 

(M - m)F 

fr 


(19) 


Illustrative Problem. — Design a splice similar to Fig. 15 for a plate girder web for the 
conditions given in the preceding problem; namely, that V — 150,000 lb., n — 80 in., Ai 

= 68 in., t = Ke i n *» and/ r = 10,300 lb. 
given by 7 fc-in. rivets in bearing on a ex- 
piate at 27,000 lb. per sq. in. 

In order that the center group of rivets 
may carry the shear, the number of rivets 
in this group must equal at least 



V 

Sr 


150,000 

10,300“ 


14.5, or 15 rivets 


Fig. 16. 


We shall use two rows of rivets with 8 
rivets in each row and a rivet pitch of 5 in. 
For each row of 8 rivets we find from Di- 

V jm2 

agram 2 that y~ = 58 in. Hence for two 
Xu 2 

rows of rivets ~~~ — (2) (58) =* 116 in. and 

also n = (2) (8) =16 rivets. Substituting 
these values in eq. (18) we find for the mo- 
ment carried by the center group of rivets 
that 


V( 


m = 116 ‘Vf (10,300) 


/150,000V 
V 16 / 


» 491,000 in.-lb. 


From eq. (17) 


M = 2,700(Ji 6 ) (80) 2 = 7,560,000 in.-lb. 
In this case we can assume that 


hi _ . 68 

2 3 m. * g 


■ 31 in. 


Substituting in eq. (19) we get 


2 y 2 + nd 2 


(7,560,000 - 491,000)31 
10,300 


21,300 in. 2 


This value is for both outer groups of rivets {abed and klmn of Fig. 15), so the value for 
one group is 


21,300 

2 


10,650 in. 2 


Since we know the size of the center group of rivets, the value of hi and F, we find that 
each outer group of rivets may be composed of three horizontal rows of rivets 5 in. apart 
and hence that d » Y — 3 in. *» 31 — 3 * 28 in. The value of Hy* for one vertical row 
of three rivets with a 5-in. pitch iB found from Diagram 6 to be 35 in. 2 With Zy* «* 35 in. 2 , 
n «• 3 rivets, and d » 28 in., we find for one vertical row of rivets of this outer group that 

Zy* 4- nd 2 ** 35 4* 3(28) 2 - 2,385 in. 2 

Therefore the number of vertical rows of rivets in the outer group on each side of the bank 
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10,650 „ A* e> 

2,385 ~ 4,47 or 5 

The completed design is shown in Fig. 10. 

17. Plate Girder Flange Splices. — The following quotation from the 1940 
Specifications of the American Railway Engineering Association is representative 
of good practice regarding the splicing of plate girder flanges: 

Flange members that are spliced shall be covered by extra material equal in section to 
the member spliced. There shall be enough rivets on each side of the splice to transmit 
to the splice material the stress value of the part cut. 

Flange angles shall be spliced with angles. No two members shall bo spliced at the 
same cross-section. 

There must be enough rivets on each side of the splice so that their strength 
in single shear shall be equal to the strength of the splice angles or splice plates. 
The rivets which are used in the flange for other purposes are also available for 
this purpose and therefore by making the splice angles or splice plates long enough 
no excess rivets will be required. However, it is considered better practice to 
use a closer spacing of rivets in a flange splice so as to reduce its length to a 
minimum. 

18. Pin Connections. — As stated in Art. 1, where it is necessary to have 
several members meet at a joint in such a way that the members will be free to 
turn, a pin connection must be used. Pin connections are particularly well 
suited to designs in which most of the tension members are composed of eye-bars, 
since such members may be arranged on the pin with a good deal of facility. Pin 
connections are not so well suited to designs in which built-up members are to be 
connected, since it is not convenient to have the different widths of members 
which would be necessary where several such members meet at a joint. However, 
it is sometimes necessary to use pin connections in such cases. 

19. Stresses Induced in Pins and Pin Plates. — In addition to the shearing and 
bearing stresses to which both rivets and bolts are subjected, pins are subjected 
to heavy bending stresses which are not usually considered in riveted connections. 
Therefore it is necessary to analyze a pin as a short cylindrical beam subjected to 
shearing, bearing, and bending stresses. Quite frequently the bearing stress on 
the web of a member, such as a channel, becomes excessive and hence it is neces- 
sary to reinforce the web by riveting a plate to it at the pin. Such plates are 
called pin plates . 

In calculating the shearing stresses on a pin, it is convenient to get the* hori- 
zontal and vertical components of these stresses and then sum up these com - 
ponents separately and get the resultant from the formula V - y/ (V h ) 2 + (F v ) 2 , 
where V — resultant shear, and Vh and V v are the summations of the horizontal 
and vertical shearing stresses respectively. However, it is only in special cases 
, that the shearing stresses will govern the size of the pin. 

It is generally assumed that the loads are concentrated at the centers of 
bearing of the members when the bending moments are being calculated. Strictly 
speaking the loads are distributed over the bearing areas but the difference in 
results obtained by the two methods is small ordinarily and therefore the simpler 
method is adopted. The horizontal and vertical components of the forces acting 
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at a joint are calculated as in the determinati on of the shear , and then the result- 
ant moment is found by the formula M — y/ {M h ) 2 + (A/*) 2 , where Af = resultant 
moment, and Mk and M v are the moments produced by the horizontal and vertical 
components respectively. 

In general the maximum stresses in all the members meeting at a joint will 
not occur simultaneously. Therefore in calculating moments it is usual to 
consider two conditions of loading, one in which the stress in a chord member is 
a maximum, and the other in which the stress in a web member is a maximum. 
In each case the simultaneous stress occurring in one other member is calculated 
and then the simultaneous stresses in the other members intersecting at the pin 
may be obtained quite readily by means of a small force diagram. 

Horizontal compression chord members are built continuous at the joints so 
that only the difference in stresses between the two segments is in action on the 
pin. 

In the Specifications of the American Railway Engineering Association an 
allowable bending stress on pins of 27,000 lb. per sq. in. is recommended. This 
comparatively high value is allowed because of the fact that the assumption of 
concentrated loads gives bending moments in excess of the true values and also 
because of the fact that any slight bending of the pin produces some change in 
the magnitude of the forces which effects a reduction in the bending moments. 
Another reason for the use of a higher working stress for pins than for members is 
due to the fact that the large secondary stresses which often occur in members do 
not exist in the pins. 

As soon as the maximum bending moment is found, the diameter of the pin 

Me 

may be obtained from the formula / = p* For pins c = radius, r, and I = 
Substituting ^ for r we get 


_ M (g) 4 _ Md( 4)(16) _ 32 M _ 3 l l0.187M 

— /d\ 4 — 2ird* ~ rd 3 ° r \ f 

*\2J 

3 I~m~ 

f = 27,000 lb. per sq. in., d = 


Values of the allowable bending moments on pins of different sizes with several 
unit stresses are given in Table 11. 

The bearing stresses are found as in riveted connections. The bearing area 
for riveted members is provided by adding pin plates until the resulting bearing 
stresses come within the allowable. With the allowable unit tension in the eye- 
bars known and the allowable unit bearing stress known, the limiting value of 
the ratio of pin diameter to width of widest bar which will result in a safe bearing 
stress may be found. For instance, if the unit tensile stress in the eye-bar is 
18,000,1b. per sq. in. and the unit bearing stress is 27,000 lb. per sq. in. then this 
allowable bearing stress will not be exceeded if the diameter of the pin is equal 
18 000 2 

to or greater than 27000 = 3 the width of the widest member. Values of the 
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allowable bearing stresses on pins of different sizes with several unit stresses are 
given in Table 10. 


Table 10. — Pins — Bearing Values in Pounds on Metal One Inch Thick 
Bearing Value = Diameter of Pin X Bearing Stress per Square Inch 


Pin 


Bearing stresses in pounds per square inch 


Diameter. 

inches 

Area, 
sq. in. 

15,000 

20,000 

22,000 

24,000 

27,000 

1 

0.785 

15,000 

20,000 

22,000 

24,000 

27,000 

ix 

1.227 

18,800 

25 , 000 

27 , 500 

30,000 

33,700 

IX 

1.707 

22,500 

30,000 

33,000 

36,000 

40,500 

m 

2.405 

26,300 

35,000 

38,500 

42,000 

47,200 

2 

3.142 

30,000 

40,000 

44,000 

48,000 

54,000 

2X 

3.976 

33 , 800 

45,000 

49,500 

54,000 

60,600 

2X 

4.909 

37,500 

50,000 

55,000 

60,000 

67,500 

2X 

5.940 

41,300 

55,000 

60,500 

66,000 

74,300 

3 

7.069 

45,000 

GO , 000 

66,000 1 

72,000 

81,000 

3X 

8.296 

48,800 

65,000 | 

71,500 

78,000 

87,700 

3H 

9.621 

52,500 

70,000 

77,000 

84,000 

94,500 

3X 

11 . 045 

56,300 

75,000 i 

82,500 

90,000 

101,000 

4 

12.560 

GO , 000 

80,000 

88,000 j 

96,000 

108,000 

4X 

14.186 

• 63,800 

85,000 

93,500 

102,000 

115,000 

4H 

• 15.904 

67,500 

90,000 

99,000 

108,000 

121,000 

4X 

17.721 

71,300 

95,000 

104,500 

114,000 

128,000 

5 

19.635 

75,000 

100,000 

110,000 

120,000 

135,000 

5X 

21.648 

78,800 

105 , 000 

* 115,500 

126,000 

142.000 

5X 

23.758 

82 , 500 

110,000 

121,000 

132,000 

149,000 

5X 

25.967 

86,300 

115,000 

126,500 

138,000 

155,000 

0 

28.274 

90,000 

120,000 

132,000 

144,000 

162,000 

6X 

30.680 

93,800 

125,000 

137 , 500 

150,000 

169,000 

6H 

33.183 

97 , 500 

130,000 

143,000 

156,000 

175.000 

ex 

35.785 

101,300 

135,000 

148,500 

162,000 

182,000 

7 

38.485 

105 , 000 

140 , 000 

154,000 

168,000 

189 , 000 

7X 

41.282 

108,800 

145,000 

159,500 

174,000 

196,000 

7X 

44.179 

112,500 

150,000 

165,000 

180,000 

202,000 

7X 

47.173 

116,300 

155,000 

170,500 

186,000 

209,000 

8 

50.265 

120,000 

160 , 000 

176,000 

192,000 

216,000 

SX 

53.456 

123,800 

165,000 

181,500 

198,000 

223,000 

8X 

56.745 

127,500 

170,000 

187,000 

204,000 

230,000 

8 X 

60.132 

131,300 

175,000 

192,500 

210,000 

236,000 

9 

63.617 

135,000 

180,000 

198,000 

216,000 

243,000 

QX 

67.201 

138,800 

185,000 

203,500 

222,000 

250,000 

9X 

70.882 

142,500 

190,000 

209 , 000 

228,000 

257,000 

OX 

74.662 

146,300 

195,000 

214,500 

234,000 

263,000 

10 

78.540 

150,000 

200,000 

220,000 

240,000 

270,000 

10X 

82.516 

153,800 

205,000 

225,500 

246,000 

276,000 

10X 

86.590 

157,500 

210,000 

231,000 

252,000 

284,000 

10X 

90.763 

161,300 

215,000 

236,500 

258,000 

290,000 

11 

95.033 

165,000 

220,000 

242,000 

264,000 

297,000 

liX 

99.402 

168,800 

225,000 

247,560 

270,000 

303,000 

nx 

103.869 

172,500 

230,000 

253,000 

276,000 

310,000 

liX 

108.434 

176,300 

235,000 

258,500 

282,000 

318,000 

12 

• 

113.097 

180,000 

240,000 

264,000 

288,000 

I 

324,000 


Quite a little attention must be given to the arrangement or packing of the 
members on the pin in order that the resulting bending moments will be reduced 
to a minimum. In general, members producing stresses in opposite directions 
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should be placed close together. Each pair of members should be so located 
that the couple which is produced will be of opposite sign to that of the pair 
adjacent on each side in order that the moment will not accumulate toward the 
center of the pin. 

Table 11. — Pins — Bending Moments in Inch Pounds 

Bending Moment = (Diameter of Pin) 8 X 0.098175 X Stress per Square Inch 



Fiber stress in pounds per square inch 

15,000 18,000 20,000 22,000 22,600 24,000 25,000 


1 

0.785 

1,500 

IX 

1.227 

2,900 

IX 

1.767 

5,000 

IX 

2.405 

7,900 

2 

3.142 

11,800 

2X 

3.976 

16,800 

2X 

4.909 

23,000 

2X 

5.940 

30,600 

3 

7.069 

39,800 

3X 

8.296 

50,600 

9H 

9.621 

63,100 

3X 

11.045 

77,700 

4 

12.566 

94,200 

*X 

14.186 

113,000 

*X 

15.904 

134,200 

4X 

17.721 

157,800 

5 

19.635 

184,100 

5X 

21.648 

213,100 

5X 

23.758 

245,000 

&X 

25.967 

280,000 

6 

28.274 

318,100 

*X 

30.680 

359,500 

6X 

83.183 

404,400 

6X 

35.785 

452,900 

7 

38.485 

505,100i 

7X 

41.282 

, 561,200 

7 X 

44.179 

621,300 

7X 

47.173 

685,500 

8 

50.265 

754,000 

3X 

53.456 

826,900 

SX 

56.745 

904,400 

8X 

60.132 

986,500 

9 

63.617 

1,073,500 

ex 

67.201 

1,165,500 

ox 

70.882 

1,262,600 

ox 

74.662 

1,364,900 

10 

78.540 

1,472,600 

10X 

82.516 

1,585,900 

10X 

86.590 

1,704,700 

10X 

90.763 

1,829,400 

11 

95.033 

1,960,100 

lix 

99.402 

2,096,800 

lix 

103.869 

2,239,700 

nx 

108.434 

2,388,900 

12 

113.097 

2,544,700 


1,800 2,000 2,200 

3.500 3,800 4 , 200 j 

0,000 6,600 7,300 

9.500 10,500 n.eooj 

14.100 15,700 17,300 

20.100 22,400 24,600 

27,600 30,700 33,700 

36.800 40,800 44,900 

47.700 53,000 58,300 

60.700 67,400 74,100 

75.800 84,200 92,600 

93,200 103,500 113,900 

113.100 125,700 138,200 

135.700 150,700 165,800 

161.000 178,900 196,800 

18§,400 210,400 231,500 

220,900 245,400 270,000 

255.700 284,100 312,500 

294.000 326,700 359,300 

336.000 373,300 410,600 

381.700 424,100 466,500 

431.400 479,400 527,300 

485.300 539,200 593,100 

543.500 603,900 664,300 

606.100 673,500 740,800 

673.400 748,200 823,100 

745.500 828,400 911,200 

822,600 914,000 1,005,400 

904,800 1,005,300 1,105,800 

992.300 1,102,500 1,212,800 

1 . 085.300 1 , 205,800 1 , 326,400 

1.183.900 1,315,400 1,446,900 

1 . 288.300 1 , 431,400 1 , 574,600 

1 . 398.600 1 , 554,000 1 , 709,400 

1 . 515.100 1 , 683,500 1 , 851,800 

1 . 637.900 1 , 819,900 2 , 001,900 
1 , 767 , 1001 , 963 , 5002 , 159,800 
1 , 903,000 2 , 114,500 2 , 325,900 

2 . 045.700 2 , 273,000 2 , 500,300 

2 . 195.300 2 , 439,200 2 , 683,200 

2 . 352.100 2 , 613,400 2 , 874,800 

2 . 516.100 2 , 795,700 3 , 075,200 

2 . 687 . 600 2 , 986 , 200 3 , 284 , 900 

2 . 866 . 700 3 , 185 , 300 3 , 503 , 800 

3 . 053.600 8 , 392,900 3 , 732,200 


2,200 2,400 2,500 

4,300 4,600 4,800 

7,500 8,000 8,300 

11.800 12,600 13,200 

17.700 18,800 19,600 

25,200 26,800 28,000 

34,500 36,800 38,300 

45,900 49,000 51,000 

59,600 63,600 66,300 

75.800 80,900 84,300 

94.700 101,000 105,200 

116.500 124,300 129,400 

141.400 • 150,800 157,100 

169.600 180,900 188,400 

201.300 214,700 223,700 

236.700 252,500 263,000 

276.100 294,500 306,800 

319.600 340,900 355,200 

367.500 392,000 408,300 

419.900 447,900 466,600 

477.100 508,900 630,100 

539.300 575,200 599,200 

606.600 647,100 674,000 

679.400 724,600 764,800 

757.700 808,200 841,800 

841,800 897,900 935,300 

931 . 900 994 , 000 1 , 035 , 400 

1 , 028,200 1 , 096,800 1 , 142,600 

1 . 131.000 1 , 206,400 1 , 256,600 

1 . 240.400 1 , 323,000 1 , 378,200 

1 , 356,600 1 , 447,000 1 , 507,300 

1 . 479.800 1 , 578,500 1 , 644,200 

1 . 610.300 1 , 717,700 1 , 789,200 

1 . 748.300 1 , 864,800 1 , 942,600 

1 . 893.900 2 , 020,100 2 , 104,300 

2 . 047.400 2 , 183,900 2 , 274,900 

2 . 208.900 2 , 356,200 2 , 454,400 

2 . 378.800 2 , 537,400 2 , 643,100 

2 . 557.100 2 , 727,600 2 , 841,200 

2 . 744 . 1 00 2 , 927 , 100 3 , 049 , 100 

2 . 940 . 100 3 , 136 , 100 3 , 266 , 800 

3 . 145.100 3 , 854,800 3 , 494,600 

3 , 359,500 3 , 583,500 3 , 732,800 

3 . 583.400 3 , 822,300 3 , 981,600 

3 . 817.000 4 , 071,500 4 * 241,200 


Illustrative Problem. — Compute the maximum moment on the pin in the joint shown 
in Fig. 17. 
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16 960 

The stresB in each diagonal bar is — — 

& 

components of 8,480 lb. are 


8,480 lb. The horizontal and vertical 


8,480 (sin 45°) = 8.480(cos 45°) « 6.000 lb. 



Fig. 17. 


Horizontal tertlcal 

Fig. 18. 


Figure 18 shows the stresses in their assumed positions with the distance of each from 
the center line of the pin. 

Hor. mom. about b = (50,000)( 1 }{ (j) =* 34,380 in.-lb. 

Hor. mom. about c = (50,000) (1 t 8 ) - (50,000) (J 1G ) = 34,380 in.-lb. 

Hor. mom. about d - (50,000) (1 j b ) - (50,000) (l H ) + (6,000) (J 16 ) - 37,000 in.-lb. 
Hor. mom. about e = (50,000) (5 %) - (50,000) (4> 6 ) + (6,000)(4?£) - (6,000) (3 1^ 6 ) 

* 37,000 in.-lb. 

Vert. mom. about c = 0 

Vert. mom. about d = (6,000) q) — 2,630 in.-lb. 

Vert. mom. about e' = (6,000) ( 7 8 ) -f (6,000) ( 7 { 6 ) = 7,880 in.-lb. 

Vert. mom. about e = (6,000) (4?£) + (6,000) (3 l5 u) - (12,000) (3}^) = 7,880 in.-lb. 
Max. mom. then, is at e and is 

^(377000)2 + (7,880) 8 = 37,800 in.-lb. 


20. Welded Connections. — The A.I.S.C. has the following to say concerning 
welding: “The use of the fusion welding process (sometimes electric arc, some- 
times oxy-acetylene) plays an increasing part in the fabrication of structural 
steel”: (a) as an aid to shop assembling processes ( tack-welding ), (b) as the final 
method of joining parts for transfer of stresses, in shop or field (strength-welding). 

The art of designing and detailing for the safe and economical employment of 
strength-welding is a relatively new and changing one; the economy of a welded 
structure as compared with a riveted or riveted-and-bolted one is as yet a subject 
not for general statements but for estimate of the individual case. 

The A.I.S.C. Manual Committee reserves for future editions of this manual 
the possibility of publishing tabular data and recommendations for practice 
in the field of strength-welding. 

At present, it suggests that strength-welding of structures be permitted only 
on condition that the designing, detailing and erection are in the hands of per- 
sonnel well trained in the best practice of the art. It considers the best exposition 
of that art is to be found in the reports and recommendations of the American 
Welding Society, 33 West 39th St., New York City. The “Code for Fusion 
Welding and Gas Cutting in Building Construction” of that Society, with 
appendices, is authoritative with respect to materials, technique and specifications 
for design. 
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For convenience, the section on permissible unit stresses for welded connec- 
tions, as established by the American Welding Society Code, is appended as 
follows: 


1. Welded joints shall be proportioned so that the stresses caused therein by loads 
specified in the Building Code shall not exceed the following values, expressed in kips 
(thousands of pounds) per square inch: 


Kind of stress 

For welds made with filler 
metal of 

Grade 2, 4, 
10, or 15 

Grade 20, 30, 
or 40 

Shear on section through weld throat 

13.6 

11.3 

Tension on section through weld throat 

15.6 

13.0 

Compression (crushing) on section through throat of 
butt, weld 

18.0 

18.0 



Fiber stresses due to bending shall not exceed the values prescribed above for tension 
and compression, respectively. Stress in a fillet weld shall be considered as shear, for any 
direction of the applied stress. 

2. In designing welded joints, adequate provision shall be made for bonding stresses due 
to eccentricity, if any, in the disposition or sections of base metal parts. 

There is no type of riveted connection in steel structures today that cannot be 
formed by welding. Figure 19 shows some of the more common types of welded 
connections; in it there are butt welds, single and double; fillet welds, vertical and 
flat or horizontal; edge welds; lap welds; and plug welds. 




Fig. 19. — Examples of welds and locations. Fig. 20. — ( From “ Proce - 

( From “ Procedure Handbook of Arc Welding Design dure Handbook of Arc Weld - 
and Practice” p. 40, Lincoln Electric Co., Cleveland .) ing Design and Practice ,” p. 

70, Lincoln Electric Co., 
Cleveland.) 


A butt weld will take compression or tension equal in amount to the length 
of the weld times the thickness of the thinner plate of the two being joined, times 
the allowable tensile or compressive stress. 

■*, Where a weld is subjected to shear as it is in Fig. 20, the resistance is (0.707) 
(t) (L) times the allowable shear stress in the weld material For instance with 
b «* 6 in., t = Hi n. and the allowable tension =* 18,000 lb. per sq. in., the tension 
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in the plate may be (6) (H)( 18,000) = 54,000 lb. If the allowable shear stress 
across the throat of the weld is 13,600 lb. per sq. in., the necessary length L of 
the weld will be found from the equation 

54,000 - (0.707) (t) (L) (13,600) 

from which 

r 54,000 _ 11M . 

(0.707) H( 13,600) “ 

or 6 in. on each side of the plate. 

Where an angle iron is being welded to another member of a structure instead 
of being riveted thereto, the tension or compression in the angle is assumed to be 
at the centroid. If the length L of the weld is divided evenly between the back 
of the angle and the toe of the angle, the resultant of the potential resistance would 
be halfway between the toe and the back, instead of being collinear with the force 
♦in the angle. Consequently, the length of weld at the toe which is farther from 
the centroid of the angle is less than that at the back and may be found from the 
equation L t X t = L b X by where L t and L b are the length of weld at toe and back, 
respectively, and when added are equal to the required total length of weld and 
X t and X b are the distances from the toe and from the back to the centroid of the 
angle as found from the handbooks. 

To one familiar with the design of steel structures in which connections are 
made with rivets, design of the same structures with the use of welded joints will 
not prove difficult. The fundamental principles are the same. The details as to 
procedure require more space than can be devoted to the subject in this volume. 
Consequently the reader is referred to the “ Procedure Handbook of Arc Welding 
Design and Practice” by the Lincoln Electric Company, Cleveland, Ohio, and to 
publications of the American Welding Society, 33 West 39th St., New York. 



SECTION 4 


DESIGN OF WOODEN MEMBERS 


WOODEN BEAMS 

Under this heading will be considered only timber beams and girders of solid 
and uniform section. 

1. Factors to Be Considered in Design. — The factors determimng the selec- 
tion of the size of a wooden beam are : 

(a) The maximum unit fiber stress in bending must not be excessive. 

(b) The maximum unit stress due to horizontal shear must not be excessive. 

(c) The deflection of the beam under maximum loading must be within the 
allowable limit. 

(d) The depth in building construction must be within any limits of space 
between floor and ceiling, or in accordance with any restrictions as to clear story 
height. 

(e) The cross-sectional dimensions should be of a size easy to obtain. 

(/) The cross-sectional dimensions should be considered as to requirements of 
details of connection. 

(i g ) One or both of the cross-sectional dimensions may be limited. 

The fundamental bending formula used in the design of beams, is treated in 
the chapter on “Simple and Cantilever Beams” in Sec. 1. Shear and deflection 
are also treated in the same chapter. 

2. Allowable Unit Stresses. — Unit stresses for design of wooden beams are 
usually prescribed by building ordinances for the various kinds of timber. These 
allowable stresses vary widely in different cities, the older ordinances in general 
prescribing lower limits than the more recent ones. The tendency in revising 
ordinances is to increase the allowable unit stresses in timber, at least for timber 
in bending. This feature is due largely to the efforts of the National Lumber 
Manufacturers Association in competition with the constantly widening use of 
reinforced concrete. At the same time these manufacturers, in conjunction with 
engineering organizations, are giving more attention to the grading rules and to 
furnishing timber of uniform high quality. In comparing the allowable unit 
stresses found in various building ordinances the prescribed live loading must also 
be taken into consideration. For example, a limit of 1,500 lb. per sq. in. in bend- 
ing with a 60-lb. live load will give the same size beam as a 40-lb. live load with a 
limiting fiber stress in bending of 1,000 lb. per sq. in. 

It is obvious that the allowable unit stresses are dependent on the quality of 
timber used. In this respect most of the newer building ordinances allow higher 
stresses for a select grade of lumber, whereas older ordinances make no distinction 
in grade, or, more accurately speaking, they prescribe for the grade of timber 
most likely to be used. 
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To the A.R.E.A., the Forest Products Laboratory at the University of Wis- 
consin, the Timber Engineering Company, and the National Lumber Manu- 
facturers Association goes the credit for studies and researches that provide the 
designer with working stresses in most of the tables following. However, care 
should be exercised to see that the lumber being used is up to the stress grade for 
which tables were made. 

3. Kinds of Timber. — The timbers most commonly used for wooden beams 
are long-leaf yellow pine and Douglas fir, the first being employed almost exclu- 
sively throughout the Eastern states, and the latter having its widest use in the 
Pacific Coast states. Less extensively employed, may be mentioned short-leaf 
yellow pine, white pine, Norway pine, spruce, hemlock and redwood. 

4. Quality of Timber. — The desired quality of timber is determined by speci- 
fications or by referring to grading rules established by the lumber manufacturers. 
Thus, the tfhiber for joists or girders may be specified by the designer to be Select 
Structural, Dense Grade, Sound Grade, No. 1 Common, or Select No. 1 Common. 
In the Pacific Coast states, the two latter terms are generally used, very little 
structural timber entering into a building being above No. 1 Common. Both 
the Southern Pine Association and the West Coast Lumbermen’s Association have 
established a Structural Grade for long-leaf yellow pine and Douglas fir, and in 
the larger cities lumber of this quality can probably be obtained. 

An attempt to find a more technically useful method of classifying lufnber for 
structural purposes has resulted in the adoption by the A.R.E.A., the A.S.T.M., 
and other professional organizations of the stress grading rules of the lumber 
manufacturers’ associations. Where a working stress of 1,200 lb. per sq. in. in 
flexure is wanted, the designation would be 1,200/. For a working stress in 
compression of 1,100 lb. per sq. in., the designation would be 1,100c (see Tables 
4, 5, and 6). 

5. Horizontal Shear. — In deep short beams the safe unit stress in horizontal 
shear may be the determining feature. This will seldom be the case in the design 
of joists, but may be a factor in the selection of the proper size for girders. In 
this connection the effect of possible checks at the ends of the beam, in or near 
the horizontal plane, should be considered. Such checks obviously decrease the 
section of beam for resisting shearing stresses. 

6. Bearing at Ends of Beams. — Sufficient bearing must be provided at the 
ends of all beams, so that, with the maximum reaction at the support, the timber 
may not crush in side bearing. Most structural timbers are comparatively weak 
in cross bearing. The details at the ends of timber beams are often poor, insuffi- 
cient bearing area being provided, so that the beams could never develop their 
safe loads as determined by bending strength. In general no beam should have 
a smaller bearing area than given by the product of the width of the beam by 4 in. 
Details of end connections of beams and girders are discussed in Arts. 15 and 16, 
Sec. 5. , 

7. Deflection. — If a beam has insufficient depth for its span, it will deflect 
excessively. The result may be a cracked ceiling, if the latter is plastered, or, in 
an unplastered building, merely a floor that shakes when walked upon. The limit 
of deflection of a timber joist is generally placed at Meo of the span. 

Timber is different from the other building materials, such as steel or concrete, 
in that, if loaded excessively with a constant load, its deflection will continue to 



360 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 4-8 


increase with no increase of load, even though the maximum unit stress in bending 
be within the elastic limit of the particular timber. For this reason, many 
specifications require that the modulus of elasticity for “dead,” or constant, loads 
be taken as one-half the modulus of elasticity used for “live,” or occasional, 
loading, the latter quantity being the value determined from a short-time loading 
test. For example, the A.R.E.A., through the committee on “Wooden Bridges 
and Trestles,” recommends “To compute the deflection of a beam under 
long-continued loading instead of that when the load is first applied, only 50 
per cent of the corresponding modulus of elasticity for short time loading is to be 
employed.” Tests by Tieneman 1 indicate that a beam may be loaded to within 
20 per cent of its elastic limit without danger of increase of deflection. 

The recommendation is here made that for constant or “dead” loads the 
modulus of elasticity be taken at three-fourths that for short time loading, while 
for occasional or “live” loading the full value be used. * 

8. Lateral Support for Beams. — A timber beam needs to be supported laterally 
in the same manner as a beam of steel or concrete. Floor joists are braced by the 
flooring and also by the bridging, while the girders are held by the attachment of 
joists. 

In the case of a beam unsupported laterally, the maximum unit fiber stress in 
flexure should not exceed the value 

'-'■(‘-sri) 

where f x = basic unit flexural fiber stress, l = span of beam in inches, and b « 
breadth of beam in inches. 2 

9. Sized and Surfaced Timbers. — The fact must always be borne in mind 
by the designer of timber beams that a variation from the nominal size of timbers 
is allowed by all grading rules; also, that if timber beams are sized, the actual 
depth is less than the nominal depth. Further, if timber is bought from a local 
lumber yard, joists may come surfaced one side. In general, all-rail shipments 
of timbers are surfaced one side one edge (SIS IE) while all-water shipments are 
not surfaced. The actual dimensions of the finished stick must be used in all cal- 
culations . Tables 1, 2, 3, 7, 8, 9, and 10 show the relation between actual sizes 
and nominal sizes. 

10. Joists. — Joists usually carry only a uniform load composed of the weight of 
the joists themselves plus the flooring plus superimposed loads of people, furni- 
ture, etc. The latter loads are commonly termed “live” loads in contrast with 
the constant loads due to the weight of the floor construction itself, called “dead” 
loads. The joists carry the flooring directly on their upper surfaces, and are 
in turn supported at their ends by girders, bearing partitions or bearing walls. 
Joists are always single sticks of timber. Joists may, and often do, carry concen- 
trated loads in addition to the uniform loads mentioned above. Such concentra- 
tions may be caused by heavy pieces of furniture, safes, etc., by cross partitions 
resting on the floor, or by special floor framing as required by openings in the floor. 

x See Eng. News, vol. 62, pp. 216-217. 

9 Properly the factor Ho holds only for the case of simple beams loaded uniformly apd at the third 
points, and for cantilever beams with uniform loading. For a simple beam with single concentrated 
load at any point of span the factor is Hso* while for quarter point loading the factor is Ho* 
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Many designs of joists or girders are faulty in that the designer has not 
considered such concentrated floor loads in addition to the uniform loading. In 
design, with the use of tables giving safe loads for timber, the beams selected 
thereby may not be sufficient for all cases of framing where loading has been 
assumed to he uniform. For such cases, the concentrations are sometimes 
reduced to equivalent uniform loads before entering the tables. A correct and 
satisfactory method, except for the simpler cases, is to compute the separate 
bending moments due to each load and combine these partial moments to get the 
amount and position of the maximum moment. The combination of the partial 
moments may be quickly accomplished by graphical methods, as illustrated in 
Art. 15. Having this, the required section is easily found (see chapter on “ Simple 
and Cantilever Beams,” Sec. 1). 

Table 7 gives the resisting moments of rectangular beams, computed on the 
basis of the actual finished sections, for maximum unit fiber stresses varying from 
1,000 to 2,000 lb. per sq. in. 

11. Girders. — Girders may be single sticks or composite sections. Girders 
usually support joists, and in turn are supported by columns or bearing walls. 
When girders are carried otherwise than by columns, the fact must always be 
borne in mind that such girders deliver a concentrated load of some magnitude 
to the wall, or bearing partition, and care must be taken to see that such wall or 
partition is strong enough in column action to carry the load imposed upon it by 
the girders. 

For ordinary building construction, where timber not better than No. 1 
Common 1 is likely to be used, it is recommended that the maximum unit fiber 
stress in bending for long-leaf yellow pine or Douglas fir be limited to 1,500 lb. 
per sq. in., and the maximum unit longitudinal shearing stress be limited to 120 
lb. per sq. in. For timber of the grade of Select Structural, or Select No. 1 
Common, 1 the unit flexural stress, computed always on the basis of actual finished 
sections, may be increased to 1,800 lb. per sq. in., and the unit longitudinal shear- 
ing stress to 175 lb. per sq. in. 

* Tables 1, 2, and 3 give the safe loads, deflection, and maximum unit shearing 
stresses for 2-, 3- and 4-in. joists, respectively. The maximum unit fiber stress in 
bending is 1,500 lb. per sq. in., computed on the finished size of joist. The deflec- 
tion is based on a modulus of elasticity of 1,643,000. The maximum intensity of 
horizontal shearing stress is given for the shortest span. To use these tables for 
other unit flexural fiber stresses, the values given must be multiplied by the 
factors, as illustrated in the next two problems. 

Illustrative Problem. — Required to find proper size of joist to support a load of 5,500 
lb. on a 14-ft. span, with a fiber stress of 1,200 lb. per sq. in. 

1,500 

The multiplying factor is “ 1.25. The new load to use in entering Tables, 1, 2, 

and 3 is therefore 5,500 lb. X 1.250 = 6,870 lb. From Table 2 it is seen that a 3- X 16-in. 
joist on a 14-ft. span has a safe carrying capacity of 7,150 lb. (at 1,500 lb. per sq. in.). 

Illustrative Problem. — Given a 2- X 14-in. joist on a 16-ft. span. Required the safe 
load as limited by a maximum unit fiber stress of 1,200 lb. per sq. in. in bending. From 
Table 1, the safe load for 1,500 lb. per sq. in. in bending is seen to be 3,085 lb. The factor 
of multiplication is ** 0*80, giving the safe load as 2,468 lb. 


1 These terms are now giving way to “structural timber’' having standard stress grades. 
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12. Explanation of Tables. — In Tables 1, 2, and 3, the first line of figures in 
each group represents the safe load per foot for the particular beam, including the 
weight of the beam itself. The second line of figures gives the deflection in inches 

10 m 1 



Diagram for capacities of timber beams as determined by bending strength. 


for the beam at the maximum safe load, computed for a modulus of elasticity of 
1,643,000 lb. per sq. in. The third figure, where such figure occurs, indicates the 
maximum unit horizontal shearing stress. The shearing stress is given, only in 


Toicrl food per sq. ft. in pounds 



Spans in feet 
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Table 1. — Table of Safe Loads and Deflections for Timber Joists with 


Nominal Width of 2 In., Uniformly Loaded, Based on Maximum 
Flexural Fiber Stress of 1,500 Lb. per Sg. In.* 


Sizes 

Rough 

size 

2X4 

2X6 

2X8 

2X10 

2X12 

2X14 

2X16 

2X18 

Surfaced 
size S1S1E 
or S4S 1 

£ 

co 

X 

£ 

H 

1^X5^ 

1^X7M 

1%X9H 

l HX11M 

1HX13 H 

1XX15K 

1XX17H 


Section 










modulus 

3.56 

8.57 

15.23 

24.44 

35.82 

49.36 

65.07 

82. 94 




1,187 









3 


0. 068: 











151 











890 

2,142 








4 


0.121 

0.078C 











176 










712 

1,714 








5 


0. 189 

0.122 










593 

1,428 

2,538 







6 


0.272 

0.176 

0.131 











156 











509 

1,224 

2,176 

3,491 






7 

\ 0. 370 

0.239 

0. 179 

0. 141 







1 



170 









f 1,071 

1,904 

3,055 

4,478 





8 



0.312 

0.234 

0. 185 

0.153 











180 








953 

1,692 

2,716 

3,980 








[0.395 

0.296 

0.243 

0.193 








857 

1,523 

2,444 

3,582 

4,936 




10 



0.487 

0.365 

0.289 

0.238 

0.203 











169 









779 

1,385 

2,222 

3,256 

4,487 

5,915 


■*» 

V 

11 



0.589 

0.442 

0.349 

0.288 

0.245 

0.214 


& 









167 


a 







1,269 

2,037 

2,985 

4,113 

5,423 

6,912 

2 

12 



■ 

0. 526 

0.415 

0.343 

0.292 

0.254 

0.225 












182 

£ 





ri,172 

1,880 

2,755 

3,797 

5,005 

6,380 


16 




[0.617 

0. 487 

0.403 

0.343 

0.299 

0.265 






1,088 

1 1,746 

2,559 

3,526 

4,648 

5,924 


14 




0.716 

0. 565 

0.467 

0.397 

0. 347 

0.307 






1,015 

1 , 629 

2,388 

3,291 

4,338 

5,529 


15 




0.822 

0.649 

0.536 

0.456 

0.398 

0.352 


16 




/ 1,528 

2,239 

3,085 

4,067 

5,184 






\ 0. 738 

0.610 

0.519 

0.453 

0.401 


17 




/ 1,438 

2,107 

2,904 

3,828 

4,879 





10.834 

0.688 

0.586 

0.511 

0.452 






/ 1,358 

1,990 

2,742 

3,615 

4,608 


18 




\ 0.935 

0.773 

0.657 

0.572 

0.504 







/ 1,885 

2?598 

3,426 

4,365 


19 





\ 0.860 

0.732 

0.637 

0.565 







/ 1,791 

2,468 

3,254 

4,147 


20 





\ 0.953 

0.811 

0.706 

0.626 








/ 2 , 350 

3,099 

3,949 


21 






\ 0.895 

0.779 

0.690 








/ 2,244 

2,958 

3,770 


22 






\ 0. 981 

0.855 

0.758 








* 

/ 2,829 

3,6b6 


23 







\ 0,935 

0.829 










/ 3,456 


24 








\ 0.901 










/ 3,318 


25 








\0. 979 


1 SlSlE — surfaced one side and one edge. S4S * surfaced four sides. 


a Where other allowable stresses are used, multiply safe loads by 1 
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Table 2. — Table of Safe Loads and Deflections for Timber Joists with 
Nominal Width of 3 In., Uniformly Loaded, Based on Maximum 
Flexural Fiber Stress of 1,500 Lb. per Sq. In. 2 



1 S1S1E ■» surfaoed one side and one edge. S4S = surfaced four sides. * 


9 Where other allowable stresses are used, multiply safe loads by 


allowable stress 
1,500 
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Table 3. — Table of Safe Loads and Deflections for Timber Joists with 
Nominal Width of 4 In., Uniformly Loaded, Based on Maximum 
Flexural Fiber Stress of 1,500 Lb. per Sq. In. 2 



Rough 

size 

4X4 

4X6 

4X8 

4X10 

4X12 

4X14 

4X16 

4X18 


Surfaced 









Sizes 

size S1S1E 
or S4S 1 

X3M 

3KX5H 

3MX7K 

3MX9H 

3HXHH 

3KX13H 

3KX15K 

3HX17H 


Section 

modulus 

7.15 

17.64 

32.81 

52. 65 

77.15 

1*06. 31 

140. 15 

178. 65 




2,383 



1 






3 


0. 0705 











146 











1,788 

4,410 








4 

■ 

0. 125 

0. 0797 











172 












1,430 

3 , 528 










0.196 

0.125 










1,192 

2,940 

5,468 







6 


0.282 

0. 179 

0.131 











156 









1,021 

2,520 

4,087 

7,521 






7 


0.384 

0.244 

0.179 

0.141 

170 

6,581 










f 2,205 

4,101 

9,644 





8 


| 0.319 

0.234 

0. 185 

0. 153 
180 





9 


1,960 

3,646 

5,850 

8,572 






0.404 

0.296 

0.234 

0. 193 







1,764 

3,281 

5,265 

7,715 

10,631 




10 


0.498 

ft 

0.365 

0.289 

0.238 

0.203 

169 



9i 

«£ 

11 


1,604 

0.603 

2,983 

0.442 

4,786 

0.349 

7,015 

0.288 

9,065 

0.245 

12,741 

0.214 


a 






176 


a 

(8 

ft 

on 




f 2,734 

4,388 

0.415 

6,429 

8,861 

11,679 

14,888 

d 2 



0.526 

0.343 

0.292 

0.254 

0.225 

182 

W 

13 



l 

/ 2,524 

4,050 

0.487 

5,935 

8,178 

10,781 

13,742 




\ 0.617 

0.403 

0.343 

0.299 

0.265 


14 



f 2,344 
1 0.715 

3,761 
0. 565 

5,511 

7,594 

10,011 

12,761 




0.467 

0.397 

0.347 

0.307 


15 



/ 2,187 

3,510 

5,143 

7,087 

9,343 

11,910 




\ 0.822 

0.* 649 

0.536 

0.456 

0.398 

0.352 


16 




/ 3,291 
\ 0. 738 

4,822 

6,644 

8,759 

11,166 





0.010 

0.519 

0.453 

0.401 






/ 3,097 
\ 0. 834 

4,538 

6,254 

8,244 

10,508 


17 




0.688 

0.586 

0.511 

0.452 


18 




/ 2 924 

4,286 

5,906 

7,786 

9,925 





(o’ 935 

0.773 

0.657 

0.572 

0.507 


19 




/ 4,061 

5,595 

7,376 

9,403 






\ 0. 860 

0. 732 

0.637 

0.565 


20 





/ 3,858 

5,316 

7,008 

8,933 






\0. 953 

0.811 

0.706 

0.626 


21 






/ 5,063 

6,674 

8,507 







\ 0.895 

0.779 

0.690 


22 






J 4,832 

6,370 

8,120 







l 0.981 

0.855 

0.758 


23 







/ 6,093 

7,767 








\ 0.935 

0.829 
/ 7,444 
\ 0.901 

24 


25 








f 7,146 
\ 0.979 


\ S1S1E *■ surfaced one side and one edge. S4S ** surfaced four sides. 

* Where other allowable stresses are used, multiply safe loads by trea ? . 
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those cases in which such shear is in excess of 150 lb. per sq. in. 1 All quantities in 
these tables are based upon the surfaced sizes of sticks. These tables have been 
adapted from similar tables in the “ Structural Timber Handbook on Pacific 
Coast Woods” published by the West Coast Lumbermen's Association. 

Tables 8, 9 and 10 give for timber joists: (1) The safe loads corresponding to a 
maximum flexural stress of 1,800 lb. per sq. in., indicated in the tables by the 
letter U B”; (2) the safe load, uniformly distributed, limited by a maximum 
intensity of horizontal shear of 175 lb. per sq. in., indicated in the tables by the 
letters “ HS (3) the uniformly distributed load that produces a deflection of 
Ho iu. per foot of span, indicated in the tables by the letter “D”; and (4) the 
deflection in inches for a load of 1,000 lb., uniformly distributed, indicated in the 
tables by “Z)l.” All deflections are computed for a modulus of elasticity of 
1,620,000 lb. per sq. in. All loads and deflections are computed on the finished 
or surfaced sizes of joists. For convenience, the section moduli of the various 
sizes of joists are given, based on finished sizes. These tables are taken from the 
“Southern Pine Manual” published by the Southern Pine Association. 

Attention is called to the variation of sizes of finished joists in Tables 1, 2, 3 
and Tables 8, 9 and 10, representing the difference between the standards of the 
West Coast Lumbermen's Association and the Southern Pine Association, the 
finished sections of the Southern Pine Association utilizing a greater percentage 
of the rough timber than the standards of the West Coast Lumbermen's Associa- 
tion. All sizes of joists in Tables 1, 2, and 3 (West Coast Lumbermen's Associa- 
tion) are for joists surfaced one side and one edge, or surfaced four sides (S4S). 
All sizes in Tables 8, 9, and 10 (Southern Pine Association) are for joists surfaced 
one side and one edge (SlSlE). 

The following three tables summarizing standard sizes, stress grades, and 
working stresses for joist and plank, beams and stringers, and posts ai^ timbers 
are appended for information. They offer a valuable key to different structural 
grades. 

1 Where the specification allows less than 150 lb. per sq. in for the longitudinal shear, take three- 
fourths of the load as given and divide by the actual area of the section to get the shear stress. 
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Table 4. — Standard Sizes, Stress Grades, and Working Stresses for Struc- 


tural Joist and Plank 1 
Standard Sizes Inches 

Nominal thicknesses 2, 3, and 4 

Permissible minimum rough thicknesses in not to exceed 
20 per cent of pieces in any one shipment: 

2 in y % ofi 

3 and 4 in oil 

Dressed thicknesses, SIS or S2S % off 

Nominal widths ‘ 4 and wider 

Permissible minimum rough widths in not to exceed 20 per 

cent of pieces in any one shipment: 

4 and 6 in : off 

8 in. and wider off 

Dressed widths, S1K or S2E: 

4 and 6 in ^off 

8 in. and wider off 


Standard Stress Grades and Working Stresses 
(Continuously Dry Locations) 


Grades and species 

Fiber 
stress 
in bend- 
ing or 
tension 
(p.s.i.) 

Maximum 

hori- 

zontal 

shear 

(p.s.i.) 

Compres- 
sion per- 
pendicu- 
lar to 
grain 
(p.s.i.) 

Modulus 
of elastic- 
ity 

(p.s.i.) 

1,800 lb. / dense Douglas fir (coast and 
inland) 

1,800 

120 

380 

1,600,000 

1,800 lb. J dense longleaf or dense short- 
leaf southern pine 

1,800 

120 

380 

1,600,000 

1,600 lb. /close-grained Douglas fir (coast) 

1,600 

100 

345 

1,600,000 

1,600 lb. / dense longleaf or dense short- 
leaf southern pine 

1,600 

120 

380 

1,600,000 

1,600 lb. / close-grained redwood 

1,600 

80 

267 

1,200,000 

1,400 lb. / tidewater red cypress 

1,400 

120 

300 

1,200,000 

1,400 lb. / oak 

1,400 

120 

500 

1,500,000 

1,400 lb. /dense longleaf southern pine. . . 

1,400 

100 

380 

1,600,000 

1,400 lb. / close-grained redwood 

1,400 

80 

267 

1,200,000 

1,200 lb. / Port Orford cedar 

1,200 

100 

250 

1,200,000 

1,200 lb. / Douglas fir (coast) 

1,200 

100 

325 

1,600,000 

1,200 lb. / dense shortlcaf southern pine. . 

1,200 

100 

380 

1,600,000 

1,200 lb. / close-grained redwood 

1,200 

70 

267 

1,200,000 

1,100 lb. / Port Orford cedar 

1,100 

80 

250 

1,200,000 

1,100 lb. / tidewater red cypress 

1,100 

100 

300 

1,200,000 

1,100 lb. /oak 

1,100 

100 

500 

1,500,000 

1,000 lb. / western red cedar 

1,000 

100 

200 

1,000,000 


1 From A.S.T.M. Standards, 1930, Part II, Non-metallio Materials (Constructional). 
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Table 5. — Standard Sizes, Stress Grades, and Working Stresses for Struc- 


tural Beams and Stringers 1 
Standard Sizes Inches 

Nominal thicknesses 5 and thicker 

Permissible minimum rough thicknesses in not to exceed 
20 per cent of pieces in any one shipment: 

5 and 6 in ? { 6 off 

8 in. and wider % off 

Dressed thicknesses, SIS or S2S H off 

Nominal widths 8 and wider 

Permissible minimum rough widths in not to exceed 20 

per cent of pieces in any one shipment ^ off 

Dressed widths, S1E or S2E 1 2 off 


Standard Stress Grades and Working Stresses 
(Continuously Dry Locations) 


Grades and species 

Fiber 
stress 
in bend- 
ing or 
tension 
(p.s.i.) 

Maximum 

hori- 

zontal 

shear 

(p.s.i.) 

Compres- 
sion per- 
pendicu- 
lar to 
grain 
(p.s.i.) 

Modulus 
of elas- 
ticity 
(p.s.i.) 

1,800 lb. / dense Douglas fir (coast and 
inland) 

1,800 

120 

380 

1,600,000 

1,800 lb. / dense longleaf or dense short- 
leaf southern pine 

1,800 

120 

380 

1,600,000 

1,600 lb. /close-grained Douglas fir (coast) 

1,600 

100 

345 

1,600,000 

1,600 lb. / dense longleaf or dense short- 
leaf southern pine 

1,600 

120 

380 

1,600,000 

1,600 lb. / close-grained redwood 

1,600 

80 

267 

1,200,000 

1,400 lb. / tidewater red cypress 

1,400 

120 

300 

1,200,000 

1,400 lb. / oak 

1,400 

120 

500 

1,500,000 

1,400 lb. / dense longleaf southern pine . . 

1,400 

100 

380 

1,600,000 

1,400 lb. / close-grained redwood 

1,400 

80 

267 

1,200,000 

1,200 lb. / dense shortleaf southern pine . . 

1,200 

100 

380 

1,600,000 

1,200 lb. / close-grained redwood 

1,200 

70 

267 

1,200,000 

1,100 lb. / Port Orford cedar 

1,100 

80 

250 

1,200,000 

1,100 lb. / tidewater red cypress 

1,100 

100 

300 

1,200,000 

1,100 lb. /oak 

1,100 

100 

500 

1,500,000 

1,000 lb. / western red cedar 

1,000 

100 

200 

1,000,000 


1 From A.S.T.M. Standards, 1939, Part II, N on-metallic Materials (Constructional). 
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Table 6. — Standard Sizes, Stress Grades, and Working Stresses for Struc- 
tural Posts and Timbers 1 
Standard Sizes Inches 

Nominal thicknesses 5 and thicker 

Permissible minimum rough thicknesses in not to exceed 
20 per cent of pieces in any one shipment: 

6 and 6 in % 6 off 

8 in. and wider 

Dressed thicknesses, SIS or S2S ^ off 

Nominal widths 5 and wider 

Permissible minimum rough widths in not to exceed 20 
per cent of pieces in any one shipment: 

5 and 6 in off 

8 in. and wider ]/i off 

Dressed widths, S1E or S2E off 


Standard Stress Grades and Working Stresses 
(Continuously Dry Locations) 

Compression 
Parallel to Grain, 
Short Columns, 


Grades and Species P.s.i.* 

1,300 lb. c dense Douglas fir (coast and inland) 1,300 

1,300 lb. c dense longleaf or dense shortleaf southern pine 1,300 

1,200 lb. c tidewater red cypress 1,200 

1,200 lb. c close-grained Douglas fir (coast) 1,200 

1,200 lb. c dense longleaf or dense shortleaf southern pine 1,200 

1,200 lb. c close-grained redwood 1,200 

1,100 lb. c Douglas fir (coast) 1 , 100 

1,1001b. c oak 1,100 

1,100 lb. c close-grained redwood 1 , 100 

1,000 lb. c Port Orford cedar 1 ,000 

1,000 lb. c tidewater red cypress 1 ,000 

1,0001b. c oak 1,000 

1,000 lb. c dense longleaf southern pine 1,000 

1,000 lb. c close-grained redwood 1,000 

900 lb. c Port Orford cedar 900 

900 lb. c dense shortleaf southern pine 900 

800 lb. c western red cedar 800 


1 From A.S.T.M. Standards, 1939, Part II, Non-metallic Materials (Constructional). 

* For stresses in compression perpendicular to grain and modulus of elasticity, see values in Table 5 
for beams and stringers. 

The detailed reasoning basic to these grades will be found by a study of a 
report of the U.S. Forest Products Laboratory, “ Guide to the Grading of Struc- 
tural Timbers and the Determination of Working Stresses/' U.S. Dept . Agr. 
Miac. Pub. 185, February, 1934. Reference should also be made to the “Working 
Stresses" appearing in the Appendix to the “Standard Specifications for Struc- 
tural Wood Joist and Plank, Beams and Stringers, and Posts and Timbers" 
(A.S.T.M. Designation: D245-33) of the American Society for Testing Materials, 
1933 Book of A.S.T.M. Standards, Part II, p. 384. 
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Table 8. — Table of Safe Loads and Deflections fob Timber Joists with Nomi- 
nal Width of 2 In., Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. 



Roush size 

2X4 

2X6 

2X8 

2X10 

2X12 

2X14 

2X16 

2X18 

Sises 

Surfaced 
size S1S1E 1 

£ 

X 

CO 

£ 

£ 

»o 

X 

£ 

1^X7H 

1MX9K 

1MX11M 

1KX13K 

1KX15M 

1KX17H 


Section 

modulus 

3.50 


8.57 

15.23 

24.44 

35.82 

53.16 

70. 10 

89.32 


3 

fHS 

/ 1,372 









ID1 

\ 0.0581 










f_B 


f 1,008 










D 


967 










D1 


0. 1379 

0.0369 









HS 



2.135 









B 


854 


2,056 








5 

D 


619 

0.2693 










Dl 


0.0720 









fB 


712 

1,714 








6 

D 


430 

1,607 








Dl 


0.4651 

0. 1244 

0. 0525 








, HS 





2,843 








fB 


610 

1,469 

2,611 







7 

D 

, 

316 

1,180 









„ Dl 


0. 7384 

0. 1977 

0.0834 








fB 


534 

1,285 

2,284 







8 

D 


242 

904 

2,142 







Dl 


1.1020 



0.2950 

0. 1245 

0.0612 







, HS 




3,601 





I 


fB 



1.143 

2,031 

3,258 





9 

D 



714 

1,693 





.2 

Dl 



0. 4202 

0. 1772 

0. 0872 

0.0492 






HS 






4,361 

4,298 

! 



a 


fB 





1,028 

1,828 

2,933' 




i 

10 

D 



578 

1,371 

0.2431 

2,7861 





0? 

Dl 



0. 5767 

0.1196 

0. 0674 






[B 



935 

1,661 

2,666 

3,908 





11 

D 



478 

1,133 

0.3236 

2,303 





Dl 



0. 7671 

0. 1592 

0. 0897 

0.0515 





i HS 







5,512 

5.316 





B 





857 

1526 

2444 

3,582 




12 

! D 


\ 402 

952 

1,935 

3,432 






[Dl 


1 0. 9950 

0. 4202 

0. 2067 

0. 1165 

0.0669 





fB 



1,406 

2,256 

3,306 

4,907 




13 

1 D 



811 

1,048 

2,924 





1 Dl 

[hs 

r B 



0.5343 

0. 2630 

0. 1482 

0.0850 

0. 0562 
6,328 
6,008 







1,306 

2,095 

3,070 

4,556 



14 

D 

f Dl 



700 

1,422 

2,521 
0. 1851 

4,393 
0. 1062 






, 0. 6667 

0. 3282 

0. 0702 




B 



1,218 

1,955 

2,805 

4,253 

5,608 



15 

D 



609 

1,238 

2,196 

3,827 



Dl 



0.8210 

0. 4040 

0.2277 

0. 1306 

0.0863 

0.0599 



k H6 

B 








7,147 





1,142 

1,833 

2,686 

3,987 

5,257 

6,699 


16 

D 



536 

1,089 

1,931 

3,364 

5,091 



k Dl 



0.9950 

0. 4898 

0.2762 

0. 1585 

0. 1047 

6.0728 


'S181E* surfaced one side and one edge. 
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Table 8. — Table of Safe Loads and Deflections fob Timber Joists With 
Nominal Width of 2 in., Uniformly Loaded, Based on Maximum 
Flexural Stress of 1,800 Lb. per Sq. In. — ( Continued ) 
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Table 9. — Table of Safe Loads and Deflections for Timber Joists with Nomi- 
nal Width of 3 In. Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. 


Sizes 

Rough size 

3X6 

2 

3X8 

3X10 

3X12 

3X14 

3X16 

3X18 

Surfaced size 
S1S1E 1 

2HX5H 

HX 7H 

25.78 

2 

HX9H 

2KX11M 

$ 

CO 

X 

X 

C4 

ZKxwi 

2«X17« 

Section modulus 

13.86 


41.36 

60.61 

83.53 

110.11 

140.36 


J 

HS 

/ 3,528 








4 

,D1 

0. 0233 









f B 

( 3,326 








5 1 

► D1 

\ 0.0455 









B 


2,773 









D 


2,542 








c 

D1 


0.0787 

0.0310 








HS 



4,812 








B 


2,376 

4,419 







7 

D 


1,867 









Dl 


0. 1250 

0. 0493 








B 


2,079 

3,867 








D 

j 

1,429 

3,625 







8 1 

Dl 


0. 1866 

0.0735 

0.0362 







HS 




6,097 







'b 


1,848 

3,437 

5,515 







D 


1,129 

2,865 








Dl 


0.2657 

0. 1047 

0.0515 

0.0291 






HS 





7,378 






> B 


1,663 

3,093 

4,963 

7,273 





10 < 

D 


915 

2,320 

4,715 







Dl 


0.3643 

0. 1437 

0. 0707 

0. 0398 




£ 


B 


1.512 

2,812 

4,512 

6,612 




<a 

a 


D 


756 

1,918 

3,897 





CS 

a 

1 1 

Dl 


0. 4850 

0. 1912 

0. 0941 

0.0530 

0.0328 



CO 


HS 






8,662 





> B 


1,386 

2,578 

4,136 

6,061 

8,353 




12 

D 


635 

1,612 

3,275 

5,808 






Dl 


0. 6209 

0.2481i 

0. 1221 

0.0689 

0.0426 





[ B 



2,380 

3,818 

5,595 

7,710 





1 D 



1,373 

2,790 

4,949 





13 

1 Dl 



0.3156 

0. 1553 

0.0875 

0.0541 

0.0357 




I HS 







9,947 




; b 




2,210 

3,545 

5,195 

7,159 

9,438 



14- 

D 



] 184 

2,406 

4,267 

6,904 




L D1 

.... 


0.3941 

0. 1939 

0. 1094 

0.0676 

0. 0446 




B 



2,065 

3,309 

4,849 

6,682 

8.809 




D 



1,031 

2,096 

3,717 

6,014 




15 

Dl 



0. 4850 

0. 2386 

0. 1345 

0. 0831 

0.0549 

0.0382 



HS 








11,228 



^B 



1,934 

3,102 

4,546 

6,264 

8,258 

10,527 


16 

D 



906 

1,842 

3,267 

5,286 

8,001 



.Dl 




0.5887 

0. 2895 

0. 1632 

0.1009 

0.0666 

0.0463 



* B 




2,920 

4,278 

5,896 

7,772 

9,908 


17 « 

D 




1,632 

2,894 

4,682 

7,087 



k Dl 




, 0. 3472 

0. 1958 

0. 1210 

0. 0799 

0. 0555 


1 SlSlE ** surfaced one side and one edge. 
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Table 9. — Table of Safe Loads and Deflections for Timber Joists with Nomi- 
nal Width' of 3 In. Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. — ( Continued ) 



1 S1S1E ' *■ surfaced one side and one edge. 
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Table 10. — Table op Safe Loads and Deflections for Timber Joists with Nomi- 
nal Width op 4 In. Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. 



Rough size 

4X4 

4X6 

4X8 

4X10 

4X12 

4X14 

4X16 

4X18* 


Surfaced 









Sizes 

size S1S1E* 

3HX3H 

3KX5K 

3KX7H 

3HX9H 

3KX1W 

3HX13H 

3?*X15H 

3HX17X 


Section 










modulus 

7.94 

19.12 

35.16 

56.41 

82.66 

113.91 

150. 16 

191.41 



r hs 

f 3,066 









3 1 

m 

\ 0.0261 










B 

| 2,382 










D 

1 2,152 









4 1 

D1 

I 0.0618 

0.0165 









HS 

1 

4,760 









B 

f 1,905 

4,588 








5 

D 

] 1,382 










D1 

1 0. 1206 

0. 0323 









B 

[ 1,588 

3,824 









D 

1 960 

3,584 








6* 

D1 

] 0. 2083 

0.0558 

0. 0227 








HS 

1 


6,562 








^ B 

1,361 

3,277 

6,027 







7- 

D 

4 705 

2,633 









D1 

1 0. 3307 

0. 0886 

0.0361 








B 

( 1,191 

2,868 

5,274 








D 

1 540 

2,016 

4,944 







8 < 

D1 

| 0.4938 

0. 1323 

0.0539 

0.0265 







HS 

1 



8,312 







f B 


2,549 

4,688 

7,521 





& 


D 


1,593 

3,906 






.9 

9 ■ 

D1 


0.1883 

0.0768 

0.0378 

0.0213 




1 


HS 





10,062 




Q< 


B 


2,294 

4,219 

6,769 

9,919 




GG 

10 

D 


■ 1,290 

3,164 

6,430 







D1 


^ 0.2584 

0. 1053 

0.0518 

0.0292 






1 B 


2,086 

3,835 

6,154 

9,017 






D 


1,066 

2,615 

5,315 






11 * 

1 D1 


0.3440 

0. 1402 

0.0690 

0. 0389 

0. 0240 





1 HS 






11,812 





1 B 


1,912 

3,516 

5,641 

8,266 

11,391 




12- 

D 


896 

2,197 

4,466 

7,921 






[ D1 


0. 4464 

0.1821 

0.0896 

0. 0505 

0. 0312 





| B 



f 3,246 

5,207 

7,630 

10,515 




13 < 

1 D 



1 1,873 

3,805 

6,750 





D1 

f , f t , t 


0.2313 

0. 1139 

0. 0642 

0. 0397 

0. 0262 




HS 







1 13,562 




'b 



3,014 

4,835 

7,085 

9,764 

12,870 



14 • 

D 



' 1,615 

3,281 

5,820 

9,415 

- - T , T T 




, D1 



k 0. 2890 

0. 1422 

0. 0802 

0. 0496 

0.0327 




B 



2,813 

4,513 

6,613 

9,113 

12,013 




D 



1,406 

2,858 

5,070 

8,201 




15 < 

D1 



0.3556 

0. 1750 

0.0986 

0.0610 

0.0403 

0. 0279 



HS 








15,312 



'B 



2,637 

4,230 

6,199 

8,543 

11,262 

14,356 


16- 

D 



1,236 

2,511 

4,456 

7,208 

10,909 




ID1 

...... 


0.4316 

0.2124 

0.1197 

0.0740 

0.0489 

0.0339 


* S1S1E — surfaced one aide and one edge. 




Spans in feet 


378 


STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 4-12 


Table 10. — Table of Safe Loads and Deflections for Timber Joists with Nomi- 
nal Width of 4 In Uniformly Loaded, Based on Maximum Flexural 
Stress of 1,800 Lb. per Sq. In. — ( Continued ) 



Rough size 

4X4 

4X6 

1 4X8 

4X10 

4X12 

4X14 

4X16 

4X18 

Sizes 

Surfaee 
size S1S1E> 

3^X3^ 

3^X5^ 

09 

X 

X 

3^X9^ 

3^X11M 

3HX13H 

3^X15^ 

A 

r-4 

X 

£ 

... w 


Section 

modulus 

7.94 

19. 12 

35. 10 

56.41 

82.66 

113.91 

150. 16 

191.41 



f B 





f 3,982 

5,835 

8,041 

10,599 

13,511 


17 

D 





2 , 225 


3,947 
0. 1436 


6,385 
0. 0887 


9,664 
0. 0586 








0.2547 




0. 0407 



b 





3,760 

5,510 

7,594 

10,010 

12,760 


18 

D 





1,985 

3,521 

5,695 

8,620 

12,406 



► D1 





0. 3023 

0. 1704 

0. 1053 

0. 0696 

0. 0483 



B 





3,563 

5,221 

7,194 

9,484 

12,089 


191 

D 





1,782 

3, 100 

5,112 

7,737 

11,134 



Dl 





0. 3554 

0. 2004 

0. 1239 

0. 0818 

0.0569 



B 





3,384 

4,959 

6,834 

9,009 

11,484 


20 

T> 





1 , G08 

2 , 852 

4,613 

6,982 

10,049 



D1 





0.4146 

0. 2337 

0. 1445 

0.0955 

0. 0663 



B 






4,724 

6,509 

8,580 

10,938 


21 

I) 






2 . 587 

4,184 

6,330 

9,115 



m 






( 0. 2706 

0. 1673 

0.1105 

0. 0768 



' B 






4,509 

6,213 

8,190 

10,440 


22 

D 






2,357 

3,813 

5,770 

8,305 



Di 






0.3111 

0. 1923 

0. 1271 

0. 0883 



B 






4,313 

5,943 

7,834 

9,986 


23 

D 






2,150 

3,488 

5,280 

7,598 



Dl 






0. 3556 

0.2198 

0. 1452 

0. 1009 

X 


B 






4,133 

5,695 

7,508 

9,570 

1 

21 

» 






1,980 

3,204 

4,849 

6,978 

.9 


Dl 






0. 4040 

0. 2497 

0. 1650 

0.1146 

S 


B 







5,468 

7,208 

9,188 

s. 

25 

D 








2,952 

4,469 

6,431 

OQ 


Dl 







0. 2822 

0. 1865 

0. 1296 



B 







5,257 

6,930 

8,834 


20 4 

D 







2,730 

4,132 

5,946 



Dl 







l 0.3175 

0. 2099 

0. 1457 



’ B 







5,063 

6,674 

8,507 


27- 

D 







2,531 

3,831 

5,514 



^ Dl 







0. 3555 

0. 2349 

0. 1632 



' B 







4,882 

6,435 

8,203 


28" 

; D 







2.354 

3,562 

5,127 



D! 







0. 3965 

0.2620 

0. 1820 



B 








6,214 


7,920 

4 7RO 


29 

D 








3,321 
0. 2911 



i Dl 



- 





0. 2022 



B 








6,006 

3,103 

7,656 


30' 

D 








4,466 


’ Dl 








0. 3222 

O. 2239 



B 









7,409 


31' 

D 









4 , 183 

0. 2470 


Dl 











B 









7,178 


32' 

D 









3 ' 925 


, I>1 









0 2717 












* S1S1E - surfaced one aide and one edge. 
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WOODEN GIRDERS 

The loads coming upon the girders of a floor system consist of the loads 
delivered by the floor joists, plus the weight of the girders themselves, plus any 
loads coming directly upon the girder, as distinguished from loads transmitted 
by the joists. Girders often carry partition loads directly. 

In office buildings, dwelling houses, and certain areas of other buildings, 
exclusive of warehouses and storage buildings, where crowds of people cannot 
congregate, the live load coming upon the girders is reduced in intensity. The 
reduction factor is specified in building ordinances, and is usually taken as 20 
per cent. 

Horizontal shear at the ends of girders often governs the girder section, as in 
the case of short spans with heavy loading, snd this stress should always be 
checked. 

The end connections of girders are of much more importance than the end 
connections of joists, as the girders of a building, together with the posts, usually 
form the stiffening frame of the building against lateral forces. 

Particular attention also needs to be paid to the design of the sup- 
port of wooden girders, as failure of a girder would mean the probable 
collapse of at least a whole floor bay. 

Wooden girders, even if continuous over two spans, are generally 
computed as simple beams. 

The detail of end connection of building girders will depend on 
the type of building. If such building is of mill construction with 
heavy masonry walls, the wall ends of girders should be encased in wall boxes, the 
inner end connections designed to allow the girders to fall, in case of fire, with- 
out pulling the columns with them. In other types of buildings, as the mill type, 
stiff rigid connections of girders to posts may be desirable. 



Fig. 1. 

— Built- 
up girder 

— type 
( 1 ). 



Fig. 2. — Built-up girder — type (2). 

13. Girders of Solid Section. — The section of wooden girders composed of 
solid sticks of timber are to be designed exactly as treated under “Wooden 
Beams. ,, 

14. Built-up Wooden Girders. — Built-up wooden girders may be divided into 
the following types: 

1. Girders constructed of planking, set side by side, the width of plank 
vertical, as in Fig. 1. 

2. Girders constructed of two or more timbers set on top of one another, but 
not fastened together, as in Fig. 2. 

3. Girders constructed of two or more timbers set on top of one another, and/ 
diagonally sheathed with boards or planking, as in Fig. 3. 

4. Girders constructed of two or more timbers set on top of one another/&ad 
effectively fastened together by means of hard wood or metal keys or pin^ com- 
bined with bolting, as in Fig, 4. 
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Type (1). — A girder, or beam, of this type, if all planking extends the full 
length of girder, is of full nominal thickness, and is well spiked and bolted together. 
It is generally given credit for being somewhat stronger than a girder or beam 
of solid section of the same dimensions, since the planking is assumed to be 
better seasoned and freer from defects, particularly checks, than the larger 
solid timber. A construction of this type is often observed in small buildings 
where planks are more easily obtained than heavy timbers, and where the solid 
section construction might incur purchase of additional material by the con- 
tractor. Insufficient spiking, lack of proper bolting, probability of planking 
under-running in thickness, thus giving an actual size of finished beam less than 
the solid section, possibility of some planks being spliced, and the probability 
of upper surface of girder being uneven — i.e., one plank projecting higher than 
another, giving uneven bearings for the joists — are practical reasons for always 
advocating the beam of solid section. Incidentally, no building ordinance gives 
the built-up girder any advantage in strength. Solid sections should be insisted 
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i 

Fia. 4. — One-half keyed built-up girder- - 
type (4). 

upon for important beams. When it is necessary to use this type of built-up 
girder, provide two bolts at each end, and pairs of bolts at intervals of 2 ft. 
along the length of beam, the size of bolts to be not less than % in., and preferably 
H in. 

Type (2).— This type of girder should never be used. The strength of the 
combined section is practically no more than the sum of the strengths of the 
component sticks, each stick acting as a separate beam. Even if such a girder 
should be constructed of planking, well spiked together, the above statement of 
resulting strength would hold, as the nailing would be insufficient to prevent one 
plank from slipping on another. 

Type (3). — In this type of built-up girder, as in the following type, the object 
of all connections between the component sticks (usually two) is to prevent rela- 
tive motion along the plane of contact. If this condition of no-slip could be 
attained, the compound girder would have the strength of a single stick of timber 
of the same outside total dimensions. Type (3) is considerably less efficient than 
Type (4), both as regards ultimate strength and deflection under load. The 
diagonal sheathing is spiked to the timbers, and the sheathing should be at 45 deg. 
with the length of girder. 

Tests made by Edgar Kidwell (see Trans. Am. Soc. Mining Engineers, 1897, 
vpl-27) showed an efficiency of approximately 70 per cent, based on the ultimate 
strength, as compared to a beam of solid section, while the efficiency factor based 
on defection was about 50 per cent. 
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The sheathing for such girders should be not less than 1 K in. and not over 2 in. 
in thickness. With such sheathing the nails should be 10- or 12-D for the smaller 
thickness, and 20- to 30-D for the 2-in. sheathing. For a girder supporting uni- 
form load the diagonals near the ends require the most spikes. The spiking in 
each diagonal should be concentrated near the plane of junction of the timbers, 
and at the ends of the diagonals. 

In designing a girder of this type, it must be remembered that the case is not 
similar to that of a truss. In a truss are two chords, in each of which, due to the 
small depth of chord as compared to the large depth of truss, the stress is practi- 
cally uniform throughout the cross-section of each chord, and the diagonals take 
either tension or compression. The side planking in the built-up girder under 
discussion is subjected to bending moments, and, consequently, the nails take 
unequal loading. Any slip of the nails under stress allows a corresponding slip 
in the plane of contact of rhe two main timbers, with a consequent deflection of 
the girder. By referring to p. 408 it will be found that nails under lateral or 
shearing strain slip at a small load. 

Type (4). — In the girders of this class, the tendency of one timber to slip over 
the other is resisted by wedges, keys, or pins driven into the contact faces of the 
timbers. These wedges, whether rectangular, square, or round, perform their 
main function through bearing against the ends of the fibers of the timbers. A 
second action is pressure across the fibers of the timbers. The action of these 
wedges tends to separate the two timbers, resulting in tension in the bolts. The 
amount of such tension depends primarily upon the shape of. wedge. For exam- 
ple, a square key will produce a greater bolt tension than a rectangular key with 
long axis parallel to the length of girder, while a circular key or pin will give the 
greatest tension in the bolts. 

The number and size of keys is to be determined directly from consideration 
of horizontal shear in the girder, in accordance with the principles of Sec. 1, 
Art. 61, and illustrated in the typical example hereafter. 

The bolts in such a girder are assumed to take only tension, although, due to 
their resistance to lateral forces, they add somewhat to the strength of the girder. 
However, it is always advisable, and on the safe side, to neglect such lateral 
resistance of the bolts. 

KidwelTs series of tests on girders of this type showed a maximum efficiency 
of 75 to 80 per cent of an equivalent girder of solid section, the former figure 
representing girders with white oak keys and the latter figure with keys of iron. 

Any shrinkage in the timbers will allow the component parts of the girder to 
separate, with a consequent loss of efficiency, and an increased deflection. As 
full seasoned timber is not always available, this type of girder should be avoided 
for cases in which the major portion of the load is a constant load. For situations 
in which the girder carries live load for the greater part, in which access may be 
had to tighten the bolts as the wood seasons, and when it is reasonably certain 
that such maintenance will be given, this girder may be used with confidence. 
Obviously, the keyed girder is particularly unsuited for such locations as will 
prohibit access for tightening the bolts, as in a floor system ceiled underneath. 

16. Examples of Design of Solid and Built-up Girders. — The following typical 
examples will illustrate the method of design for the most common cases that will 
be encountered: 
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Conditions of Design: 

Span: 26 ft. 

Loading: Uniform load of 1,500 lb. per lin. ft. 

One concentrated load of 6,000 lb., 7 ft. from left support. 

One concentrated load of 14,000 lb. at center of span. 

One concentrated load of 2,000 lb., 9 ft. from right support. 

Timber: Long-leaf yellow pine, dense structural grade. 

The reactions are given in Fig. 5 and the bending moment curves in Fig. 6. The, parab- 
ola of moments for uniform load is plotted about the base line, and the polygon of moments 
for concentrated loads below this line. 

The following unit stresses will lie used : 


Bending stress on outer fibers i,b00 lb. per sq. in. 

Longitudinal shear 1 175 lb. per sq. in. 

Bearing across grain 1 400 lb. per sq. in. 

Bearing against grain 1 1,800 lb. per sq. in. 


1 These values are higher than at present leeominended (see Tables 4, 5, and 6). 


Solid Girder . — Maximum bending moment 



Fiq. 5. — Loads and reactions for girder. 


248,100 ft. -lb. From Table 7, p. 372 
an 18 X 24 in. girder, surfaced to I7j^ 
X 233^2 in., has a resisting moment 
of 241,610 ft.-lb., which will be near 
enough to be used, or a double girder 
may be used. For example, two 14 
X 20 in. sticks would have a safe 
resisting moment of 256,670 ft.-lb. 
The required cross-section for longi- 
tudinal shear is (see eq. (5), Art. 
51c) 


(^31,600) 

175 


271 sq. in. 


Either of the above girders has an excess of timber for shear. 

Built-up Girders . — Type (1) would require seventeen 2 X 20 in. timbers, standing on 
edge. A 2 X 20 in. (lfg X 19 %) stick 
has a section modulus of 102.98 in. 3 

Type (2) would require two 14 X 20 
in. sticks, one on top of the other — an 
impractical consideration. 

Type (3). — Maximum bending mo- 
ment =* 248,100 ft.-lb. Using an effi- 
ciency factor of 70 per cent the moment 
to be designed for is 355,000 ft.-lb. 

Assume a width of 14 in. The required 
section modulus 

(355,000) (12) 

8 1,800 

370} (6) - 
\ '13.5 


S 


2,370 


- 32.4 in. 


Use two 14 X 18 in. sticks, finished sec- 
tion 13Jij X 35 in. 

Use 2 X 12 in. sheathing both sides, 
spiked with 40-D nails — detail similar to 
that of Fig. 3. 

Type (4) 



Fia. 


6. — Diagram for bending moments and 
spacing of shear keys for girder. 

-Assume efficiency factor of 80 per cent. 


248 100 

Designing moment - — q - g Q ■ * 310,000 ft.-lb. 

„ (310,000) (12) 

* " 1,800 


- 2,070 
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Assuming a width of 13j^ in., the required depth is found to be 30.2 in. Use two 
14 X 16 in. sticks, S4S, 1 actual combined section 13^ X 31 in., section modulus 2,160. 

A shear diagram is next constructed, as shown in Fig. 7a. Each ordinate of this 
diagram represents the total vertical shear at the point where the ordinate is taken, and 
this total vertical shear is proportional to the maximum intensity of the horizontal shear 
at the same point. Considering Point (1), directly under the concentrated load of 6,000 
lb., the total vertical shear just to the left of this point is 31,600 — (7) (1,500) « 21,100 lb. 
The ordinate one foot to the left will have a value of 31,600 — (6) (1,500) = 22,600 lb. 

The area of the trapezoid between these two ordinates is therefore _ 

21,850 ft.-lb. The maximum intensity of horizontal shear at a point immediately to the 
right of point (1), is 


-H-a-K 


21,100 

(13K)(31) 


= 76 lb. per sq. in. 


The next step is to find a means for determining the proper sparing of keys. Two meth- 
ods will be explained. 

Method 1. — For this purpose, the total vertical shear between the point of zero shear 
and each point of division of beom is computed by adding together the differential shears 
between these two points. The corre- 
sponding ordinates are drawn, giving 
the line ABC in Fig. 76. The summa- 
tion of the vertical shears to the left 
of the point of zero shear is found to 
be 248,050 ft.-lb.; agreeing with the 
value of the bending moment, which 
furnishes a check on the work. Simi- 
larly, the summation of the vertical 
shears to the right of the point of zero 
shear will give the same value. 

Since, for practical reasons, all keys 
will be of uniform size, and must 
therefore be stressed uniformly, the 
spacing of same must vary. The num- 
ber of keys for the left half of girder will 
be taken at 5. 

Method 2. — A much simpler meth- 
od for constructing the total shear dia- 
gram will now bo shown. In Fig. 6 the 
dot-dash line represents the curve of 
the total bending moment, the ordi- 
nates of this curve being the sums of the corresponding ordinates of the moment curves 
for the uniform and concentrated loadings. 

If the horizontal line A B be drawn through the apex of this total moment curve, the 
latter curve referred to the line AB becomes the curve for the total vertical shears — in 
other words, the figure ABODE becomes the total shear diagram. 

To find the proper spacing of the keys for the left half of beam, the vertical ordinate 
(248,100 ft.-lb.) of the total shear diagram is divided into 5 equal spaces, horizontals 
drawn from these division points to the curve of total shear, and vortical ordinates drawn 
from these intersection points to the base line. These ordinates divide the area ABK , 
(Fig. 76) or ADE (Fig. 6) between the curve and base line, into 5 equal divisions. The 
points on the girder thus found determine the position of keys. Referring to either Fig. 
76 or Fig. 6, the proper spacing of keys for the left half of the girder is found to be two 
spaces at 20 in., one at 26 in., and one at 31 in. The spacing of keys for the right of the 
center of girder may be found in the same manner. 

Girder with Rectangular Keys . — In the above example the girder will first be designed 
for rectangular cast-iron keys. Assume 5 keys between the left support and the point of 
zero shear. Each key will therefore resist one-fifth of the total horizontal shear. 

* Surfaced four sides. 
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The required dimensions of each key will be determined from the following considera- 
tion. The forces acting upon the key are shown in Fig. 8. 




k 

1 

%= 


.?'== ===s 
$ 
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t 

[ 
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Fig. 8. — Diagram of distribution of piessures on rectangular key. 


Let p' » maximum allowable intensity of piessuie against ends of fibers. 

V n = maximum allowable intensity of pressure across fibers oi timber. 
t = thickness of key. 

L = length of key. 

P' = resultant pressure against fibers of timber for section of key 1 in. m width. 
P" = resultant pressure across fibers of timber for section of key 1 in. in width. 

Then 


Whence 


r-'G) 

'"-(ft® 


p't 2 _ p"L 2 
_ = __ 


L 2 * 


KpV 3 pV 


For 

Whence 

The total horizontal shear is 


4 p" 2 p" 

L = 1.225/ \ p ~ 

\p" 

p' = 1800, and p" = 400 
= \/4i5 = 2.12 

L = (1.225) (2. 12)t - 2.6t 


(3)(24^0) (12)B=144>0001b 


Each key must therefore resist 28,800 lb. At 1,800 lb. per sq. in. in Rearing against the 

grain, and with a width of key of 
\<L 13 in., one-half the depth of key 

1 , 28,800 

must be ^ 13 ^ (j^QO) “ 1,19 m *» or 

the total thickness of key must be 
2.38 in. The minimum length of 
key must therefore be 2.38 X 2.0 
- 6.19 in. 

Via. 9. — Detail of built-up girder with cast-iron keys. The '“'“mum distance between 

keys, considering shear, must not 

28 800 

exceed ^75^(13"^ * 12.2; adding the width of key, the minimum spacing of keys, center 
to center, must not be less than 18^ in., which is less than the smallest spacing found. 
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The bolts for each key should be spaced on each side of each key and equidistant from 
the center line. Assume four bolts for each key. The stress in each bolt will then be 
_ (P')(t/ 2) _ (28,800) (2.375) 

*■ * 2/3 L ~ ™ * (2/3) (6) (2) " 1X1 4,276 lb.; at 18,000 lb. per sq. in. the bolt area 

= 0.24 sq. in. Use %-in. bolts with 4 X 4 X q in. washers. 

The detail of the left half of the girder is shown in Fig. 9. 

Girder with Circular Shear Pins . — For this design circular pins, 2 in. in diameter, of 
solid iron, extra heavy steel pipe, Australian Ironbark or Hawaiian Ohia will be used. 
Each pin will be considered capable of resisting a shear of 800 lb. per lin. in. of pin. With 
a 13j^-in. length of pin, therefore, one pin will have a resisting value of 13 X 800 * 
10,800 lb. Since the total horizontal shear is 144,000, the total number of pins required is 
144,100 ^ 

jq gQQ = 14.4. Dividing the end ordinate into 15 divisions and proceeding as before, it 
will be found that the minimum spacing of the pins near the end of the girder is 6 in. The 


spacings of all pins for the left half 
of girder, commencing at the center 
line of support of girder, are as fol- 
lows: 2 spaces at 6 in.; 6 spaces at 
7 in.; 1 space at 8 in.; 1 space at 9 
in.; 1 space at 10 in.; 1 space at 13 
in.; 1 space at 16 in.: and one space 
at 19 in. For each pin there will be 
required bolts sufficient in tension 
for 10,800 lb. Two ?£-in. bolts 
will be used, with 4- X 4- X 7 i 6-in. 



Fiu. 10. — Details of built-up girder with circular shear 


pins. 


washers. The detail of one-half of 


girder is shown in Fig. 10. » 

Before leaving this subject, reference should be made to the recently developed shoar 
plates with holes through the center for the bolts (see Figs. 16 and 17, Sec. 6). 1 


16. Flitch-plate Girders. — A flitch-piatc girder is a combination girder of 
timber and steel, composed of two sticks of timber with a steel plate between them 
or three sticks of timber with two steel plates, bolted together, the contact planes 

between timber and steel 
plate being parallel to the 
plane of bending (see Fig. 
11). This combination 
girder is seldom used at the 
present time, the usual 
availability of steel struc- 
Fig. 11. — Detail of flitch-plate girder. tural shapes making the 

flitch-plate girder practi- 
cally obsolete. Situations may sometimes exist, however, when the use of this 
type of girder may be warranted. 

Consider any plane cross-section of such a combination girder: the deflection 
and also the deformation of all points in such section on a line normal to the plane 
of bending must be the same. Since the modulus of elasticity is the ratio of stress 
to deformation, it follows that the extreme fiber stresses of timber and steel will 
be in proportion to their moduli of elasticity, or 

ft^Et 

/< ~ E. 



where the subscripts and represent timber and steel, respectively. This 

1 Timber Engineering Co., Washington, D.C. 
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relation of extreme fiber stresses means practically that with the steel plate 
working efficiently (extreme unit fiber stress of 16,000 lb. per sq. in.) the limiting 
extreme unit fiber stress in the timbers is approximately Ms t>° Ho of the allow- 
able working stress for steel. In the case of a flitch-plate girder of long-leaf 
yellow pine and s A eel, the timber would be stressed to approximately 900 lb. 
per sq. in. The timber is therefore working at an efficiency of about 50 per cent, 
while that steel plate in the rectangular section is only approximately 55 per cent 
efficient as compared to an I-beam of equal depth and weight. 

As an illustration of the computation for the strength of a flitch-plate girder, assume a 
girder composed of 3-4 X 16-in. timbers of No. 1 Common Douglas fir (finished section 
&H X 15^2 hi.), with two % X 15}^-in. steel plates between the timbers. With a span 
of 24 ft., it is desired to find the safe load, uniformly distributed, that the girder will support. 

Maximum allowable unit fiber stress in timber = 1,500 lb. por sq. in. 

Maximum unit fiber stress for steel plate = 16,000 lb. per sq. in, 

E for Douglas fir = 1,600,000. 

E for steel * 29,000,000. 

Therefore, for flitch-plate girder, the maximum unit fiber stress in bending can be only 
1,600,000 

29 000 000 (*®»000) — 880 lb. per sq. in. 

The resisting moment of the three timbers in foot-pounds (see illustrative problem 
following Art. 50 , Sec. 1) is 


M = HfbdKVi 2 ) 


(880) (10.5) (240) 
( 6 ) ( 12 ) 


The resisting moment of the two steel plates is 


30,800 ft.-lb. 


M - Hfbd*0A 2 ) 


(16,000) (0.75) (240) 
(6) (12) 


= 40,000 ft.-lb. 


The combined resisting moment is therefore 


30,800 + 40,000 = 70,800 ft.-lb. 

M = } iWL = 70,800 ft.-lb. 

ff= .M =aiC001 , 


The detail of this girder is shown in Fig. 11. The timbers and steel of the flitch-plate 
girder should be well bolted together; such bolting should consist of not less than two 
J^-in. bolts, 2-ft. centers. 

In designing a flitch-plate girder for a definite span and loading, the thickness of timber 
should be from 16 to 18 times the thickness of steel. 


17. Trussed Girders. — For situations in which the span or loading, or both, 
are too great for a girder of single timber section, the trussed girder type is effecr 
tive, if space limitations will allow its use. The trussed girder is preferable to 
either the built-up or deepened girder, or to the flitch-plate girder, principally 
on account of its efficiency and reliability of action. In the trussed girder no fear 
need be entertained as to decrease of initial efficiency or increase of deflection 
from initial conditions, due to shrinkage of timber, with consequent slip of 
fastenings. 

Trussed girders may be divided into four types, as follows: 

1. King post trussed girder. 

2. Queen post trussed girder. 

3. Reversed king post trussed girder. 

4. Reversed queen post trussed girder. 

These types are illustrated in Figs. 12, 13, 14 and 15. 
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Trussed girders are adapted particularly for either uniform loading or concen- 
trated loads situated symmetrically with respect to the center line of girder. 
Both the queen post girder and the reversed queen post girder are unsuited for 
unsymmetrical loading. Since each contains a rectangular panel, loading unsym- 
metrical in distribution with respect to the center line of girder will cause bending 
stresses in the joints of the girder, which cannot take such stresses. 

In important structures the stresses should be carefully computed on the basis 
of the loading and accepted principles of elastic theory. Ordinarily the following 
approximate formulas are sufficient: 

Uniformly Distributed Loading: 

Figs. 12 and 14. (King post and reversed king post types) 

Tension in DB (Fig. 12) or compression in BD (Fig. 14) = %W 

Tension in AB and BC (Fig. 12) or compression in AB and BC (Fig. 14) « J^j 2 

Compression in AD and DC (Fig. 12) or tension in AD and DC (Fig. 14) = ^j~ 



Fig. 12. — King post girder. Fig. 13. — Queen post girder. 


To the stresses thus found in members AB and BC, must bo added the flexural stresses 
resulting from these members acting as beams carrying the uniform loading between A and 
B, and B and C. 

The bending moment in inch pounds in AB and BC is M = 0$)(W / 2) (1/2) (\2) *■ 
%Wl\ also M « fS * f(%bd 2 ). The maximum unit flexural stress is, therefore, 

2.25WI 
f “ bd 2 

Figs. 13 and 15. (Queen post and reversed queen post types) 

Tension inFB and EC (Fig. 13) or compression in BF and CE (Fig. 15) ■» 

Wl 

Tension in AB, BCand CD (Fig. 13) or compression in AB, BC and CD (Fig. 15) = 1 

Wl 

Compression in FE (Fig. 13) or tension in FE (Fig. 15) ■» 1 

Wa 

Compression in AF and ED (Fig. 13) or tension in AF and DE (Fig. 15) ** 1 



Fig. 14. — Reversed king post girder. Fig. 15. — Reversed queen post girder. 


As in the king post truss, to the unit stress in the members AD from the formula above 
must be added the flexural stress due to the timber acting as a beam. The extreme fiber 
stress due to this bending may be taken as 
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Concentrated Loading: 

Figs. 12 and 14. (King post and reversed king post types) 

Concentrated load P at center of span. 

Tension in DB (Fig. 12) or compression in BD (Fig. 14) — P 

Tension in AB and BC (Fig, 12) or compression in AB and BC (Fig. 14) = ^ 

Pa 

Compression in AD and DC (Fig. 12) or tension in AD and DC (Fig. 14) * ^ 

Obviously, there are no flexural stresses in this case to be added to the primary 
stresses found above. 

Figs. 13 and 15. (Queon post and reversed queen post types) 

Concentrated load P at B and C 

Tension in FB and EC (Fig. 13) or compression in BF and CE (Fig. 15) 

Tension in AB, BC and CD (Fig. 13) or compression in AB, BC and CD (Fig. 15) 

Compression in FE (Fig. 13) or tension in FE (Fig. 15) 

Compression in AF and ED (Fig. 13) or tension in AF or ED (Fig. 15) 

The stresses resulting from these formulas are all that neod to be considered. 

17a. Details of Trussed Girders. — In the girders of Figs. 12 and 13, 
the vertical members only are of iron or steel, in the form of rods. Since such 
rods are short, plain rods — i.e., without upset ends— should be used. Attention 
must be given to the washers, to the end that sufficient area be provided to avoid 
crushing the fibers of the timber. As great a depth as possible should be given to 
these girders, not alone to reduce the stresses and the deflection but in order that 
the stresses of the end connections may be kept within limits. With a small 
depth of girder, the inclination of the members AD and DC of Fig. 12 and AF 
and ED of Fig. 13 will be so small that it may be found impossible to design 
connections at A and C of Fig. 12 and A and D of Fig. 13 that will hold. As a 
matter of fact, trussed girders of these types are seldom used. 



The horizontal timbers of the girders of Figs. 14 and 15 may be single sticks 
or double or triple sticks of timber, spaced with a distance between sufficient to 
allow the diagonal rods to pass. One or two rods may be employed. The ends 
of the timbers are usually beveled off at the upper corners to provide a seat for the 
washers of the rods. The vertical struts may be of timber or of cast iron, and 
Djiust be sufficient in section to take their stress acting as columns. The unit 
bearing stress between the upper end of the strut and the chord timber must be 
within the allowed limit for cross bearing. To accomplish this, the strut may be 


- p 

_ 'API 

h 

= HPi 
h 

_ Pa 
= h 
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given the area required for bearing, or a smaller strut sufficient for column action 
may be employed, and a steel plate washer used. The strut should be designed 
with as wide a base as possible, as there is a tendency to pull the struts out of line, 
when the rods are tightened. Similarly, at the lower end of the struts, the bear- 
ing between rods and the strut must be examined. Cast-iron washers with 
grooves for the rods are often used. To do away with the necessity for cast iron 
shoes, square bars are sometimes used instead of round rods, and a flat steel 
washer placed at the bottom of the strut, the bend in the bars being made just 
outside the strut. 


Illustrative Problem. — Required to design a trussed girder, as shown in Fig. 16, for a 
building to be used for light Rtorage; span 22 ft., depth on renter lines 3 ft. 4 in., loading 
uniform 2,000 lb. per lin. ft., material dense Southern longleaf pine and steel. 

The modulus of elasticity ot the timbei will be tahen at 1,200, 000, 1 the corresponding 
quantity for steel at 29,000,000. Assume dead weight of girder at 50 lb. per lin. ft. Then 
total load per lin. ft. = 2,050 lb. 


Total load 

Direct stross m beam AB 
Stress in strut BD 
Stress in rod AD ~ DC 
Length a 


= (22) ^2,050) = 45,000 lb. 

_ ™ _ (5) (45,000) (22) _ 

- BC - (32) (3.33) " 46 ’ 5001b - 

« ( 5 s) (45,000) = 28,100 lb. 

_ (5) (45,000) (11 5) 

(16) (3.33) 

- V(ilF + (3.33)* = 11,5 ft. 


48,600 lb. 


Size of rod: 

At 16,000 lb. per sq. in., the required area of lod is 


48,600 

16,000 


3.00 sq. m. 


A l 3 ^-in. square bar is required, upset at the ends to 2 1 2 in. 

Size of strut: 

For bearing between the strut and beam the area required at 300 lb. per sq. in. is 


28,100 

300 


= 94 sq. in. 


For the column, the area required is 


28,100 

1 , 000 " 


28 sq. in. 


Size of beam: 


= 31 ,000 

& 


Assume an 8- X 16-in. timber, S4S. The section modulus, from Table 7, is 300.31. 
(31 000) (12) 

The maximum unit fiber stress is — \jqq ^ * 1,240 lb. per sq. in. 

Since the area of section is 116.25, the direct stress is 
46,500 

110"26 * Ik* P er S< 1* in * 

The maximum unit stress on the extreme fibers is therefore 
1,240 + 400 * 1,640 lb. per sq. in. 

1 This low value wiU be used in oomputing deflection, since its assumed load is largely constant 
or fixed. 
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End washer: 

Angle between the plane of the washer and direction of the fibers of wood is 


, n.oo 
eot TM 


3.30 = 73 deg.; e - 17 degrees. 


Allowable unit oressure by Hankinson’s formula 1 with P = 1,300 from Table 6 and 
q «=> 380, from Table 5 = 1,076 lb. per sq. in. 

Area required is 

48, 600 __ 

W76 = 45 ' 2 Bq ’ in ' 

Add area hole, or 45.2 + 5.4 — 50.6 sq. in. = total gross a r oa required. 

Side of square washer = 50.6 = 7.10 in. 

The short diameter of a square nut for a 2^-in. rod is 3j^ in. 

The maximum bending moment is along the edge of nut when sides of nut and washer 
are at 45 deg., and is in amount 9,100 in.-lb. 

The full width of plate along line of edge of nut is 5.67 in. and, with this width and 
a flexural stress of 24,000 lb. per sq. in., the required thickness of plate is 0.64 in. 

Washer will be made 6% X 6**4 X 1 1 in. 

An 8- X 12-in. timber will be used for the strut, and top and bottom castings used as 
detailed in Fig. 16. 


176. Deflection. — The exact method for finding the deflection of a 
trussed girder is a problem in least work. An approximate solution will be illus- 
trated below. In the example of Fig. 16, assume the average depth between 
center line of the 8- X 16-in. beam and the center line of rod as % total depth, 
or 25 in. This dimension is the depth at the third point of the length of girder. 
Compute the equivalent moment of inertia of the girder at this point. 


Area 8- X 16-in. timber = (7 (15 J^) = 116 sq. in. 

Equivalent area in steel = (116) (^OOOlXX)) = 4,81 sq * * n * 

Area 1%-in. square bar = 3.06 sq. in. 

These equivalent areas are 25 in. on centers. Then center of gravity of combined sec- 
tions is 


25 - 


(4.81) (25) 
7.87 ~ 


9.7 in. 


below center line of the 8- X 16-in. beam. 
Moment of inertia of combined section: 


Deflection 


(4.81) (9.7) 2 = 452.5 

(3.06) (25 - 9.7)2 = 716,0 

1,168.5 

5TF/’ _ (5) (45,000) (18,399,744) . 

384 El ” (384) (29,000,000) (i',168.5) ~ m " say /l6 m * 


It must be realized that this method is approximate only, the principal inde- 
terminate factor being the assumed average depth. For the case of the reversed 
queen post type, the depth should be taken as the distance between the center 
line of beam and the center line of the horizontal rods. 


WOODEN COLUMNS 

Interior columns of buildings, supporting floors only, are normally square in 
cross-section, while columns supporting roof trusses are usually made rectangular 
in order to attain greater stiffness in the plane of the roof truss than in the plane 
1 See See. 5, Art 11. 
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of the building wall. Columns supporting roof trusses may take bending stresses, 
due to wind, far in excess of the unit stresses produced by the weight of the roof 
and wall constructions. 

Interior columns, when exposed, are usually surfaced four sides, and the 
corners chamfered. Sometimes the columns are bored from end to end with a 
lj^-in. hole, and with %-in. holes at top and bottom extending from the face of 
column to the core hole. That is done in order to prevent dry rot, and to relieve 
the usual condition of rapid drying out of the exterior of the column, and slow 
seasoning of the interior timber. 


h 


Wooden columns with a ratio of g greater than 20 will fail by lateral buckling. 


No wooden column should be designed with a greater g than 60, and good practice 


will lower this limiting slenderness ratio to 40. 

A general treatment pertaining to columns and column loads is given in the 
chapter on “ Columns” in Sec. 1. For splicing wooden columns and for column 
connections, see Arts. 14 and 16 Sec. 5. Bending and direct stress in columns 
is treated in Sec. ) . 

18. Formulas for Wooden Columns. 1 — Solid wooden columns fall into three 
general classes characterized by the type of failure. When the length does not 
exceed 11 times the least dimension, failure is by crushing. At lengths between 
11 and K times the least dimension, failure is a combination of crushing and 
lateral buckling (Newlin and Gahagan) . The significance of K is explained in the 
following paragraphs. Beyond this range, wood columns generally fail by lateral 
deflection or buckling, behaving essentially as Kuler columns. 

For the first class, which may be called the short-column or post class, the same 
unit stress is recommended for all lengths having a ratio of unsupported length 
to least dimension of 11 or less. Since most wooden columns are rectangular or 

square in section, the Blenderness ratio is commonly expressed as g > in which L is 
the unsupported length in inches and d the least side in inches. The more general 
form is in which the term r denotes the radius of gyration of the cross section. 

For short columns or posts, i.e., columns with g ratios of 1 1 or less, 



in which -g represents the working stress for the column and S represents the safe 
unit compressive stress parallel to the grain. Values of S are given in Table 6. 

For columns of the intermediate class, i.e., with g ratios between 11 and K, the 
following formula (Newlin and Gahagan) is recommended : , 

5- s [>-I(k)‘] 

p 

in which - j and S have the same meaning as before and A is a constant depending 

i Article IS ia taken from “Wood Handbook," U.S. Department of Agriculture, 1935. 
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upon S and the modulus of elasticity. The value K is the minimum value of j at 
which the column will behave as an Euler column. This value is obtained when 

P _2S 
A ~ 3 


L P 2 S 

Solving for K or ^ when -j = 


K 


7T I3E 

” 2\6S 

Introducing a factor of safety of 3 for E , 



in which E — the modulus of elasticity. Values of E are given in Table 5. 

For columns within the Euler column class, i.c\, for ^ ratios equal to K or 

greater, the following formula based on the Euler formula for long columns with a 
factor of safety of three is recommended : 

P _ 0.274 E 
1 ' ©• 

The values in Table 6 to be substituted for S in the formulas for short and for 
intermediate columns have a safety factor of approximately four. 


Illustrative Problem. — Calculate the safe load for a 10- X 10-in. column if S and E 
are 1,300 and 1,600,000 lb. per sq. in., respectively, and the column is (1) 8 ft. long, (2) 
14 ft. long, (3) 20 ft. long. The actual dimensions of the 10- X 10-in. timber are 9)<j X 
9}$ in. For a length of 8 ft. the column is within the short-column class and S is 
multiplied by the area. The safe load in 9^2 X 9*2 X 1,300 = 117,300 lb. 

In calculating the safe load for the 14-ft. column, K must first be determined and then 

the which if less than K places the first column in the intermediate-length class. Since 


E is 1,600,000 lb. per sq. in., 

K » 

For a length of 14 ft. the j ratio is 


0.64 


. /MOO, 000 
\ 1,300 ' 


14 X 12 
9.5 


17.7 


22.4 


which is between 11 and 22.4, and the column is, therefore, in the intermediate class and 

= 1,130 lb. per sq. in. 

and the safe load is 9 )/% X 9^2 X 1,130 «= 102,000 lb. With a 20-ft. length, g - 25.3, 
which is greater than K , and the column falls in the Euler class, and 

P 0.274 X 1,600,00 
A m ~ (25.3) 4 

» 685 lb. per sq. in. 

and the safe load is 9^ X 9 X 685 «* 61,800 lb. 
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COLUMNS OF CIRCULAR SECTION 

Round and square wood members of the same cross-sectional area will carry 
the same loads in both bending and compression and will have approximately the 
same stiffness. To compute the required size of a round column, design first for 
a square column and then use a round column of a diameter that will give an area 
equivalent to the area of the square. If the column is tapered, the diameter 
for use as d and for computing A in the Euler formula should be taken at one-third 
of the length from the smaller end. This will give a diameter of a round column 
necessary to prevent failure from buckling. The unit compressive stress at the 
small end of the column that will result from the calculated load should also be 
computed, since it must not exceed the allowable stress for a short column. 

LAMINATED COLUMNS 

Laminated columns here referred to are those built up of several pieces spiked, 
bolted, or fastened together with modern connectors. No arrangement of 
laminae or kind of mechanical fastenings will make a laminated column fully equal 
in strength to a solid column of comparable material and like dimensions (Schol- 
ten). Certain arrangements of the individual pieces, however, are more effective 
than others. In one arrangement several pieces are spiked face to face and have 
their edges tied together with cover plates (Fig. 186), an arrangement considered 
better than that shown in Fig. 18a. The percentage of solid-column strength 

that may be expected at various g ratios for these two types of built-up col- 
umns is given in the following tabulation. The least dimension d is an over-all 
dimension. 


g ratios 

Percentage of solid 
column strength 

g ratios 

Percentage of solid 
column strength 

6 

82 

18 

65 

10 

77 

22 

74 

14 

71 

26 

82 


It is apparent from the tabulation that there is a critical slenderness ratio at 
which the built-up column is least efficient as compared with the solid column. 

For g ratios of 10 or more the percentages apply both to built-up columns in which 

the individual pieces are full length and to those in which butt-jointed pieces are 
used. In short posts, where the stress is primarily compression, pieces butted 
end to end fail at 75 to 80 per cent of the crushing strength of full-length pieces. 
This is due to the embedding that occurs at the ends which are butt jointed. 

19. Ultimate Loads for Columns. — It is sometimes necessary to investigate 
the ultimate strength of wooden columns. Unfortunately, the ultimate strength 

of a timber column, especially of a long column, or a column with an g of from 

40 to 60, is indeterminate. The tests which have been made on long columns of 
sections commensurate with those used in building construction are not sufficient 
in number to justify confidence in the values given by formulas. 
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Table 11. — Unit Compression Stresses for Standard Stress Grades 1 


Short- 

Modulus Stress at ratio of length to 

of elas- K 

i least dimension 

stress 

ticity 10 12 14 16 

18 

20 25 30 35 40 45 50 

1,300 

1,300,000 20.31,300 1,247 1,2031,132 

1,032 

892 570 396 291 223 176 142 


1,600,000 22.51,300 1,265 1,235 1,190 

1,123 

1 , 030 701 487 358 274 216 175 

1,200 

1,200,000 20.3 1,2001,151 1,1101,045 

953 

823 526 365 268 206 162 132 


1,300,000 21.1 1,2001,1581,112 1,068 

989 

827 570 396 291 223 176 142 


1,500,000 22.7 1,2001,169 1,142 1,102 

1,042 

959 658 457 336 257 203 164 


1,600,000 23.41,2001,172 1,1481,112 

1,060 

986 701 487 358 274 216 175 

1,100 

1,200,000 21 .2 1 , 100 1,063 1,031 981 

910 

810 526 365 268 206 162 132 


1,300,000 22.1 1,1001,0681,041 999 

938 

854 570 396 291 223 176 142 


1,500,000 23.7 1,1001,0761,055 1,024 

978 

914 658 457 336 257 203 164 


1 , 600 , 000 24 . 4 1 , 100 1 , 078 1 , 060 1 , 032 

991 

935 701487 358 274 216 175 

1,000 

1,200,00022.2 1,000 972 947 910 

856 

780 526 365 268 206 162 132 


1,300,000 23.1 1,000 976 955 923 

877 

813 570 396 291 223 176 142 


1,500,000 24.81,000 982 966 942 

908 

859 658 457 336 257 203 164 


1,600,000 25.6 1,000 984 970 948 

918 

876 697 487 358 274 216 175 

900 

1,000,00021.4 900 870 845 806 

750 

674 438 304 224 171 135 110 


1,200,000 23.4 900 879 861 834 

795 

740 526 365 268 206 162 132 


1,600,000 27.0 900 888 878 863 

841 

810 680 487 358 274 216 175 

800 

1,000,000 22.7 800 779 762 734 

694 

639 438 304 224 171 135110 


1 From A.R.E.A. by permission. 


From the results of tests made by the Watertown Arsenal, J. B. Johnson pro- 
posed for timber columns the following formulas: 

Ultimate strength for partially seasoned yellow pine columns 

p = 4,500 - 1.0 (jY 

Ultimate strength for partially seasoned white pine column 
p = 2,500 - 0.5 (j)* 

Ultimate strength for dry long-leaf pine column 
p = 6,000 - 1.5 

Ultimate strength for dry white pine column 

p « 3,600 - 0.72 (j)* 
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W. H. Burr, from a study of the same tests, recommends the formulas: For 
yellow pine 

V = 5,800 - 70g 

For white pine 

V = 3,800 - 47 ^ 

By placing ^ = 50 in the preceding formulas, we find p to be about 2,500 lb. 


per sq. in. depending upon the formula chosen. Fifty per cent of that amount, 
or 1,250 lb. per sq. in., would be the load at which failure would be expected if the 
load were of a permanent type. 


Note that the formula for long columns 


0274 E 

m 


or Table 11, gives a working 


stress of only 152 lb. per sq. in., where E — 1,200,000. In other words, Table 11 
gives a factor of safet 3 r °f 8 to 10 based on stress at failure. 

All of the above formulas for ultimate strengths are based on short-time load- 
ings. J. B. Johnson, in some 75 tests made 
to investigate the effect of time on contin- 
ued uniform loading of timber in end com- 
pression, found that but little more than 
one-half the short-time ultimate load will 
cause a column to fail, if left on perma- 
nently. In other words, the ultimate 
strength of a timber column under permanent loads is approximately one-half 
the ultimate strength of the same column, as determined from the results of an 
actual test in a testing machine. 

19a. Direct Compression and Bending. — In Fig. 17 is shown a member sub- 
ject to direct compression and bending. The following formulas for the more 
common cases of combined axial compression and bending were derived by 
J. A. Newlin, 1 where 

/ = allowable extreme fiber stress in bending in pounds per square inch. 

L = length of span or column in inches. 

db = dimension of rectangular member in direction of transverse load 
or force. 

e = eccentricity in inches. 



___ 1 i 

1 


4 

Centro/da! 


b 

f 

« L 

4 



Fig. 17. — Combined axial compression 
and bending. 


M 

s b = flexural stress from transverse load or force * ~g- 


S = section modulus. 

Cb = allowable stress in compression parallel to the grain in pounds per 
square inch if column were axially loaded only (see Table 11). 

P 

or Q = allowable stress in compression parallel to grain in pounds per 


square inch, due to end or longitudinal load. 

For j « io or less: 

1 See “Formulas for Columns with Side Loads and Eccentrioity/' Butldmo Standards Monthly, 
December. 1940. 
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Combined end and transverse load : 

n _ Ct(/ - Si) 

Q- f 

Eccentrically loaded member : 



For j = 20 or more: 

U6 

Combined end and transverse load: 

Eccentrically loaded : 



For between 10 and 20 compute Q by appropriate formula for ^ = 10 or less 
and then by the one for ^ — 20 or more, and interpolate for the correct value of Q. 
For instance, if jjr = 17, correct value = Q iQ — 0.7((3 JO — Q 20 ). 


20. Built-up Columns. — The preceding discussion applies only to columns 
consisting of single sticks of timber. Built-up columns may be divided into two 
types: (1) those of solid section made up of thin planking and nailed, or nailed 
and bolted; and (2) those of solid section bolted and keyed together, also 
latticed or trussed columns. 

Type (1). — Columns of the first class are often used in cheap construction and, 
unfortunately, in situations where there is no excuse for not using a solid section. 
Carpenters, in order to make use of material available or handy, will often build 
up posts spiked together instead of using a solid section, in the belief that they 
are furnishing a stronger column than the larger timber of one piece. Tests 
have conclusively shown that a column of two or three pieces of timber blocked 
apart and bolted together at the ends and middle has no greater strength than 
the sum of the strengths of the component sticks, each acting as a single column, 
entirely independent of the other sticks. 

The strength of a built-up column of this class depends wholly upon the 
ability of the fastenings to resist initial deflection under loading. Such columns 
are usually designed with one of two typical sections: A column composed of a 
number of planks laid face to face and bolted or spiked together, as shown in 
Fig. 18a; or a column composed of planks face to face with their edges tied 
together by cover-plates, as in Fig. 186. Of the two details, that of Fig. 186 
is far superior to Fig. 18a. When a column of the type shown in Fig. 186 is 
thoroughly spiked, in addition to being bolted, the strength of column is undoubt- 
edly greater than the sum of the strengths of the component planks acting as 
individual sticks. From tests made by Henry D. Dewell, he recommended that 
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the strength of a built-up column of the type of Fig. 18a be taken at 80 per cent of 
the mean of the strength computed, (1) as a solid stick, and (2) as a summation 
of the strength of the individual sticks considered as individual columns. For 
columns of the type of Fig. 1 86, it is recommended that the strength be taken 
as 80 per cent of that of a solid stick of equal cross-section and length. 

TShe preceding recommendations are for built-up columns taking no appreci- 
able bending stresses; in other words, for columns whose loads are balanced about 
the gravity center of the column section. Obviously, the resistance to bending of 
a built-up column of this class is low, as has been pointed out in the case of built-up 
girders (see Art. 14). 


Type (2). — In framing for large timber buildings, as for expositions, wooden 
columns are sometimes constructed of two posts bolted and keyed together 


(Fig. 19a), two posts laced with diagonal sheath 
ing (Fig. 196), or four posts laced together 
(Fig. 19c). Such a construction may be nec- 
essary for the long story heights encountered 
in such buildings. The lacing shown in the 
detail of Fig. l r *c may be spiked, bolted, or 
attached by means of lag screws, as deter- 
mined usually by consideration of the stresses 
in the lacing due to wind shear. For dead 
loads, it is well to assume that the individual 






Fig. 18. — Sections of built-up columns. Fig. 19. — Heavy built-up columns. 


timbers act as separate columns, not held together by the fastenings. The lac- 
ing may be at 60 or at 45 deg. with the axis of the column, depending on the 
judgment of the designer. In general, the 60-deg. lacing is the preferred type. 

21. Column Bases. — Except for temporary construction, building footings at 
the present time are constructed of concrete, reinforced concrete, or steel grillages 
incased in concrete. The statement may be made, therefore, that the first-story 
column of any building will rest on a concrete footing. A base plate between 
the bottom of post and top of footing is a necessity for two reasons: (1) To dis- 
tribute the column pressure over the footing without exceeding the safe unit bear- 
ing pressure for concrete; and (2) to prevent moisture from entering the bottom of 
the column and causing rot. For this purpose a wooden plate, preferably of red- 
wood or cedar, a standard metal column base, a cast-iron base, or a plain steel 
plate may be used. The latter is often found as satisfactory and more economical 
than the standard metal post base. If a single plate is used, the thickness must 
be sufficient to give strength to the plate, in flexure, to distribute the load uni- 
formly over the footing, with a uniform distribution of pressure on the footing. 

Illustrative Problem. — Given a 12- X 12-in. column carrying a load of 130,000 lb. 
Using a working value of 400 lb. per sq. in. for bearing on the concrete, a base of 130,000/400 
m 326 sa. in. is required, or 18-in. square. The plate will then project 3% in. from each 

( 310 000 \ 

— £ — ](%)($) — 
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^13(M)00^ (%)(q 3,/) _ (32,500) (2 17) - 70,500 in.-lb. This moment is resisted by the 

full width of base As the plate is in effect a short, thick beam, a maximum flexural fiber 
stress of 20,000 lb. per sq. m. for structural steel may be used, givi ng a required section 
modulus of 3.53. Therefore S = 04 ) ( 18) (d 2 ) ■» 3.53, or d - y/l 18 * 1.08, or a 
plate. 

In detailing the base of column, it is well to set a dowel into the concrete and let 
the same project into the bottom of post. The size of dowel is a matter of judg- 
ment. For a 12- X 12-in. post, the dowel should be not less than 1 % X 6 in. 



Fig. 22. — Typical details of construction with “Falls” post caps and bases 

If the use of a standard column base is contemplated, the particular base 
should be examined to make sure its composition is sufficiently strong to distribute 
its load equally over the foundation. 

It remains to be stated that all metal bases should be well painted. The 
bottoms of columns should be given two coats of a good wood preservative. The 
top of the concrete footing should be set a few inches above the floor to prevent 
moisture standing around the bottom of the column. 

Figures 20, 21 and 22 show standard post bases, taken from manufacturers’ 
catalogs. 

Reference to Figs. 16 and 17, Sec. 5, will disclose connector devices for pre- 
venting slip or shear between wood members, with one in particular used in 
connection with column bases. ' 



SECTION 5 

SPLICES AND CONNECTIONS FOR WOODEN MEMBERS 

1. Nails. — Wire nails are usually of steel, of circular cross-section without 
taper, and with a head and point. In size they are designated as 8-D (8 penny), 
10-D (10 penny), etc., and, in class, as common, finishing, casing, barbed roofing, 
shingle, fine, cement coated, etc. 

Cut nails are of steel or iron, with a rectangular cross-section, and taper from 
head to point, the latter being cut square, i.e., not pointed. The sizes are 
designated as for wire nails. 


Table 1. — Wire Nails — Common 


Size 

Length, 

inches 

Gage, 

number 

Diameter, 

inches 

c 

Approximate 
number to 
pound 

2d 

1 

15 

0.072 

0.0193 

876 

3d 

IK 

14 

0.083 

0.0238 

568 

4d 

IK 

12 X 

0.102 

0.032 

316 

fid 

m 

12K 

0.102 

0.032 

271 

6d 

2 

UK 

0.115 

0.039 

181 

7d 

2K 

UH 

0.115 

0.039 

161 

■ 8d 

2H 

10M 

0.124 

0.044 

106 

lOd 

3 

9 

0.148 

0.053 

69 

12d 

3K 

9 

0.148 

0.053 

63 

16d 

3 H 

8 

0.165 

0.067 

49 

20d 

4 

6 

0.203 

0.092 

31 

30d 

4K 

5 

0.220 

0.101 

24 

40d 

5 

4 

0.238 

0.115 

18 

50d 

5K 

3 

0.259 

0.132 

14 

60d 

6 

2 

0.284 

0.150 

11 


Spikes designate the large sizes of nails. 

The sizes of nails and spikes are given in Tables 1 to 9a inclusive. For 
quantity of nails required in timber construction, see Table 10. 

Boat spikes are employed in heavy timber construction. They are made from 
square bars of steel or wrought iron, have a forged head and a wedge-shaped point. 
The common sizes and weights are given in Table 11. 

2. Screws. — Screws may be classified as (1) common wood screws , and (2) lag 
or coach screws . 

Wood screws have slotted heads; the shank is smooth for a portion of its length 
adjacent to the head, the remainder of the length being threaded, and tapering to a 
point. Wood screws are usually of steel, but are made also of bronze and brass. 

399 
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Table 2. — Wire Nails — Finishing 


Size 

Length, inches 

Gage, number 

Approximate 
number to pound 

2d 

1 

16 K 

1,351 

3d 

IK 

16 K 

807 

4d 

IK 

15 

584 

5d 

m 

15 

500 

6d 

2 

13K 

309 

7d 

2K 

13 

238 

8d 

2K 

12K 

189 

9d 

2K 

12K 

172 

lOd 

3 

uk 

121 

12d 

3K 

UK 

113 

16d 

3K 

u 

90 

20d 

4 

10 

62 


Table 3. — Wire Nails — Casing 


Size 

Length, inches 

Gage, number 

Approximate 
number to pound 

2d 

1 

15K 

1,010 

3d 

IK 

UK 

635 

4d 

IK 

14 

473 

5d 

IK 

14 

407 

6d 

2 

12K 

236 

7d 

2K 

12K 

210 

8d 

2K 

UK 

145 

9d 

2K 

UK 

132 

lOd 

3 

10K 

94 

12d 

3K 

10K 

87 

16d 

3K 

10 

71 

20d 

4 

9 

52 

30d 

4K 

9 

46 

40d 

5 

8 

35 


Table 4. — Wire Nails — Fine 
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The ordinary wood screw has a flat head, but screws are also made with round 
heads. Wood screws are designated by gage and length. Given the gage num- 
ber, the diameter of the smooth shank may be found from the formula 

d = 0.0578 + 0.01316 G 

where d = diameter in inches, and G — gage number of screw. Table 12 gives 
the length and gage numbers of wood screws, flat head, bright steel. 


Table 5. — Wire Nails — Shingle 
(Bright or Hot Galvanized) 


Size 

Length, 

inches 

Gage, 

number 

Approximate 
number to pound 

3d 


13 

429 

3^d 

1 9-8 

12 X 

345 

4d 

IK 

12 

274 

5d 

IK 

12 

235 

6d 

2 

12 

204 


Lag screws are ol heavier stock than the common wood screws and have a 
square head without slot. Table 13 gives the sizes, lengths, and weights of lag 
screws. 

3. Bolts. — Bolts, in timber construction, may be divided into two classes, (1) 
common, ordinary , or machine bolts, and (2) drift bolts. 


i 

os 

.a 


Table 6. — Regular Head Roofing Nails 
(Flat Head, Diamond Point) 


Size, 

inches 

Length, 

inches 

Gage 

number 

Diameter 
of head, 
inches 

Extras per 100 lb. 

Approxi- 
mate 
i number 
to pound 

Barbed 

Smooth 

K 

K 

13 

K 

$1 95 

$1.95 

714 

H 

H 

12 

?32 

1 70 

1.70 

469 

l 

l 

12 

%2 

1 60 

1.60 

411 

IK 

IK 

12 

%2 

1.45 

1.40 

365 

IK 

IK 

11 

*A 6 

1.30 

1.25 

251 

IK 

IK 

11 

JHs 

1.20 

1.15 

230 

IK 

IK 

10 

X YS2 

1.00 

0.95 

176 

ik 

IK 

10 

1 Hi 

0.90 

0 85 

151 

2 

2 

9 

X 

0.80 ! 

i 

0.75 

103 


Machine bolts are of steel or wrought iron, of circular cross-section without 
taper, having a square head upset on one end, and the other end threaded to 
receive a nut. The length of a bolt is the length from underside or inside of 
head to end of thread. Nuts are usually square unless otherwise ordered, but 
hexagonal nuts may be obtained where desired. Table 14 gives the weights of 
100 machine bolts with square heads and nuts. Table 15a gives the values in 
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Table 7. — American Felt Roofing Nails 
(Bright or Galvanized) 



Length, 

Gage 

Count per pound 

Diameter 

inches 

number 

Bright 

Galvanized 

of head, inches 

K 

11 

185 

165 

% 

Vs 

11 

175 

156 

% 

1 

11 

155 

145 

% 

IK 

11 

150 

135 

% 

IK 

11 

135 

125 

% 

IK 

11 

110 

100 

% 

IK 

11 

90 

80 

% 

H 

12 

205 

180 

% 

K 

12 

195 

172 

% 

l 

12 

180 

160 

% 

IK 

12 

170 

152 

H 

IK 

12 

165 

148 

% 

IK 

12 

141 

133 

% 

IK 

12 

120 

110 

% 


Table 8. — Round Wire Spikes 1 
(Flat Head, Diamond Point) 


Size 

Length, 

inches 

Gage 

Extras 

per 

100 lb. 

Degree of 
counter- 
sink 

Diameter 
of head 

Approxi- 
mate 
number 
to pound 

lOd 

3 

No. 6 





12d 

3K 

No. 6 





16d 

3K 

No. 5 





20d 

4 

No. 4 

$0.35 

123 

1S A* 

23 

30d 

4H 

No. 3 

0.35 

123 

K 

17 

40d 

5 

No. 2 

0.35 

123 

% 

13 

50d 


No. 1 

0.45 

123 

Ke 

10 

60d 

6 

No. 1 

0.45 

123 

Ke 

9 

7 in. 

7 

He inch 

0.45 

123 

. K 

6 

8 in. 

8 

% inch 

0.45 

123 

K 

4 

9 in. 

9 

% inch 

0.60 

123 

K 

3M 

10 in. 

10 

% inch 

0.60 

123 

K 

3 

12 in. 

12 

% inch 

0.60 

123 

H 

2 H 


1 Lengths up to end including Id inches supplied in various gages. 





Sec. 5-4] CONNECTIONS FOR WOODEN MEMBERS 403 

tension of bolts at various stresses, based on the area of the bolts at the root of 
thread. Table 156 gives the strength of round rods with upset ends. 


Table 9. — Cut Nails 


Size 

Length, inohes 

Sice 

Length, inches 

Sd 

IX 

12d 

3X 

4d 

IX 

led 

3X 

54 

ix 

20d 

4 

6d 

2 

30d 

4X 

7d 

2 H 

40d 

5 

8d 

2X 

50d 

5X 

lOd 

3 

60d 

6 


4. Lateral Resistance of Nails, Screws and Bolts. — When spikes, screws and 
bolts are subjected to lateral forces in a timber joint, shearing and bending 
stresses are produced in the spikes, screws, or bolts, and the timber in contact with 
the metal is subjected to pressure. In timber construction, joints of this nature 
are of common occurrence, and it is necessary to have safe working values for 
such details. The factors entering into a theoretical consideration of the stresses 
produced in such a joint are many and complex, and in the determination of safe 
working values, recourse must be had to the results of tests. 

Table 9a. — D uplex Head Nails 
(Diamond Point, Bright) 

Especially designed for use on concrete forms, scaffolds and other types of tem- 
porary wooden construction. Extra head permits easy withdrawal of nail without 
damage to lumber. 




Size, inches 

Length under 
lower head, 
inches 

Gage 

Distance be- 
tween heads, 
inches 

Extras per 
1001b. 

m 

m 

nn 

Vi 

$4.50 

2J4 


10 M 

H 

3.50 

2% 

m 

9 

He 

3.00 

3 

3 

8 

H 

2.60 



6 

% 

2.40 

4 

4 

5 

'He 

2.20 


In the case of nails and screws a theoretical analysis of the stresses is not 
practical. Tests 1 have established fairly definitely the ultimate strength and 
elastic limits of such joints. 

i “Testa Mode to Determine Lateral Resistance of Wire Nails/' Thomas R. C. Wilson, Eng. New*- 
Rec>, vol 75, No. 8, Fob. 14, 1917; The Forest Product* Laboratory “Wood Handbook/' 
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Table 10.— Quantity of Nails Required for Timber Construction 



Size 

Nails in pounds for various 
spacing of joists and 
studding 


12 

in. 

16 

in. 

20 

in. 

30 

in. 

48 

in. 

60 

in. 

, 

1,000 M.B.M .... Joists, frame building 

20d 

20 

10 

14 




Joists, briok building 

20d 

12 

10 

8 




1,000 pcs Bridging, 1X4 

8d 



35 




Bridging, 2 X 4 

lOd 

. . 


50 




1,000 M.B.M .... Studding 

20d 

15 

12 





Studding 

lOd 

5 

4 





Sheathing, 1X8 

8a 

26 

20 

17 




Flooring, 1 X 4 

8d 

26 

22 





Flooring, 1X4 

lOd 

40 

32 





Flooring, 1X0 

8d 

17 

13 

11 




Flooring, 1X6 

lOd 

20 

20 

17 




Planking, 8 X 6, 2 nailings 

COd 




51 

40 

34 

Planking, 3 X 8, 2 nailings 

60d 




39 

30 

26 

Planking, 3 X 10, 2 nailings 

GOd 




31 

24 

20 

Planking, 3 X 12, 3 nailings 

GOd 




39 

30 

26 

Planking, 2 X 6, 2 nailings 

20d 


51 

42 

27 

21 

18 

Planking, 2 X 10, 2 nailings 

20d 


30 

25 

16 

13 

11 

Finishing 

8d 


20 





100 lin. ft Base 

8 X 6d 


1 





1 Door 

8 X Gd 


M 





1 Window 

8 XGd 


H 






Table 11. — Boat Spikes — (Wrought Iron) 1 


Size 

Average number 

Size 

Average number 

100 lb. 

in 100 lb. 

H X3 

1,500 

?8 X 7 

325 

3^ 

1,350 

8 

300 

4 

1,187 

9 

263 


1,U0 

10 

238 

5 

1,025 

11 

m 220 

5A 

975 

12 

198 

6 

913 

He X 6 

300 

7 

850 

7 

295 

8 

790 

8 

255 

He X 4 

680 

9 

200 

4 H 

650 

1 10 

180 

5 

615 

11 

160 


605 

12 

150 

6 

5 88 

X X 6 

225 

7 

570 

7 

188 

' 8 

500 

8 

168 

H X 6 

470 * 

9 

150 < 

6 

400 

10 

138 

* 

-f 

12 

120 


1 In Addition to those listed above, a spike from 8 to 16 in. long may notr be obtained. 
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Table 12. — Wood Screws 
(F lat Head. Bright Steel) 


Length , 

inches 

Gage numbers 

k 

0 

1 

„ 

3 

4 












X 

*0 


2 

3 

4 

5 

C 

7 

8 

9 







y % 

*1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

•11 

•12 





X 

•1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 





X 

*2 

3 

4 

5 

6 

7 

,8 

8 

10 

11 

12 

*13 

14 

*15 

•16 


X 

*2 

•3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

*13 

14 

*16 

*16 


1 

*3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

•17 

*18 

IK 

•4 

« 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

*17 

•18 

*20 

1 M 

•5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

20 

•22 

IK 

6 

7 

8 

9 

10 

13 

12 

13 

14 

lo 

16 

17 

18 

20 

•22 

*24 

2 

6 

7 

8 

9 

10 

ii 

12 

13 

14 

15 

16 

*17 

18 

20 

•22 

*24 

2X 

6 

7 

8 

9 

10 

u 

12 

13 

14 

*15 

16 

*17 

18 

*20 

*22 

*24 

m 

8 

9 

10 

11 

12 

13 

14 

*15 

16 

*17 

18 

20 

22 

24 




no 

*11 

*12 

*13 

*14 

*15 

no 

*17 

*18 i 

*20 

*22 

*24 





3 

no 

11 

12 

•13 

14 

15 

16 

*17 

18 

20 I 

22 

*24 

*26 




cc 

no 

•11 

*12 

•13 

14 

*15 

16 

*17 

18 

20 

*22 

24 

*26 




4 

12 

14 

to 1 

18 

20 

22 

24 

*20 










•16 

*18 

20 

22 

24 

26 

I 








| 


5 

•18 

20 

*22 

*24 

*26 

*28 

1 










*0 

•20 

*22 

*2* 

*26 

*28 

*30 












* Qiaos not usually carried in stock. 


Table 13. — Lag Screws 

(Gimlet Point. Square Head) 


Length, 

inches 

Diameter, inches 

X 

Ks 

X 

M 

X 

K 

X 


- Weight in pounds of 100 screws 

i>4 

2.0 

3.9 

6.1 

10.4 




IK 

2 7 

4.0 

6.0 

11.0 




IK 

2.8 

4.4 

5.8 

11.7 




2 

3 1 

4.8 

6.7 

13.0 

24.0 



2M 

3.7 

1 5.6 

8.4 

15.6 

27.2 

39.0 


3 

4 2 

6.5 

9. 1 

18.2 

30.5 

45.0 

66.0 

3>j 

4.8 

7.3 

10.6 

20.6 

33.7 

51.0 

72.0 

4 

5.4 

8.2 

12.0 

22.9 

37.0 

57.0 

78.0 

4K 

6.0 

9.0 

13.0 

25.8 

40.2 

62.0 

85.0 

5 

6.0 

9.9 

14.0 

27.5 

43.5 

67.0 

92.0 

6M 


10.8 

15.0 

30.3 

47.0 

72.0 

100.0 

6 


11.7 

10.0 

32.0 

50.6 

77.0 

107.0 

7 




36.5 

57.8 

87.0 

122.0 

8 




41.0 

64.7 

07.0 

137.0 

9 


• • • • 


45.5 

72.0 

107.0 | 

152.0 

10 




50.0 

79.2 

117.0 

167.0 

11 

1 



54.5 

86.5 

127.0 ! 

180.0 

12 




59.0 

04.0 

137.0 

191.0 





406 


STRUCTURAL MEMBERS AND CONNECTIONS [Set. R-4 


Length, 

inches 


U 

1 

1M 

1M 

2 

2H 

3 

3H 

4 

4^ 

6 

5H 

6 

6M 

7 

7H 

8 
0 

10 

11 

12 

13 

14 

15 
10 

17 

18 
10 
20 
21 
22 

23 

24 

25 

26 

27 

28 
20 
30 


Table 14. — Machine Bolts 


Diameter, inches 

H 

Ms 

H 

Ms 

H 

; 

& 

*4 

i ^ 

Off'' 

i 

1 

Threads per inch 

20 

18 

16 

14 

13 

11 

10 

9 

8 


Weight in pounds of 100 bolts with square heads and nuts 


2.4 

4.4 

6.0 

10.4 






2.8 

4.9 

7.6 

11.5 

16. 3 





3.1 

5.5 

8.4 

12.5 

17.7 

31 7 

52.2 



3.4 

6.0 

9.2 

13.6 

19.1 

33.8 

55.3 

83.4 


4.1 

7.1 

10.8 

15.7 

21.8 

38.1 

61.6 

91.8 

129.0 

4.8 

8.2 

12.3 

17.8 

24.6 

42.4 

67.7 

09.7 

140.1 

5.5 

0.2 

13.8 

19.9 

27.4 

46.7 

73.9 

108.1 

151.1 

6.2 

10.3 

15.3 

21.8 

29.8 

51.0 

80.1 

116.6 

162.2 

0.6 

11.4 

16.9 

24.0 

32 6 

55.4 

86.3 

125.0 

173.2 

7.5 

12.4 

18.4 

26. 1 

35.4 

59.3 

92.1 

132.9 

182.7 

8.2 

13.5 

19.9 

28.2 

38.1 

63.6 

98.3 

141.3 

193.7 

8.0 

14.6 

21.5 

30.3 

40.9 

67.9 

104.5 

149.8 

204.8 

0.6 

15.6 

23.0 

32.4 

43.7 

72.3 

110.7 

158.2 

215.8 

10.3 

16.7 

24.6 

34.5 

46.4 

76.6 

116.9 

166.7 

226.9 

11.0 

17.8 

26.1 

36.0 

49.2 

80.9 

123.1 

175.1 

237.9 

11.7 

18.9 

27.7 

38.8 

51.9 

85.2 

129.4 

183.6 

248.9 

12.4 

20.0 

29.2 

40.9 

54.7 

89.5 

135.0 

192.0 

260.0 

13.7 

22.1 

32.4 

44.9 

60.0 

97.8 

147.5 

208.8 

281.3 

15.1 

24.3 

35.5 

40.1 

65.5 

100.4 

160.0 

225.2 

303.3 

10.5 

26.4 

38.6 

53.4 

71.0 

115.1 

172.4 

242.2 

325.5 

17.9 

28.6 

41.7 

57.0 

76.5 

123.7 

184.8 

259. 1 

347.6 

19.3 

30.7 

44.8 

61.8 

82.0 

132.0 

197.2 

270.0 

369.6 

20.0 

32.9 

47.9 

60.0 

87.6 

140.0 

209.7 

292.9 

391.7 

22.0 

35.1 

51.0 

70.3 

03.1 

149.2 

222.1 

309.8 

413.8 

23.4 

37.2 

54. 1 

74.5 

98.6 

157.9 

234.5 

326.7 

435.9 

24.8 

39.4 

57.2 

78.7 

104.1 

106.5 

246.9 

343.6 

458.0 

26.2 

41.5 

60.3 

82.9 

109.7 

175.1 

259.4 

300.5 

480.1 

27.5 

43.7 

63.4 

87.2 

115.2 

183.7 

271.8 

377.5 

502.2 

28.9 

45.8 

86.5 

91.4 

120.7 

192.4 

284.2 

394.4 

524.3 

30.8 

48.0 

09.6 

95.6 

126.2 

201.0 

206.6 

411.3 

546.4 

31.7 

50.2 

72.7 

00.9 

131.7 

209.6 

309.1 

428.2 

568.4 

33.1 

52.3 

75.8 

104.1 

137.3 

218.3 

321.5 

445.1 

590.5 

34.4 

54.5 

78.9 

108.3 

142.8 

226.9 

333.9 

462.0 

612.6 

35.8 

56.6 

82. 1 

112.5 

148.3 

235.5 

346.3 

478.9 

634.7 

37.2 

58.8 

85.2 

116.8 

153.8 

244. 1 

358.8 

495.8 

650.8 

38.6 

60.9 

88.3 

121.0 

159.4 

252.8 

371.2 

512.7 

078.9 

40.0 

63.1 

91.4 

125.2 

164.9 

261.4 

383.6 

529.7 

701.0 

41.3 

65.3 

94.5 

129.5 

170.4 

270.0 

396.0 

546.6 

723.1 

42.7 

67.4 

97.6 

133.7 

175.9 

278.7 

408 5 

563.5 

746.2 
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Table 15a. — T ensile Strength op Bolts and Round Rods without Upset Ends 



Diameter of 


Strength of rod 

of rod 

root of 
i thread 

I 

pp cigii v per 

lin ft. 

At 12,500 lb 
per sq. in. 

At 15,000 lb. 
per sq. in. 

At 16,000 lb. 
per sq. in. 

At 20,000 lb 
per sq. in. 

K 

0.204 

0.376 

848 

1,018 

1,088 

1,360 

He 

0.344 

0.511 

1,160 

1,393 

1,489 

1,860 

K 

0.400 

0.668 

1,570 

1,884 

2,018 

2,520 

He 

0.4S4 

0.845 

2,022 

2,427 

2,590 

3,240 

K 

0.607 

1.043 

2,524 

3,030 

3,230 

4,040 

K 

0.620 

1.502 

3,780 

4,530 

4,830 

6,040 

K 

0.731 

2.044 

5,250 

6,300 

6,720 

8,400 

1 

0.837 

2.670 

6,880 

8,240 

8,800 

11,000 

1M 

0.940 

3. 380 

8,670 

10,420 

11,100 

13,880 

IK 

1.065 

4.170 

11,170 

13,420 

14,280 

17,860 

IK 

1.160 

5.050 

13,220 

15,860 

16,900 

21 , 140 

IK 

1.284 

6.010 

16,190 

19,420 

20,700 

25,900 

IK 

1.380 

7.050 

18,330 

22,720 

24,200 

30,300 

IK 

1.490 

8.180 

21,880 

26,170 

27,900 

34,880 

IK 

1.615 

9.390 

25,600 

30,720 

32,800 

40,960 

2 

1. . T 12 

10. 680 

28,800 

34,550 

36,800 

46,040 

2K 

1.962 

13. 520 

37,800 

45,350 

48,400 

60,460 

2 H 

2. 153 

16. 690 

46,450 

55,700 

59,400 

74,300 

2 K 

2. 425 

20.200 

57,750 

69,200 

73,800 

92,380 

3 

2.629 

24.030 

67,800 

81 ,400 

86,900 

108,560 


Table 156. — Strength of Round Rods with Upset Ends 


Diameter 
of rod 

Diameter of 
upset 

Weight per 
lin. ft. 

K 

K 

0.668 

He 

K 

0.845 

H 

K 

1.043 

l He 

1 

1.262 

K 

1 

1.502 

1 He 

l H 

1.763 

K 

IK 

2.044 

l He 

IK 

2.347 

1 

IK 

2.670 

l K 

\ IK 

3.379 

1 K 

IK 

4.173 

1 K 

IK 

5.049 

1 K 

2 

6.008 

1 K 

2K 

7.051 

l K 

2 K 

8.178 

1 K 

2 K 

9.388 

2 

2K 

10.680 

2 H 

2 K 

12.060 

2 K 

2 K 

13. 520 

2 H 

3 

15.070 

2 K 

3 H 

16. 690 

2 K 

3H 

18.400 

2 K 

3H 

20.200 


Strength of rod 


At 12,500 lb. 
per sq. in. 

At 15,000 lb. 
per sq. in. 

At 16,000 lb. 
per sq. in. 

At 20,000 lb. 
per sq in. 

2,453 

2,944 

3,135 

3,920 

3,106 

3,727 

3,980 

4,980 

3,835 

4,600 

4,910 

6,140 

4,640 

5,560 

6,940 

7,420 

5,520 

6,627 

7,080 

8,840 

6,490 

7 790 

8,310 

10,380 

7,516 

9,020 

9,630 

12,020 

8,630 

10,340 

11,040 

13,800 

9,815 

11,780 

12,560 

15,700 

12,425 

14,900 

15,910 

19,880 

15,330 

18,400 

19,650 

24,540 

18,550 

22,260 

23,750 

29,700 

22,080 

26,500 

28,300 

35,340 

25,910 

31,090 

33,200 

41,480 

30,060 

36,070 

38,500 

48,100 

34,600 

41,400 

44,200 1 

55,220 

39,270 

47,130 

50,300 

62,840 

44,320 

53,190 

56,700 

70,940 

49,700 

59,680 

63,600 

79,520 

55,370 

66,450 

70,900 

88,600 

61,350 

73,620 

78,500 

98,180 

67,600 

81,200 

86,600 

108,240 

74,230 

89,080 

95,100 

118,800 
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The safe working value for common wire nails or spikes for resistance to 
lateral forces in timber joints of yellow pine or Douglas fir may be taken at 

p = K<P* 

where p = safe lateral resistance of one nail, d = diameter of nail in inches, and 
K *» a constant depending upon the wood. 

Values for d ** will be found in Table 1 and for K in Table 16. 


Table 16. — Values of K 


Eastern hemlock, spruce, white pine K = 900 

Cypress, western hemlock, Norway pine K = 1,125 

Douglas fir, southern yellow pine K » 1,375 

White ash, hickory, maple, oak K = 1,700 



Fig. 1. — Typical load-slip curve of 
nailed joint, Bureau of Buildings, City of 
Portland. 


All tests made on nailed joints indicate that the strength of the joint is 
approximately the same whether the nail be driven so that the compression on 

the timber is against or across the grain. 
The resistance of the joint is, however, 
decreased from 25 to 33 K per cent if 
the nails are driven parallel to the fibers 
of the timber — for example, driving the 
nails into the ends of a stick of timber. 
A joint in which this condition exists is 
a header joint, frequently used in light 
joist construction. 

When one piece of timber is spiked to 
another, the penetration of the nail into 
the second timber should not, in hard or 
in soft wood, be less, respectively, than 
one-half or two-thirds of the length of nail. 

The slip of a nailed joint occurs at a comparatively small load, as may be seen 
from an inspection of the curve of Fig. 1, which is plotted from the published 
results of tests made by the Portland Bureau of Buildings. 

The elastic limit of a nail in lateral resistance in air-dry long-leaf yellow pine 
occurs at a value of approximately C = 7,000 in the formula, p - Cd 2 , and at an 
average slip of 0.028 in., as found by Wilson in the tests of the Forest Service 
(see reference in footnote, Art. 4). The Portland tests show higher values for 
both elastic limit and slip at elastic limit. The Forest Products Laboratory 
values of K for working values in p = Kd^ show a factor of safety of about 
1.6 on the proportional limit in lateral movement and in wood of about 15 per cent 
moisture content. 

6. Lateral Resistance of Wood Screws. — The lateral resistance of common 
wood screws was investigated as thesis work by Kolbirk and Birnbaum at Cornell 
University, 1 using timbers of cypress, yellow pine and red oak. From the results 
of these tests, the following formula for the safe lateral resistance may be used for 
yellow pine and Douglas fir: 

p * 4,375d 2 


1 Abstract of results published in Cornell Civil Engineer, vol. 22, No. 2, Nov., 1913. 



Sec. 5-6] 


409 


CONNECTIONS FOR WOODEN MEMBERS 

Table 17 gives the safe working values in terms of gage numbers. In giving 
these values the assumption is made that the screw is imbedded in the second or 
main piece of timber approximately Y o the length of the screw. 


Table 17. — Safe Lateral Resistance of Common Wood Screws with Yellow 

Pine and Douglas Fir 


Gage of screw 

Diameter, 

inches 

Safe lateral resistance, 
pounds 

6 

0.137 

82 

8 

0.163 

116 

10 

0. 189 

156 

12 

0.216 

204 

14 

0. 242 

256 

16 

0.268 

314 

18 

0. 295 

381 

20 

0.321 

451 

22 

0.347 

527 

24 

0.374 

512 

• 26 

0.400 

700 


6. Lateral Resistance of Lag Screws. — Two typical cases of joints may be 
made: (1) boards or planks screwed to a timber block, and (2) a metal plate 
screwed to a block of timber. Henry D. Dewell made a series of tests on both 
types of joint. 1 From the results of these tests, and also from a theoretical con- 
sideration of the probable distribution of pressures of lag screw against timber and 
resultant bending moments in the lag screw, the following values for lag screws in 
lateral shear and bending are recommended : 

Safe Lateral Resistance of One Lag Screw 

Metal plate lagged to timber X 4^2-in. lag screw 1,030 lb. 

X 5-in. lag screw 1,200 lb. 

Timber planking lagged to timber Ytr X 4H-in. lag screw 900 lb. 

X 5-in. lag screw 1,080 lb. 

7. Lateral Resistance of Bolts. — In a typical detail of wooden joint, such 
as is illustrated in Fig. 2, a number of assumptions may be made as to the dis- 
tribution of the bearing pressure of the 
bolt against the timber. Since as many 
different bending moments will obtain -« — 
as assumptions of distribution of pres- 
sure are made, the resultant computed 

resistance of bolt to resist relative move- Fl °- Z.-'Typi^MtedJoint-Mta in 
ment of the timbers will vary accord- 
ingly. These facts, coupled with the lack of uniformity of wood in its physical 
properties, do not justify the refinement in the analysis of the stresses involved 
as does steel. The following procedure, which was taken from U.S. Dept. Agr. 
Tech. Bull. 332, written by George S. Trayer, is thought to be the most univer- 
sally accepted. 

Where a bolted joint is to be designed with the bolt pressure parallel to the 
grain of the wood, Table 18 is entered and the basic allowable stress is found for 
the wood in question. For instance, southern yellow pine has a basic allowable 
i Eng. Newt, vol. 76, No. 3, July 20; No. 4, July 27. mad No. 17, Oot. 26, 1*18. 
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Table 18. — Basic Stresses fob Calculating Safe Loads for Bolted Joints 




Basic stress 

Group 

Species of wood 

| Parallel 
with the 

Perpen- 

dicular 



grain, 

to the grain, 



p.s.i. 

p.s.i. 


Softwoods (conifers) 


1 

Cedar, northern and southern white 

Fir, balsam, and commercial white 

Hemlock, eastern 

Pine ponderosa, sugar, northern white, and western 
white* 

Spruce, Engelmann, rod, Sitka, and white 

800 

150 

2 

Douglas fir (Rocky Mountain region) 

1,000 

200 


Cedar, Alaska, Port Orford, and western red 
Hemlock, western f 

Pine, Norway 



3 

Cypress, southern 

Douglas fir (coast region) 

Larch, western 

Pine, southern yellow 

Redwood 

1,300 

275 


Tamarack 




Hardwoods (broad-leaved species) 


1 

Ash, black 

Aspen and largetooth aspen 

Basswood 

Birch, paper 

Chestnut 

Cottonwood, black and eastern 

Yellow poplar ' * 

925 

175 

2 

Maple (soft) , red and silver 

Elm, American and slippery 

1,200 

260 


Gum, black, red, and tupelo 

Sycamore 



3 

Ash, commercial white 

Beech 

Birch, sweet and yellow 

Elm, rock 

Hickory, true and pecan 

Maple (hard), black and sugar 

1 Oak, commercial red and white 

i * 

1,500 

400 


* Sold commercially aa Idaho white pine, 
t Sold commercially a a West Coaat hemlock. 
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ill 


stress of 1,300 lb. pep sq. in. parallel to the grain. Call it Sb. Then enter Table 

19 with the known ~jy and pick the percentage p from the group column in which 

the wood in question falls. Then SbP equals the safe working value in pounds per 
square inch, which, when multiplied by the projected area of the bolt, gives the 
allowable load for the bolt when the splice plates are of metal. If they are of wood 

and each 2 thick, the allowable load is reduced 20 per cent. 


Table 19. — Percentage of Basic Stress Parallel with the Grain for 
Calculating Safe Bearing Stresses under Bolts 


Length of bolt 

Percentage of basic stress for 

• • i 

in main member 
divided by its 

Common bolts’" 

High-strength bolts f 

diameter 

Group 1 
woods 

Group 2 
woods 

Group 3 
woods 

Group 1 
woods 

Group 2 
woods 

Group 3 
woods 

1.0 

100.00 

100.00 

100.00 

100. 00 

100.00 

100.00 

1.5 

100.00 

100.00 

100.00 

100.00 

100.00 

100.00 

2.0 

100.00 

100.00 

100.00 

100.00 

100.00 

100.00 

2.5 

100.00 

100.00 

99.70 

100.00 

100.00 

100.00 

3.0 

100.00 

100.00 

99.00 

100.00 

100.00 

100.00 

3.5 

100.00 

99.30 

96.70 

100 .,00 

100.00 

99.70 

4.0 

99.50 

97.40 

92.50 

100.00 

100.00 

99.00 

4.5 

97.90 

93.80 

86.80 

100.00 

100.00 

97.80 

5.0 

95.40 

88.30 

80.00 

100.00 

99.80 

96.00 

5.5 

91.40 

82.20 

73.00 

100.00 

98.20 

93.00 

6.0 

85.60 

75.80 

67.20 

100.00 

95.40 

89.50 

6.5 

79.00 

70.00 

62.00 

98.50 

92.20 

85.20 

7.0 

73.40 

65.00 

57.60 

95.80 

88.80 

81.00 

7.5 

68.50 

60.60 

53.70 

92.70 

85.00 

76.80 

8.0 

64.20 

56.90 

50.40 

89.30 

81.20 

73.00 

8.5 

60.40 

53.50 

47.40 

85.90 

77.70 

69.60 

9.0 

57.10 

50.60 

44 80 

82.50 

74.20 

66.40 

9.5 

54.10 

47.90 

42.40 

79.00 

71.00 

63.20 

10.0 

51.40 

45.50 

40.30 

75.80 

68.00 

60.20 

10.5 

48.90 

43.30 

38.40 

72.50 

64.80 

57.40 

11.0 

46.70 

41.40 

36.60 

69.70 

61.90 

54.80 

11.5 

44.70 

39.60 

35.00 

66.80 

59.20 

52.40 

12.0 

42.80 

37.90 

33.60 

64.00 

56.70 

50.20 

12.5 

41.10 

36.40 

32.20 

61.40 

54.40 

48.20 

13.0 

39.50 

35.00 

31.00 

59.10 

52.40 

46.30 


* Bolts having a yield point of approximately 45,000 lb. per sq. in. 
t Bolts hav in g a yield point of approximately 125,000 lb. per sq. in. 


If the load on the bolt is perpendicular to the grain, enter Table 18 and find 
the basic allowable compressive stress perpendicular to the grain for the wood in 

question. Call it Si,, and with known enter Table ?0 for the percentage factor 
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p. Then from the bottom of Table 20 get the diameter factor. The result of 

Sk X p X D/ equals the safe working stress for the particular g ratio used and, 

when multiplied by the projected area of the bolt, gives the load-carrying capacity 
of the bolt for either wood or metal splice plates. 

Illustrative Problem. — Given a joint with 6-in. center timber, and two 3-in. splice pads, 
bolted with J^-in. bolts. What is the safe strength of one bolt, if timber is Douglas fir and 
the bolt has a yield point of 45,000 lb. per sq. in. 

From Table 18 the basic stress parallel to the grain is 1,000 lb. per sq. in. 

g * 6.9, call it 7.0. From Table 19, the percentage factor « 65. The allowable load 
on one bolt is (6) {%) (1000) (0.65) * 3,420 lb. 


Table 20. — Percentages op Basic Stress Perpendicular to the Grain Used in 
Calculating Safe Bearing Stresses under Bolts 


Length of bolt in 
main member 
divided by its 

diameter ^g^ 

Percentage for 

common bolts* 

Percentage 
for high- 
strength 
bolts f (all 
groups) 

Group 1 
conifers and 
group 1 
hardwoods 

Group 2 
conifers 

Group 2 
hard- 
woods and 
group 3 
conifers 

Group 3 
hardwoods 

1-5, inclusive 

100.0 

100.0 

100.0 

100.0 

100.0 

5.5 

100.0 

100.0 

100.0 

99.0 

100.0 

6.0 

100:0 

100.0 

100 0 

96.3 

100 0 

6.5 

100.0 

100.0 

99.5 

92.3 

100.0 

7.0 

100.0 

100.0 

97 3 

86.9 

100.0 

7.5 

100.0 

99.1 

93.3 

81.2 

100.0 

8.0 

100.0 

96.1 

88.1 

75.0 

100.0 

8.5 

98.1 

91.7 

82.1 

69.9 

99.8 

9.0 

94.6 

86.3 

76.7 

64.6 

97.7 

9.5 

90.0 

80.9 

71.9 

60.0 

94.2 

10.0 

85.0 

76.2 

67.2 

55.4 

90.0 

10.5 

80.1 

71 6 

62.9 

| 51.6 

85.7 

11.0 

76.1 

67.6 

59.3 

48.4 

81.5 

11.5 

72.1 

64.1 

55.6 

45.4 

77.4 

12.0 

68.6 

61.0 

52.0 

42.5 

73.6 

12.5 

65.3 

58.0 

49.0 

40.0 

70.2 

13.0 

62.2 

55.3 

45.9 

37.5 

66.9 


X 

X 

H 

X 

1 

IX 

ix 

w 

2 

2X 

3 and 











over 

1.68 

1.52 

1.41 

1.33 

1.27 

1.19 

1.14 

1.10 

1.07 

1.03 

1.00 


Diameter of 
bolt, inches . . 

Diameter factor. 


H 

12.50! 


% 

1.95| 


* Bolts having a yield point of approximately 45,000 lb. per sq. in. 
t Bolts having a yield point of approximately 125,000 lb. per sq. in. 


Illustrative Problem.— Given, a joint of yellow pine timber with 5% -in. center/ and two 
spliced pads, bolted with lj^-in. bolts. What is the safe strength of one bolt in 
lateral resistance? 
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Enter Table 18, and find southern yellow pine, group 3. basic stress parallel to grain - 
1,300 lb. per sq. in. Enter Table 19 with known ^ - 3 .67, and get percentage 

factor from group 3 column by interpolation between 90.7 and 92.5, p « 95.44, allowable 
load on one bolt *= (1,300) (5^) (lK) (95.44) * 10,200 lb. 

Illustrative Problem. Solve the foregoing problem if the bolt pressure is perpendicular 
to the grain. Enter Table 18, and find allowable basic pressure perpendicular to the grain 
for southern yellow pine, in group 3. & - 275 lb. per sq. in. Enter Table 20 with known 

& - 3.67, and get percentage factor p « 100 and diameter factor D/ « 1.14. Allowable 
load on one bolt * (275) (5K)(lH) (100) (1.14) = 2,580 lb. 

8. Resistance to Withdrawal of Nails, Spikes, Screws, and Drift Bolts.— 

The resistance of nails, spikes, screws and drift bolts to withdrawal from timber 
i* a function of the surface area of contact between metal and timber, and the unit 
resistance to withdrawal. Expressed algebraivially, 

P - AC 


in which 

P — total pounds required to move the spike, screw, or drift bolt. 
A = surface of contact between metal and wood. 

C = unit resistance to withdrawal. 


Table 21. — Ultimate Resistance to Withdrawal of Wire and Cut Nails, 
Wood Screws, Lag Screws, Boat Spikes and Drift Bolts 

(All Quantities Expressed m Pounds per Square Inch of Contact between Metal and Timber) 



Yellow 

pine 

Douglas 

fir 

White 

pine 

White 

oak 

Redwood 

Cut nails 1 

500 

500 

300 

1,200 

300 

Cut nails* 

300 

300 

275 

1,000 

150 

Wire nails 1 

300 

300 

170 

900 

300 

Wire nails* * 

250 

250 | 

100 

800 

200 

Wood screws 

1,600 

1,500 

900 

2,200 

900 

Lag screws 

800 

800 

500 

1,200 


Boat spikes* 

600 

500 

270 

1,000 


Boat spikes 4 

370 

370 

200 

750 


Drift bolts* 

400 

400 

240 

600 


Drift bolts* 

200 

200 

120 

300 



* Driven perpendioular to grain of timber. 

* Driven parallel to grain of timber. 

* Edge of point parallel to gram of timber. 

* Edge of point across grain of timber. 

« Driven in holes He to H in. less in diameter than drift bolt. 

The value of C depends upon the kind, quality, and condition of timber, 
condition of surface of nail, screw, or drift bolt, size of hole in which nail, screw, 
or bolt may have been driven or screwed, and direction of fibers of timber with 
reference to length of nail, spike, screw, or drift bolt. For practical purposes, 
C is a quantity determined solely by experiment. Ultimate values of C for wire 
and cut nails, boat spikes, and drift bolts are given in Table 21. These values 
are taken from a study of the numerous tests that have been made. The values 
for resistance to withdrawal as found by the tests vary so widely that, for safe 
working values, a safety factor of four should be used. 
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9. Washers. — For the more common timbers employed in building construc- 
tion, the resistance to crushing across the grain of the timber is much smaller than 
resistance to end crushing. For this reason it is necessary to use washers under 
heads and nuts of bolts in timber construction to prevent the nuts and head from 
crushing into the timber when the nuts are tightened, and Also when the bolts 
take their assumed stresses. 

There are five types of washers used in timber construction: (1) cast-iron 
O.G. washers, (2) cast-iron ribbed washers, (3) malleable iron washers, (4) cir- 
cular pressed steel washers, and (5) square plate washers. 

^23* For cases m which the axis of bolt is inclined to the bearing 

F iq . 3. surface of the timber, bevelled cast-iron washers may be em- 

O.G. cast-iron ployed (see Fig. 8 and Table 27). The five types of washers 
washer. mentioned are illustrated in Figs. 3 to 7 inclusive and Tables 22 

to 26 inclusive give detailed dimensions. 

In the case of bolts acting wholly in tension there can be no question of the 
necessity of washers. Washers should be properly designed, both for strength and 



•fiBS FB afrf Agqjfrt* jfrdTpg bff 

Fig. 4. — Cast-iron ribbed washers. 



iffness, and of proper size to limit the bearing pressure on the timber to the safe 
orking value. For Douglas fir or yellow pine either the square plate washers, 
bbed cast-iron, or cast-iron O.G. washers of equivalent area should be used, 
ttention is called to the fact that in the malleable washer, the full area of the base 
washer is not available for bearing. For example, the in. malleable washer 


<#>• 

Fig. 5. — Malleable iron 
washer. 



O 


Fig. 6. — Circular pressed 
steel washer. 


Fig. 7. — Square steel 
plate washer. 


has an actual bearing area of about 4 sq. in., or an actual efficiency of approxi- 
mately 60 per cent of its nominal area. Even the cast-iron O.G. washers of 
Table 22 stress the timber to approximately 750 lb. per sq. in., for a unit stress of 
16,000 lb. per sq. in. in the rod. 

When the bolt acts wholly in shear and bending, smaller washers, such as 
the malleable washers, are permissible, though not necessarily advisable. In 
such instances it is often practically certain that the timber will shrink, and that 
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the washers will never be tightened, and for this reason the use of malleable 
washers may be justified, in order to save expense. On the other hand, when 
there is a chance that some maintenance work may be counted upon in the shape 
of washer tightening, good construction will prescribe 
either a special cast-iron washer or a square plate 
washer, sufficient in size to meet the capacity of the 
bolt in tension. 

In order to avoid special washers, malleable washers 
of larger size than the nominal size for the bolt used are 
sometimes specified. Such a procedure is unwise for 
two reasons: (1) The holes in the larger washer are of 
such diameter with respect to the diameter of the head 
and nut of the bolt, that a poor bearing between head 
or nut and washer results; and (2) the carpenter will 
invariably pui stock sizes of washers and bolts to- 
gether if there is a chance to do so. 

The circular cut or pressed steel washer should never be used in timber con- 
struction, except between metal and metal. 


Table 22. — Washers — O.G. Cast-iron 


Size of bolt, inches 

Weight per 100, 
pounds 

Diameter, inches 

Thickness, inches 

Area, 

square inches 

K 

35 

2H 

X 

3. 78 

X 

75 

3 

X 

6.76 

X 

100 

ax 

X 

7.86 

X 

145 

3X 

'X* 

9.02 

l 

185 

4 

X 

11.79 

IH 

285 

4H 

m 

14.91 

m 

375 

5 

IX 

18.41 

IK 

600 

6 

IH 

26.50 


m 


*\e 









b 


RBL 

-A-J 


Fig. 8. — Bevelled cast-iron 




Table 23. — Washers — Cast-iron Ribbed 


(See Fig. 4) 


Size bolt 

Size upset 

a 

b 

c 

d 

h 

t 

Shape 

base 

No. 

ribs 

Weight 

X 

Not upset 

n 

IK® 

H 

3H 

K 

X 

C 

6 

0. 66 

h i 

Not upset 

X 

IK 

K® 

4 

1 

X 

C 

6 

1.10 

X 

Not upset 

i 

2K 

Ke 

4K 

IK 

X 

C 

6 

1.80 

X 

1 

IK 

2H 

K 

5K 

IK 

X 

C 

6 

2.79 

*K® 

IK 

IK 

2K 

K 

6K 

IK® 

X 

C 

6 

3.29 

X 

IK 

IK 

3 

K« 

6K 

IH* 

K« 

C 

7 

, 5.30 

l 

IK 

IK 

3K 

K® 

7 

IK® 

«• 

C 

7 

6.34 

IX 

IK 

IK 

3K 

X 

7K 

l l He 

K 

C 

7 

9.04 

IX 

IX 

IK 

3K 

X 

8K 

I'Xt 

X 

C 

7 

11.80 

1 K 

IK 

IK 

4 

X 

9M 

2K 

X 

C 

7 

13.59 

IK® 

IK 

2 

4K 

K® 

10 

2K 

H® 

C 

8 

13.66 

IK 

2 

2K 

4K 

K® 

EEZ9 

2H® 

K® 

C 

8 

20.39 

IX j 

2K 

2K 

4K 

K 

UK 

2K 

K 

C 

8 

25.99 

IH 

2K 

2K 

5K 

K 

im 

2K 

K 

C 

8 

30.62 

IK 1 

2K 

2K 

5K 

K 

ilk 

4K 

K i 

Sq. 

8 

48.23 

2 

2K 

2K 

5K 

K 

12 

SK 

K 

Sq. 

8 

69.32 
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Table 24. — Washers — Malleable Iron 


Sise of bolt, inches 

Weight per 100 washers 

Diameter, inohes 

Thickness, inohes 

M 

15 

2H 

X 

H 

22 

2H 

Me 

H 

33 

3 

He 

X 

50 

3M 

He 

1 

68 

4 

X 

1 X 

87 

4 X 

X 

m 

150 

5 

X 

l X 

190 

6 

X 

2 

420 

7X 

H 


Table 25. — Washers — Wrought-iron 


Sise of bolt, 
inohes 

No. in 100 lb. 

Diameter, 

inohes 

Size of hole, 
inohes 

Gage 

Thickness, 

inches 

Me 

39,400 

Me 

X 

18 

0 05 

X 

15,600 

X 

Me 

10 

0.063 

Ms 

11,250 

X 

X 

16 

0.063 

X 

6,800 

1 

He 

14 

0.078 

Ms 

4,300 


X 

14 

0.078 

X 

2,600 

IX 

Mo 

12 

0. 125 

Me 

2,250 

IX 

X 

12 

0.125 

X 

1,300 

IX 

x Me 

10 

0.125 

X 

970 

2 

>M« 

9 

0 156 

H 

828 

| 2X 

*Me 

8 

0 172 

l 

600 

2X 

lMe 

8 

0.172 

IX 

500 

2X 

W 

8 

0.172 

IX 

384 

3 

IX 

8 

0.172 

IX 

288 

3M 

IX 

7 

0.189 

IX 

267 

3M 

IX 

7 

0.189 

1M 

230 

3M 

1M 

7 

0.189 

1M 

206 

4 

1M 

7 

0. 189 

l X 

182 

4X 

2 

7 

0. 189 

2 

168 

4X 

2X 

7 

0 189 

2X 

122 

4M 

2X 

5 

0.219 

2X 

106 

5 

2X 

4 

0.234 


Table 26. — Washers — Square Steel Plate 

Unit Bearing Pressure — 350 lb. per sq. in. 

Unit Tension in Bolt or Rod — 16,000 lb. per sq. in. 


Diameter of bolt or rod 

Diameter of upset 

Side of square washer 

Thickness of washer 

X 

Not upset 

3X 

X 

X 

Not upset 

4 

Me 

H 

Not upset 

4M 

X 

H 

1 in. 

4M 

Me 

*Ms 

IX 

5 

X 

X 

IX 

5X 

1 Me 

1 

IX 

&X 

X 

IX 

IX 

7 

»Me 

IX 

IX 

7 H 

X 

m 

1M 

BX 

*Me 

1 X 

2 

W 

We 
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The selection of a washer as between a special size O.G., ribbed' cast iron, or 
a square steel plate washer, will depend on the relative prices of cast iron and 
steel, availability of foundry and steel shops, and size of jobs. When large size 
washers are required and the job is a small one, the square plate washer will 
usually be found cheapest. 


Table 27. — Washers — Cast-iron Beveled 


Size rod 

a 

b 

c 

d 

t 

« 

H 

% 

3 K 

1H 

4 

H 

H 


1 

4K 

2 

4K 

H 

X 

l 

1H 

4 H 

! 2 H 

5K 

H 

l H 

1M 

l H 


1 2 h 

6 

l 

1H 


IH 

6K 

2K 

6M 

l 

IH 


No square plate washer should have a thickness less than one-half the diameter 
of bolt. A good rule is to add H 6 in. to the thickness thus found. 

When the cem er line of bolt or rod is not normal to the bearing face of the 
timber, the timber must be notched, or a bevelled washer used. If the section of 
timber is ample, a notch is the cheapest detail. The pressure of the washer 
against the timber is then inclined to the direction of fibers, and, consequently, 
a higher unit bearing pressure may be used, in accordance with the formula and 
values of Art. 11. 

For the larger size of bolts and rods, notching the timber sufficiently to provide 
the required area for bearing may cut the stick beyond the safe limit. In such a 
case, either a combination of a flat washer with a smaller cast-iron bevelled washer 
may be used, or a special cast-iron bevelled washer may be designed. The latter 
solution is much the better of the two. If this washer be made square or rec- 
tangular, the component of the stress in the rod parallel to the face of the timber 
may be taken care of by setting the washer into the timber. In the former case, 
this component will produce bending in the rod or bolt. 

10. Resistance of Timber to Pressure from a Cylindrical Metal Pin. — When 
a pin, bolt, etc. of circular cross-section bears against the ends of the fibers, the 
load on the pin is resisted by pressure of the timber against the metal, and such 
differential pressures are always normal to the surface of the pin. The differen- 
tial pressures may be supposed to be replaced, for practical purposes, by two 
resultant reactions, one parallel and the other perpendicular to the line of action 
of the applied force. The second of these resultant reactions tends to split the 
timber, since it produces tension across the fibers of the timber. Consequently, 
for the case in hand, the usual permissible unit bearing pressure against the ends 
of the fibers must be reduced. Also the particular detail must be investigated 
to make sure that the tension across the fibers due to the cross pressure is within 
the safe unit stress for the timber in question. 

Tests and theoretical considerations indicate that for a round pin or bolt bear- 
ing against the ends of timber, the safe average unit bearing pressure to be applied 
to the diametral plane of the pin may be taken at % the usual allowable compres- 
sion against the ends of timber. The resultant secondary pressure across the 
fibers may be taken at Ho the applied load. When the direction of the applied 
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load is perpendicular to the direction of the fibers, the safe average diametral 
pressure may be taken at f{ o of the permissible unit compression across the fibers. 

For the case of pins and bolts in tight fitting holes in dense Southern pine and 
Douglas fir, the values of 1,300 lb. per sq. in. for end bearing and 275 lb. per sq. 
in. in cross bearing may be used (see Table 18 for other values). 

Illustrative Problem.- — What is the safe load on a 1 3^-in. bolt, bearing against the ends 
of the fibers of a 6- X 6-in. block of Douglas fir, and what is the force tending to split the 
block of timber? 

The safe load is 1 X 6 X 1,300 = 1,950 in.-lb. The force tending to split the timber 
iB 1,950 X 0.1 - 195 lb. 

11. Compression on Surfaces Inclined to Direction of Fibers. — The formula 
most widely used for determining the permissible unit stress in compression at an 
angle inclined to the direction of the grain is known as the Hankinson formula , 
which is 

N *9. 

ly F sin 2 6 + Q cos 2 6 

where N = allowable unit stress in the inclined surface, as for instance in Fig. 8, 
the stress being at an angle 6 with the direction of the grain. 

P = allowable unit stress in compression parallel to the grain. 

Q = allowable unit stress in compression perpendicular to the grain. 

0 = angle between the direction of the compressive load or force and the 
direction of the grain. 

In applying the foregoing to bolt pressure where the resultant bolt pressure is at 
an angle 6 with the direction of the grain of the wood: 

N = permissible load per bolt in a direction at an inclination of 0 to the 
direction of the grain. 

P = permissible load per bolt in compression parallel to the grain. 

Q = permissible load per bolt in compression perpendicular to the grain. 


Table 28. — sin 2 0 and cos 2 6 for Hankinson Formula 


sin* 0 

0 

cos 2 0 

sin 2 B 

e 

cos 2 e 

0.000000 

0 

1.00000 




0.00760 

5 

0.99240 

0.58682 

50 

0.41318 

0.03015 

10 

0.96985 

0.67101 

55 

0.32899 

0.06693 

15 

0.93302 

0.75000 

60 

0.25000 

0.11698 

20 

0.88302 

0.82140 

65 

0.17860 

0.17860 

25 

0.82140 

0.88302 

70 

0.11698 

0.25000 

30 

0.75000 

0.93302 

75 

0.06698 

0.32899 

35 

0.67101 

0.96985 

80 

0.03015 

0.41318 

40 

0.58682 

0.99240 

85 

0.00760 

0.50000 

45 

0.50000 

1.00000 

90 

0.00000 


12. Tension Splices. — The tension splice in timber building construction 
occurs usually in the lower chord of a roof truss. Of all timber joints, tension 
splices are probably the most troublesome to design and frame efficiently. A 
'detail that is efficient on paper is often very unsatisfactory when viewed in the 
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field. Any detail that depends for its action on the simultaneous bearing of more 
than two contact faces is to be avoided if possible, although it is often imprac- 
ticable to so limit the design. Again, that detail which is so designed that the 
bearing faces of splicing members and the bearing faces of the spliced or main 
timbers may be pulled together in the field 
after the joint is framed, has a very de- 
cided advantage over any other type of 
tension splice. The ideal splice, just de- 
scribed, will be found to give a low effi- 
ciency when measured in terms of effective 
area of main timbers of resisting tension. 

However, in many cases, such inefficiency 
may well be allowed, in order to secure Fiq * 9 - — Bolted wooden fish plate splice, 
certain definite action of splice joint. Importance of the connection, cost of 
materials, quality of workmanship to be anticipated, possibility of only occasional 
or no inspection after completion, all are factors that should be carefully consid- 
ered before deciding upon the particular type of tension splice to be adopted. 

The following types of tension splices will be considered and a detail joint of 
each type developed for a typical example : 

(1) Bolted wooden fish plate splice, (2) Modified wooden fish plate splice, (3) Bolted 
steel fish plate splice, (4) Tabled fish plate splice, (5) Steel tabled fish plate Bplice, (6) 
Tenon bar splice, and (7) Shear pin splice. 

It will be assumed that a 6- X 8-in. Douglas fir stick must be spliced to safely 
stand a total stress of 40,000 lb. Specifications of steel structures often call for 
the detail of splice to be of sufficient strength to develop the strength of the 
members. The same specification may be applied to the timber joint, although 
it is customary to design the splice for the computed stress in the member. 

For the case under discussion the safe working stress in the timber for tension 
will be taken at 1,500 lb. per sq. in. The required net area for tension is therefore 
40,000 _ „ 

1,500 “ 26,7 sq ' m ’ 

12a. Bolted Fish Plate Splice. — The bolted fish plate splice is shown 

in Fig. 9. 

Tables 18, 19 and 20 take into consideration the shear and bending moment 

on the bolts; hence any chosen may be safely used, since the percentage factor 

controls the amount of pressure per projected square inch which may be placed 
on it. 

From Table 18, safe working stress in compression on ends of fibers « 13,000 lb. per 
sq. in. (basic stress). 

Assume 6 bolts. Then load per bolt ** 6,666 lb. 

Multiply by since side plates are of wood (%) (6,666) °= 8,320 lb. 

8,320 is the amount that each bolt is assumed to be taking. 

Actually each bolt takes only 80 per oent of 8,320 ** 6,666 lb. 

Assume bolts of 1 % in. diameter. 

Gross area « 48 sq. in. Net area « 48 - (6) (1 %) « 27 sq. in., an amount slightly 
40,000 

over the required ^ qqq * 26.7 sq. in. 
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L 

D m 1% 


3.43. Then by Table 19, percentage factor = 97. 


Then allowable load per bolt - (1,300KG)(1 3 £)(0.97) * 10,930 1b. 
Actual load per bolt = 6,606 lb. 

a • jx . A . (6,066) (0.1) 

Area required for transverse tension = — = 4.44 sq. m. 


4.44 

6 


0.74 


distance between bolts needed to resist tension. 


Area reauired for longitudinal shear (see Table 5, Sec. 4) 


6,666 

120 


rfer “ 4.625 = needed distance between bolts to resist she.*r. 
Minimum spacing = 0.74 + 4.625 + 1*75 * 7.115 in 


55.6. 


126. Modified Wooden Fish 


<s» 
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Fig. 10. — Modified wooden fish plate splice. 


Plate Splice. — In the modified 
wooden fish plate splice, the 
size of bolts will be reduced to 1 
in. 


For a 1-in. bolt, ^ =6.0. From 

Table 19 percentage factor = 67.2. 

Safe load for one bolt = (1,300) 
(6) (1) (0.672) (0.80) = 4,200 lb. 

Number of bolts required = 

= 9.5. Use 10. 


(a) 

<*>) 


Spacing required for shear = (120)(12) 
Spacing required for transvorso tension 


(4,000) (0.1) 

" ( 120 ) ( 6 ) 


2.78 in. 


.557 in. 


(c) Diameter of bolt 


= 1.00 in. 
4.337 in. 


Space bolts 4j^ in. Detail shown in Fig. 10. 


12c. Bolted Steel Fish 
Plate Splice. — Figure 11 shows a bolt- 
ed steel fish plate splice. The bending 
in the bolts is reduced from that in the 
first type, due to the smaller lever arm, 
and the load per bolt may be % more 
than if the splice plates were of wood. 
The section of steel plate must be 
sufficient for tension, and for bearing 
on the bolts, 
plate splice. 


Yjt fi' T Sy 6'y fi' T *Yj l 


li. 


/t-fiVBotk 


tii 


XX 




■ gr- tf r 4ii ^ 



Fig. 11. — Bolted steel fish plate splice. 
Otherwise, the computations are similar to those of the bolted fish 


40 000 

Net section of steel plate » jgfooo *“ ^.67 sq. in. 

Assume two lj^-in. bolts in pairs. Then net width = 8 - (2)(l%e) “ 4.875 in., and 
2 67 

required thiokness is ( 2) (4.875 ) “ 0.28 in * requiring a %e-in. plate. 

T fi 

With lj^-in. bolts ^ ^ = 4.0. From Table 19 the percentage factor = 92.5. 

Then the load per bolt = (1,300) (6) (lH) (92.5) - 10,820 lb. 

Use only 4 bolts; then the pressure per bolt « 10,000 lb. 
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(a) Spacing required for shear 


10,000 


6.95 in. 


( 120 ) ( 12 ) 

(6) Spacing required for transverse tension = ~(I20)(6) ** * n * 

(c) Diameter bolt ™ 1*6 in. 


9.84 in. 

Space bolts 10 in. apart with 6 in. between bolts and end of members. > 

12d. Tabled Wooden Fish Plate Splice.— The detail of a tabled 
wooden fish plate splice is shown in Fig. 12. The points to be investigated in 
this detail are: (1) net section of main timber and splice pad; (2) bearing between 
splice pad and main timber; (3) length of table of fish plate for shear; (4) tension 
in bolts; and (5) possibility of bending on splice pads if bolts become loose because 
of shrinkage of timbers. 



Net section of main timber required, as before, ^qqq 4- in ‘ 

Net section of fish plate required, as before, (27(1,500) “ 13,4 sq ' m * 

13 4 

Allowing for two %- in. bolts, net depth of fish plate - - 193 “• 


= 30.8 sq. in. 


: 167 sq. in. Length of table 


: (8 - \M) 

40,000 

Total bearing area required between fish plate and main timber * 1 t 300 

Depth of cut into main timber = - 1-92 in. Depth will be made 2.0 in. It 

wiU be necessary to use an 8- X 8-in. timber, instead of a 6- X 8-in. stick, with 4- X 8-in. 
fish plates. 

Total net depth of fish plate 2.0 in. ^ qqq 

Shearing area required for table of fish plate - (2) (120) 

’ The action^Tthis joint produces a bending moment in the fish plate which must be 
r bvTe bolts The resultant stress in the fish plate acts at the center of the uncut 

whttt resultant of the pressure between fish plate and main timber ,s at the 
center of the table. This couple produces a moment, in this case, of 

(20,000) (2) » 40,000 in.-lb. 

Assuming that the bolts in center of the table prevent bending, then the tey^arm about 
end of the table - 10H in. Using two bolts, the stress in each bolt is (2)( i 0 ^) “ 1 ' 900 
lb. A H-in. bolt is sufficient for this stress, but bolts less than j^in. diameter are not 
advisable in a timber joint. The required area of washers « W “ 9 ‘ 6 8Q ' The 

SdStataSTLStto' Mtswmrin”oo«, each fishplate would be subjected 
to the Minding of 40.000 in.*. excepts 

&h plrte bWWW' “ 5. 3*3 "(correct for two bolts). The extreme fiber stress due to 
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bending would then be 


40,000 


5.33 

uniform tensile stress, which is 


•= 7,550 lb. per sq. in. 

20,000 


To this stress must be added the 


1,250 lb. The maximum fiber stress would 


( 8 ) ( 2 ) 

therefore be 8,800 lb, per sq. in., an amount nearly equal to the ultimate strength of the 
timber. For this reason, the joint should be well spiked together, and in particular the 
fish plate should expend at either end beyond the table, to allow a number of spikes to be 
driven here. If the cut at the ends of the tables be made with a bevel towards the center 
of the joint, the same result will be obtained. 

12c. Steel-tabled Fish Plate Splice. — The most economical and 
practical detail of the steel-tabled fish plate splice consists of steel splice plates 

with steel tables riveted to the 
plates, as shown in Fig. 13. 
The points to be investigated 
arp: (1) necessary net area of 
plate to resist tension; (2) re- 
quired thickness of tables to 
keep the bearing of tables against 
the ends of the fibers of the tim- 
ber within the safe working 
stresses ; (3) number of rivets be- 
tween tables and fish plate; (4) distance between table, limited by longitudinal 
shear in the timber ; and (5) bolts required to hold tables in the notches in the 
timber. 



''■"-/'ij'M/es S/ * Bo/fs 

Fig. 13. — Steel-tabled fish plate splice. 


The 6- X 8-in. main timber will be sufficient for this typo of splice. 

Net area of steel plates - = 2.67 sq. in. 

15,000 

Assume 3 rivets in one row. Then net width of plate is 8 - (3)(%) * 5.75 in., and 
required thickness of plate is ^(^ 75 ) s=0 ' 23 in * AH-in. plate will be sufficient for tensile 

strength. Bearing area required for tables « ij Q ’ QQQ » 30.8 sq. in. 

1,000 


Assume 4 tables on each fish plate. Required total thickness of tables is . — 0.962 

(4) (8) 

in. Make the depth 1.0 in. 

Rivets required in each table, limiting value of one j^-in. rivet in bearing at 20,000 lb. 

per sq. in. on>^-in. plate being 3,750 lb. « * 2.67. 

(4) (3,750) 


Use three rivets and make table 1.0 X 3 in. X 8 in. 

The distance between end of main timber and first table, and the distance between 
tables, must be sufficient for longitudinal shear in the timber. Total shearing area 

40 000 000 

required « « 333 sq. in. Distance between tables * ~|y * 10 - 4 in - Call this 

distance 11.0 in., making the distance center to center of tables 14 in. 

As in the case of the wooden fish plate splice, the bending moment to be resisted by 
bolts is the load transmitted by one table times one-half the combined thickness of fish 
plate and table, or 


M ~ v (10,000)(H)(1.0 + H) - 6,250 in. -lb. 


Two bolts will be placed against the outer edge of table, making the lever arm of the bolts 


3)4 in. The stress in one bolt is then 

' \* 72 )\ 2 ) 

each table. 


893 lb. Two %-in. bolts will be used for 
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12/. Tenon Bar Splice. — The tenon bar splice is one of the oldest 
splices used, though not seen so frequently today as formerly. It is probably the 
simplest and most effective tension 
splice that can be made. The de- 
tail is shown in Fig. 14. The 
points to be computed are (1) size 
of rod for tension; (2) width of bar 
for proper bearing against the tim- 
ber, and also for the hole for the 
rod passing through the ends; (3) 
depth of bar for bending; (4) dis- 
tance of bar from end of timber to 
provide sufficient bearing area; and 
(5) net section of timber. To give general stiffness to this joint, Fig. 14 shows 
the addition of two 2- X 8-in. splice pads bolted with J£-in. bolts. Values of 
16,000 lb. per sq. in. in compression on fiber ends and 150 lb. per sq. in. in shear 
with grain were used in solving. 



Fig. 14. — Tenon-bar splice. 


An 8- X 8-in. main timber will be assumed. Size of rod area required 


40,000 
(2) (16,000) 


1.25 sq. in. A lj^-in. rod has an area of 1.295 sq. in. at the root of thread, and this size 
rod will be used. Since the rod must be placed at such a distance from the timber that 
the nuts may be tightened, and since it is desirable to keep the length of the bar as small 
as possible, hexagonal nuts will be used. (It is obvious that the bending moment on the 
bar increases with the distance between center lines of rods.) The long diameter of a 
1 hexagonal nut is 2% in., hence the distance from the side of timber to the center 

line of rod will be made 1 in. 

Size of bar required: The pressuro of the timber against the bar will be assumed to be 
uniform. Hence the bending moment on the bar will be (20,000) [lj^ + X 8)1 » 
(20,000) (3j^) “ 70,000 in.-lb. Using a fiber stress of 24,000 lb. per sq. in. in bending, 

since the bar is a short beam, the required section modulus is = 2.92 in. 


The bearing area required is ^—^9 = 25 sq. in. The required width of bar is therefore 
1,600 


25 

8 


3.13 in. Since a 3-in. bar is a stock size, a width of 3 in. will be used. This width 


will give a full bearing for the hexagonal nut, and will allow If f 6 in. of metal on each side 
of the hole. If a 6- X 8-in. timber were used, the required width of bar would be 4^ in., 
which would reduce the section of timber below the allowable. 

The depth of bar must now be computed. The section modulus }ibd * = 2.92 in., 

when d =* */ (2.92)(6) _ ^/ (2T92) (6) ^ ^^5^84 = 2.4 in. The bar size will be taken at 
\ b \ 3 


2H X 3 X 14 in. 

The shearing area required between the bar and end of timber is 4Q ’^P° 


The distance required between the bar and end of timber Is therefore 


150 
267 
( 2 ) ( 8 ) 


267 sq. in. 
* 16.8 in., 


say 17 in. 


12 g. Shear Pin Splice. — In the shear pin splice, the 6- X 8-in. main 
timber will be sufficient. This splice is shown in Fig. 15. The stress is trans- 
mitted across the joint by means of the circular pins of hardwood or steel. These 
pins are driven in a bored hole with a driving fit for the pins. The joint is a 
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comparatively easy one to frame. The bolts take some tension, due to the 
couple of the forces acting on the pins. The working values for the pins are taken 
from Art, 10. 


The splice pads in this detail are 3- X 8-in. timbers. The pins are 2 in. in diameter, of 
extra heavy steel jpipe. The total net section of splice pads is then 4 X 8 ** 32 sq. in., 

giving a unit stress in tension of = 1,250 lb. Using the working value of 1,300 lb. 

*52 

per lin. in. of pin, the safe value of a 2- X 8-in. pin is 10,400 lb. The number of pins 

required is then 13 3.85. Six pins will be used. 

The tension in the bolts will be taken at ono-half the total tensile stress, or 20,000 lb. 
Eight %-in. bolts will be used, giving a working value of 2,500 lb. per bolt. The bolts 
wiU be placed in pairs, endways between the pins. The pins will b* placed 6-in. centers. 




I t t V t it r rn 75 

HJl* 6 6 ‘ '*)* 6 *^ 6 r *\ 

I 1 I I UJ 1 1 LL 



Fig. 15. — Shear pin splice. 


13. General Comparison of Tension Splices. — The tenon bar splice, when it 
can be used, is to be recommended. It is direct in its action; shrinkage of the 
timber cannot destroy its effectiveness ; there being but one bearing surface, the 

splice will surely act as designed ; the two 
sections of timber can be drawn tightly 
together in the field; and the splice is 
almost fool-proof. 

The wooden tabled fish plate splice is 
also effective where there is but one table 
in each splice pad either side of the joint. 
In those joints where more tables are 
necessary, however, there enters at once 
the possibility, and even the probability, 
that all the contact faces will not act simultaneously. In other words, the 
effectiveness of the splice in such a case depends wholly on the skill and care in 
workmanship. In this detail, also, shrinkage of the timber adds an uncertainty 
as to the strength of the joint. 

The bolted steel fish plate splice makes a neat appearing splice for exposed 
work, and is much in favor on that account. For a moderate stress in the timber 
to be spliced, it is fairly economical. 

The steel tabled fish plate splice is open to the same objection as the wooden 
tabled splice. The bearing surfaces of the steel tables are very likely to be 
uneven, making a close fit between steel and timber almost impossible. On 
paper, the joint is neat and effective and adaptable to almost any case. Unless 
rigid inspection in the shop and field is maintained, the actual joint is likely to 
be disappointing. The bearing edges of all tables should be milled; the holes in 
the tables should be drilled, and tight riveting secured. Careless and inferior 
workmanship in the steel shop on the metal splice plates is to be expected. 

The shear pin splice is effective and simple; its greatest drawback is the effect 
of shrinkage in the timber which will allow the pins to become loosened. This 
splice should not be used with unseasoned or partially seasoned timber, unless it 
is absolutely certain that the bolts will be kept tight as the timber seasons. 

The bolted wooden splice is effective, but cumbersome, and unsuited for large 
^stresses, due to the unusual size of bolts. 

The modified wooden bolted splice is satisfactory for comparatively small 
stresses and when rigid inspection can be counted upon to see that the bolts 
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are driven in close fitting holes. For large stresses, the required number of bolts 
will be excessive. 

Architectural appearances may prohibit certain types of splices as being 
unsightly. The bolted steel fish plate splice and the tabled steel fish plate 
splice are the neatest in appearance, and for this reason are extensively used in 
exposed work. 

13a. Patented Timber Connectors. — The foregoing types of splices 
will give satisfaction where’ the newer and laborsaving types of connectors, in 
which the tension is transferred by means of split rings, claw plates and spike 
grids, cannot be had. 



Flomqed clampinq plate Plain clampinq plate Malleable iron Pressed steel 

shear plate shear plate 



Male claw plate Female claw plate Split ring Toothed ring 

Fig. 16 . — Types of modern timber connector. ( The Timber Engineering Company .) 


Figure 16 shows the principal patterns of modern timber connectors, and 
Fig. 17 shows the various ways in which they are used. It will be noted that 
there are shear plates with bolt holes through the center which perform the service 
of the key discussed in Art. 15, Sec. 4, and Art. 12^, Sec. 5. 

The advantage claimed for these connectors is that they distribute the bearing 
in a splice or joint over a greater width than do bolts; and in many cases the bolt 
bears against the metal of the connector with consequently less bearing against 
wood. 

Each of these types of connectors has been subjected to test with various kinds 
of woods, at loads at varying angles with the grain, by the Forest Products 
Laboratory at the University of Wisconsin. Tables of safe loading, per con- 
nector, for the particular kind of wood being used have been prepared. The 
Timber Engineering Company, a subsidiary of the National Lumber Manufac- 
turers Association, will supply these tables on request. 

14. Compression Splices. — Compression splices naturally divide into two 
divisions: (1) those joints which take only uniform compression at all times, and 
(2) those joints which, while compression is the principal stress, may be called 
upon at some time to take either flexure, or tension, or a combination of both. 
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Some of the compression splices used in construction are shown in Fig. 18. 
These joints, in the order lettered, are (a) the butt joint, (6) the half lap, and (c) 
the oblique scarf. 



Fia. 17. — Typical connector joints. (The Timber Engineering Company.) 


The butt joint differs from all the other joints in that it has but one surface of 
contact. For this reason, it is superior to all the others, where uniform com- 
pression alone is to be transmitted. The efficiency of all the other joints depends 
wholly upon the skill and care of the carpenter who frames the joint. In other 
words the butt joint for the condition named is the simplest, and therefore the 
best. Indeed, the splice plates, if bolted, or bolted and keyed, may make the butt 
joint suitable for carrying both tension and flexure. 

The oblique scarfed splice is stronger in flexure than the half lap. In the 
half lap joint, however, there is more timber in straight end bearing than in the 
oblique scarf. 

In constructing compression joints in timbers which are vertical in position, 
the bolts through one end of the splice pads, if such exist, should be placed after 
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the upper timber has come to a bearing on the lower timber; otherwise the bolts 
may receive a heavy load before the timbers come to a full bearing. 

16. Connections between Joists and Girders. — When possible, joists should 
rest upon the tops of girders, and not frame into the sides of the girders. The 
former construction, however, involves a loss 
in head room in a building, increased height 
of building walls and columns. It also in- 
volves more shrinkage, since the shrinkage 
is directly proportional to the depth of tim- 
ber. In the case of a building with masonry 
walls and timber interior, the construction 
of joists resting upon the girders will, with 
green or unseasoned timber, result in unequal 
settlement of the floors. The inner ends of 
the outer floor bays will settle the amount 
of shrinkage of joist plus girder, while the 
outer ends will settle only the amount of 
shrinkage of the joists, since the joists frame 
directly into the masonry. The considerations of equal settlement and gain in 
building height will usually dictate the use of joist hangers in a building with 
heavy masonry walls. Hangers resting on top of girders will not reduce shrink- 
age effect. 

In a building of the mill-building type with wall posts and girders, and corru- 
gated steel or wooden sheathed walls, the increased height due to framing the 
joists on top of the girders will be offset by the saving in the cost of joist hangers. 

The joists should extend over the full width of girder, and be toenailed into 
the girders. When the joists break over the girders they should lap at least 12 in. 
and be well spiked together. Solid bridging of a depth equal to the depth of the 
joists, and of a width not less than 2 in., is usually placed between the joists, and 
directly over the center of girder. Such bridging holds the joists firmly in posi- 
tion, and also acts as a fire stop. This construction is shown in Fig. 19. 

16a. Joists Framed into Girders. — In very light construction the 
joists, when framed into the sides of a girder, are sometimes only toenailed. In 
other cases, especially when the joists frame into only one side of the girders, such 


Fig. 18 . — Compression splices. 



Fig. 19. Fig. 20. Fig. 21. 


girder built up of several vertical pieces, the outer piece is spiked into the ends of 
the joists, as in Fig. 20. All such joints are makeshifts, and extremely unreliable. 
As has been pointed out in a previous article (see Art. 4), nails driven into the 
ends of timbers — i.e., parallel to the direction of fibers — have a low strength. 
Further, there is always the danger of the nails thus driven causing the joists to 
split. 

Sometimes a strip is nailed or bolted to the sides of the girder, upon which the 
joists rest, «as in Fig. 21. If properly designed, such strips will be not less than 
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4 in. wide and 4 in. deep, bolted, not nailed, to the girder. The bolts should be 
sufficient in number to take the reaction of the joists, and should be not less than 
2 in. from the bottom of girder. 

Illustrative Problem. — Given a floorbay 14 X 16 ft.; live load of 60 lb. per sq. ft.; girders 
spanning the shortei side of the floor bay. Assume double thickness of flooring 1-in. T 
and O finished floor over 1-in. rough floor. Working fiber stress is flexure 1,600 lb. per 
sq. in.; working unit stress in longitudinal shear 120 lb. per sq. in.; working unit stress 
in cross bearing 380 lb. per sq. in. (see Sec. 4, Table 5). 

Weight of floor construction, exclusive of girders: 


Flooring 

Joists 

Bridging 

Total dead load 

Live load 

Total load 


6 

5 

1 

J2 

60 

72 lb. per sq. ft. 


With joists 16-in. centers, and counting tho clear span for joists as 15 ft., the following 
figures result: 

Total load on one joist - (15)(lM)(72) = 1,440 lb. 

Bending moment = (J^) (1,440) (15) (12) = 32,400 in.-lb. 

32 400 

Required section modulus = y^QQ = 20. 

Assume joist 2 X 10 in., actual section 1 5 $ X 9j*2, actual section modulus 24.44. 

For a 15-ft. span, this size is the minimum for deflection. In the computation for girder 
size, the live load may be reduced 20 per cent, making total load 60 lb. per sq. ft. 

Load « (14) (16) (60) - 13,440 1b. M = 0 &) (13,440) (14) (12) = 282,000 in.-lb. 

282 000 

Required section modulus - S — - * 176. 

An 8- X 14-in., finished section 7^2 X 13t*j, has a section modulus of 227.8. An 8- X 
12-in. girder, finished size 7^2 X 11 would have a section modulus of 165 under tho 
required amount. The reaction of one joist is 720 lb., requiring a bearing area of 7 2 %g o = 
1.9 sq. in. The bolting strip will be 4 X 4 in. ?^-in. bolts will bo used, and the working 
load per bolt will be taken at 1,400 lb. 1 Since tho load per linear foot of girder is 16 X 60 = 
960 lb., the bolts must be spaced 140 % eo (12) = 17.5-in. centers; at 17 in. 10 bolts will be 
required for each girder. 


In the above illustrative problem, the depth of joist plus the depth of bolting 
strip just equals the depth of girder. This relation does not always hold, as 
girder depth is often but little more than the depth of 
joist. To avoid having the bottom of joists lower than 
the girder, joists are often notched as shown in Fig. 22. 
Such construction is not good, since the strength of the 
joists is greatly reduced by notching. The joists tend to 
split in the corner of the notch, due to the difference in stiffness on either side of 
the vertical cut. * ’ 

In some cases, the ends of the joists are framed with tenons fitting into sockets 
or recesses cut into the girder. This type of framing is to be condemned on 
account of the serious weakening of both joist and girder. 

155. 'Joist Hangers. — The most satisfactory manner of framing joists 
into the sides of girders is by the use of joist hangers. There are many stock types 
of these, among which may be named the Duplex, Van Dorn/tdeal, Lane, National , 

L 7)4 

> 1 From Table 18 the basic stress is 275 lb. ^ - -jjp * 12; from Table 20, the percentage factor 

«■ 12 and diameter factor - 1.52. Load-carrying capacity of bolt * (380) (0.52) (1.52) (%)(7H) 
- 1,4081b, 



Fig. 22. 
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and Falls. Some of these different types are shown in Figs. 23 to 26 inclusive. 
A stock joist hanger should not be used without investigating carefully its strength 
and the amount of bearing given to the joist. Referring to the figures illustrating 
the different types, the fact should be noted that the Duplex hanger will result 



Fig. 23. — Duplex Fig. 24. — Van Dorn pat- 

joist hanger. ented steel joist banger. 



F'g. 25. — “ Ideal” 
single hanger. 



Fig. 26. — Falls 
joist hanger. 


in less settlement of floor than any of the other types, since the connection of this 
hanger, unlike all the others, is on the side of the girder, and, hence, is affected 
by the shrinkage of one-half instead of the whole depth of girder. The published 
test of joist hangers, as given in the various manufacturers’ catalogs, will bear 
close scrutiny. Often in the effort to prove the merits of the particular hanger, 
the exact loads carried by one hanger are not always clear. Sometimes, also, 
hardwood is employed in the tests, in order to avoid failure of the joist by crushing 
of the fibers. The Duplex hanger unquestionably has many advantages over 
other hangers. It is practically certain that all the other hangers will fail by the 
hooks over the girder crushing the fibers of the timber on the corner of the girder 
and then straightening out. 

15c. Connection of Joist to Steel Girder. — When steel girders are 
used with timber floor joists, the types of connection are similar to those discussed 
for wooden girders, i.e., the joists may frame on top of the steel girder (usually an 
I-beam) or into the side of the girder. 

Buildings with this combination construction, in which the joists simply rest 
on top of the 1-beains, without any attachment whatever, are sometimes seen. 



In such cases, the I-beam is supported laterally only by friction between the tim- 
ber and steel. This practice is to be avoided. To secure a definite connection 
between the joists and girder, a wooden strip may be bolted to the top flange of 
the I-beam, and the joists toenailed to this wooden strip, as in Fig. 27. The 
principal objection to this construction is the weakening of the I-beams from the 
holes punched through the flange. 

When the joists frame into the sides of the I-beams, they are often, for light 
loads, supported by the lower flanges of the I-beam, as in Fig. 28. Obviously the 
weak point of this detail is the small bearing of the joist on the steel. To over- 
come the difficulty, timbers may be cut to rest snugly against the flange and web, 
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and bolted through the web. The joists may then be nailed into these timber 
strips, as illustrated in Fig. 29. The supporting timber should be of sufficient 
width to extend under and beyond the vertical cut of the notch in the joist for 
the upper flange. 

A serious difficulty in constructions of this nature is the problem of supporting 
the flooring over the upper flange of the I-beam. If such flooring rests on the 
joists and the upper flange of the I-beam, the shrinkage of the joists will produce 
a high place in the floor over all the steel beams. To overcome this difficulty 
small stripe, say of IK X 2-in. timber, may be spiked to the sides of the joists 
to carry the floor over the girder. 



Fio. 30. — Van Dorn Fig. 31. — Duplex I-beam hanger. Fig. 32. — Duplex 
I-beam hanger. I-beam box. 


Joist hangers, notably the Duplex and Van Dorn hangers, may be obtained 
for connection between timber joists and steel girders (see Figs. 30, 31, and 32). 
The method of support shown in Fig. 29, however, will be found very satisfactory 
and generally cheaper than the joist hangers. 

16. Connections between Columns and Girders. — The connection between 
timber columns and girders involves consideration, not only of strength of columns 
and of supports for the girders, but also of general stiffness of the building, since 
the posts and girders are generally counted upon to form the structural frames for 
resisting lateral forces, as wind and vibration of machinery. Columns always 
splice at or near the floor lines, hence the connection of girder to column includes 
the consideration of column splice. Continuity of the columns is always to be 
sought, both from the standpoint of stiffness and reduction of shrinkage. In total, 
the objects to be gained in the connection of girders and post are: (1) continuity 
of column for stiffness and reduction of shrinkage; (2) reduction of column area 
from a lower story to an upper story as determined by floor load; (3) sufficient 
bearing area for girders on the supports; (4) continuity of girders at the column for 
stiffness; and (5) provision for girders releasing from column, in event of a serious 
fire, without pulling the column down. All these provisions are not attainable in 
every case, and the nature of the building may not warrant the expense of securing 
all these objects. 

In the discussion of this subject, a distinction must be made between the 
ordinary building, including both frame buildings and buildings with masonry 
walls, or corrugated steel walls, and the special type of building known as “ heavy 
timber construction” or “slow-burning construction.” The first class consists of 
those buildings which have the ordinary joist and girder construction, either with 
or without plastered ceilings and interior columns encased with lath and plaster. 
This class will be treated in the following paragraphs. 

For the purpose of illustrating these principles, some details of connection of 
columns and girders will be briefly discussed. Figure 33 shows three defective 
details, which, nevertheless, are often seen. It is almost certain that in Fig. 33a 
the girders have not sufficient bearing across the fibers, and that with full load, 
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crushing will result. In b the bottom of the upper post will crush the fibers of 
t e upper side of the girder, and a worse condition will prevail under the bolster, 
unless the latter is hardwood. Even then, if the posts are not working at a very 


Fig. 33. — Defective details of column and girder connections. 

low unit stress, crushing of the bolster will result. The shrinkage in both a 
and b will be considerable, and nearly double in b what it will be in a. The 
detail of c with the upper post resting on a hardwood bolster is the best of the 
three details, although shrinkage has not been eliminated. 

For many buildings, the details shown in Fig. 34 will provide satisfactory 
connections. All of the desirable conditions enumerated previously are fulfilled, 
with the exception of release of 
girders in case of fire. The ver- 
tical bolster blocks are set into 
the lower post and bolted, or 
bolted and keyed to the sides of 
the column with circular pins or 
with the rectangular iron keys. 

In each of the three details, the 
girders may be given sufficient 
end bearing by properly propor- 
tioning the thickness of bolster 
block; the bolster has end bear- 
ing on the post, and no timber 
in cross bearing intervenes be- 
tween the two sections of post. 

Partial continuity of post, suffi- 
cient for general stiffness of 
building, is secured by means of 
timber splice pads in detail c 
without sacrificing the girder 
ties. The splice plates of the girder across column may be of steel. This will 
avoid the use of wooden fillers under the girder splice pads. A further modifi- 
cation of these details to allow the girders to release in case of fire may be made 
by using dog-irons instead of the girder splice pads. 

The section of bolster is to be determined by requirements of girder bearing; 
the amount the bolster is set into the post by computations for end bearing; its 
length should be not less than 12 in., and preferably not less than 16 in. The 



Fig. 34. — Details of column and girder connections. 
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size of bolts may be determined by taking moments about the center of the bearing 
on the post. The keyed and bolted bolster is proportioned as for the shear-pin 
tension splice. 

Illustrative Problem, — Assume the problem of Art. 15a. Floor bay 14 X 16 ft., 
girders 8 X 14 in., j nsts 2 X 10 in., first story height 16 ft. Assume the detail to occur 
at the second floOr of a four-story building. The load in the upper column will be taken 
at 30,500 lb., the first-story column will then take 30,500 lb., plus the second-floor load. 
The live load will be 60 per cent of 60 = 36 lb. per sq. ft., which with a dead load of 12 lb. 
per sq. ft. will give a total unit load of 48 lb. per sq. ft., and a total increment of column load 
for the second floor of 10,800 lb. The first-story column load will then be 41,300 lb. The 
upper column section will be made an 8- X 8-in., and the lower section a 10- X 10-in. 1 The 
girder reaction is 6,720 lb. 7 (For design of girder and its connections, live load is 80 per 
cent. (60) = 48 lb. per sq. ft.) At 380 lb. per sq. in. the required bearing and thickness of 
bolster must be 17.7/7.6 « 2.36 in. The bolster size will be made 5)4 X 9}£ XI ft. 4 in. 

6 720 

The required area in end bearing is *7 or with a width of 9 3^ in. the bolster 

must be set into the post 5.6/9. 5 = 0.59 in. Actually the dap will be made in. The 
upper bolts will be placed 3 in. below bottom of girder. Taking moments about the center 
of bearing of the bolster on the dap, and neglecting the lower bolts, M = (6,720) (2%) = 
18,500 in.-lb. This overturning moment will be resisted by compiession of the lower por- 
tion of the bolster against the post, and tension in the two upper bolts. This pair of bolts 
is 13 in. above the seat of the bolster in the post, and the effective lever aim of these bolts 
may be taken at % of their height above the bolster seat. The tension in either of the 
two bolts is then 

18,500 

p = (2)(13)(«) " 950 lb - 

The maximum intensity of pressure between the bolster and post need not be investigated, 
as it will be very small with the length of bolster used. 


Attention is called to the details of Fig. 34, in that the normal spacing of the 
joistgjias beep modified at the posts, to bring a joist either side of the post. When 
theSe joists jere either spiked or bolted to the post, and in addition a short piece of 
joist is spliced across the butt joint of the joists where such joint occurs at the 
post, a simple and inexpensive construction is secured which gives considerable 
stiffness to the building frame. 

16a. Post and Girder Cap Connections. — The bolster connections 
above discussed are usually impractical to employ, if ceilings exist, as the bolster 
will project beneath the ceiling line. In such cases, and in other cases where the 



Fig. 35. — Duplex malleable iron Fig. 36. — Ideal steel 
and steel combination cap. post cap, No. 3. 


Fig. 37. — Duplex steel post 
cap. 


above construction may be deemed unsightly, • metal post-caps of cast iron, 
wrought iron, or steel are used. Standard post-caps, usually of pressed steel, are 
made by the manufacturers of joist hangers, and may be purchased in stock sizes. 
Typical details of girder and post connections, using standard post-caps, are given 
in Figs. 35, 36, and 37 taken from manufacturers' catalogs. The prices of these 
caps based on the unit cost per pound of steel are rather high, and it may often 

1 By formula in Sec, 4, Art IS, the 10- X 10-in. column, if axially loaded, would carry 104,200 lb. 



Sec. fi~16a] 


CONNECTIONS FOR WOODEN MEMBERS 


433 


be possible to build up structural post-caps that will give satisfaction at a lower 
cost. Sometimes short pieces of I-beams or heavy channels, unsuited on account 
of length for any other purpose, may be purchased cheaply, and used for post- 
caps for cases in which it is only necessary to frame girders into two opposite sides 
of the posts; in other words, in the use of a two-way connection. 

A four-way post-cap is one which provides for beams on four sides of the posts. 


Four-way post-caps with joist and gird- 
er construction always result in unequal 
settlement of the floor. The joists, 
being supported on or by the girders, 
will settle an amount equal to the 
shrinkage in the depth of the girder, 
while the joists framing into the post 
and resting on the post-cap will not 
settle. The use of joist hangers be- 
tween joist and girder will not do away 
with this settlement, although the use 
of that type of hanger which connects 
into the approximate center of the 
girder will reduce the settlement to 



Fig. 38. — Details of column and girder con- 
nection with special cast-iron post cap. 


that due to the shrinkage of one-half the depth of girder. 


Cast-iron post-caps must be carefully designed to take care of the flexural 


stresses. A typical cast-iron post-cap is shown in Fig. 38. 


Illustrative Problem. — Assume girder 12 X 10 in. on a 14-ft. span, upper story post 
12 X 12 in. and lower story post 14 X 14 in. The actual section of sized girder will be 
11 1 $ X 15 M* Using a working stress of 1,800 lb. per sq. in., the safe load is 39,469 lb., 
say 40,000. The reaction is then 20,000 lb. At 300 lb. per sq. in., the required bearing 

area is = 67 sq. in. With width of 11)4 in., the cap must have a seat *■ 5.8 

in. long, say 6 in., and will project 5 in. over the face of the 14- X 14-in. post. The moment 
on the post-cap may be assumed to be a maximum at the edge of the upper story post, 
with a value M =* (20,000) (3) = 60,000 in.-lb. For cast iron, the working unit Btress in 
flexure will be taken at 4,000 lb. per sq. in. The required section modulus of cap must 
60 000 

therefore be = 15. The sides of cap form two beams of rectangular section resisting 

this moment. Assuming a thickness of metal of 1 in., the depth of side must be d « 


yj (73^) (6) = 6% in. The thickness of seat must now be computed. With a uniform 
bearing, the seat may be computed as a beam with fixed ends, or M =» (K 2 )WD \ the pro- 
jecting width of plate is 5 in. The load on this portion is % X 20,000 = 16,667 lb. The 
length will be taken at 12M in., or between the center of sides. Therefore M * (M 2 ) 

16,667 

(16,667) (12M) *= 17,360 in.-lb. The section modulus required is fooo *4.34. The 


width being 5 in., the depth must be d 



2.28 in. The base must therefore 


be supported by ribs. Two ribs will be introduced. The bearing plate will now be 
assumed to take only one-half of the bending, one-half the load being transmitted by the 
rib to the vertical collar around the post. The thickness of base and collar must then be 


sufficient for each to sustain 6,650 in.-lb. Since both the projecting seat and the collar 


are fixed along one edge, the allowable unit stress in bending will be increased 50 per cent. 

8 333 

The required section modulus is then 3=1 1-39, or with a width of 5 in., the required 
thickness is 1.29. A thickness of lK in. will be used. 



SECTION 6 

DESIGN OF REINFORCED CONCRETE MEMBERS 

Reinforced concrete members are sharply distinguished from wooden or 
steel members in that, in the typical concrete structure, the various members are 
necessarily built monolithically and react upon each other. The determination 
of the proper external moment acting upon any member is therefore more difficult 
in reinforced concrete than in any other type. In this volume, however, we 
assume in treating of the design and detailing of reinforced concrete members 
that the loads, reactions, moments and all restraints acting upon each member 
are perfectly known and that our problem is limited to the proper design of mem- 
bers under such fully determined conditions. In practical designing work the 
designer must commonly determine the precise conditions governing each mem- 
ber as a part in a monolithic structure. This much more intricate problem is 
treated in the volume entited “Reinforced Concrete and Masonry Structures.” 

Even the design of the fully conditioned member of reinforced concrete is 
more complicated than that of any member of homogeneous material. The 
combination of two unlike materials in a single member makes necessary several 
computations in design which are not required with wooden or steel members. 
The use of proper diagrams and tables will greatly facilitate the computations 
and may be said to be practically indispensable. The designer should, however, 
become thoroughly familiar with the design of reinforced concrete members 
from the formulas alone and in the examples in this section we have frequently 
shown the complete design as well as the abbreviated design in which tables and 
diagrams are used to save work. A few of the more fundamental tables and dia- 
grams in continual use are given in this volume and these were selected or 
prepared with especial care. Diagrams involving several consecutive computa- 
tions (and in which several intermediate scales are necessarily suppressed) have 
been avoided. In practical design several simple diagrams, used in conjunction 
with a design summary sheet, have been found much preferable to the complex 
diagrams. In actual structures members of one kind will commonly be so nearly 
of a size that certain design steps will be identical and the use of the simple dia- 
grams as compared with the more complex reduces the labor and reduces as well 
the danger of making mistakes. 

The principal reinforced concrete members, the elements, as it were, of which 
reinforced concrete structures are composed, are the following: 

(а) The rectangular beam in flexure (of which the solid one-way slab is a 
special case) resting upon aligned supports and reinforced for tension only. 

(б) The T-beam in flexure (of which the ribbed slab is a special case) resting 
upon aligned supports and reinforced for tension only. 

(c) Same as (a) or (b) but reinforced for compression as well as tension. 

(d) The slab in flexure supported along its four edges and reinforced in two 
directions. 
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(e) The flat slab in flexure supported directly upon columns. 

(/) Members subject to direct axial compression. 

(g) Members subject to direct axial tension. 

(h) Members subject to direct stress and flexure combined. 

(i) Balanced cantilever slabs, or footings. 

Each of these classes of members will be treated separately with the necessary 
information for design given in compact form together with some examples of 
design computations. 

RECTANGULAR BEAMS AND ONE WAY SOLID SLABS 

A rectangular beam as a structural member may be a separate beam simply 
supported or partially fixed at its ends, a single span of a continuous beam, a single 
span in a rigid frame structure, nr a cantilever projection. In order to design the 
beam completely, the moment and shear must be known or readily obtainable 
for any section along its length. 

1. Formulas. — For this case the commonly used straight-line formulas have 
already been developed in Sec. 1 in the chapter on “Simple and Cantilever 
Beams.” The symbols used in these formulas are given in Appendix A with the 
following exceptions: 

K = factor expressing the ratio of the resisting moment of a beam or slab to 
bd 2 . If followed by the subscript c it is based upon the resisting moment as 
limited by the compression in the concrete. If followed by the subscript s it is 
based upon the resisting moment as limited by the steel in tension. Without sub- 
script, it commonly represents the condition of balanced reinforcement when 
K c — Ks . (Subscripts for M have the same significance as noted above.) Also 
/ 7 bd 2 

a = 12 Odd an( * 12 “o 66 ~ Other symbols will be explained at point of 
introduction. 

The formulas, as developed in Sec. 1, or deduced therefrom, are as follows: 


, _ f' k 

Je “ n(l - k) 

__ nf e (l ~ k) 
h "" k 

Formulas (1), (2) and (3) apply to any type of reinforced concrete beam in 
which the values of } n /« and n are known since they depend solely upon the 
straight line theory of stress variation. They are derived from the similar tri- 
angles of Fig. 1. 

The remaining formulas given below apply to rectangular beams with tensile 
reinforcement only. 

Position of the neutral axis 

k = y/2 pn + Ipn) 2 — pn (4) 



( 1 ) 

( 2 ) 

(3) 


Arm of resisting couple 


( 5 ) 
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Steel ratio for balanced reinforcement (when both f 0 and f, are used at their full 
allowable values). 

0.5 

V - T-n c w 


Steel ratio in general 

For over-reinforced beams 

K = K, = M ‘ 


fc \nfc + V 


A. fck 

p = bd=W. 


M * Me 


bd 2 ~ °' 5 ^- 
Where M is expressed in foot-kips, 

bd 2 


O.bfjcjbd 2 

( 9 ) 


2V M 
bd =m-K' 


- F = 


jj/ (ft.-kips) 


12,000 x ~ K 

For under-reinforced beams 

M = M a = p/Jfcd 2 * f a A t jd 


M 

K = K. = ^ = pf.j 


( 12 ) 




M M 
PS>3 ~ K. 



5hec?ir 


Section Tension and 

of Compression 

Member Stress Dinqrfims 

Fig. 1. — Stress distribution in rectangular beams. 

Compressive unit stress in extreme fiber of concrete 

, 2M _ 2tf. 

/c ~ fy*6d 2 ~ k 

Tensile unit stress in longitudinal reinforcement 

M M 




Area of tensile reinforcement 


Ajd pjbd i 

M 


( 7 ) 

( 8 ) 
( 10 ) 


(lOo) 

( 11 ) 

( 13 ) 


( 14 ) 


( 15 ) 
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By expressing M in foot-kips, for simple bending 


in which 


. M (ft.-kips) M (ft.-kips) 
A * ~ f,jd ~ ad 
12,000 


a = 


_AL 

12,000 


Bond unit stress on longitudinal bars 


u = 


F 

Sojd 


(17); with j 


7 

V 



(16a) 


(17a) 


Shearing unit stress (as a measure of diagonal tension) 


F 


V ' bjd 


(18) 



(19) 


Tensile unit stress in web reinforcement consisting of vertical stirrups or a series 
of bars inclined at 45 deg. 



(20) 


F's sin a* 
fv “ A,jd 


(21) 


Tensile unit stress in web bars bent up in single inclined plane 




V' 

A , sin a 


( 22 ) 




F'__ 

/„ sin a 


(23) 


In Fig. 1 the distribution of tensile, compressive and shearing stress over the 
cross-section of a rectangular beam is indicated and some of the symbols used 
in the above formulas illustrated. The variation in shear stress is shown by 
horizontal lines, but it should be noted that these lines represent the transverse 
shear stress as well. Table 3, pp. 473-474, gives values of K , k , j, and p, computed 
for balanced reinforcement for various combinations of /' c and n, f c , f, and a. 

2. Span Length. — The span length is commonly considered as the clear span 
between supports when the beam is cast monolithic with substantial supports, 
or the center to center distance between supports (but not to exceed the clear 
span plus the depth of the beam) when the beam is not monolithic with its 
supports. Span lengths are somewhat arbitrarily fixed by city ordinances and 
vary considerably, but the best practice is given in the 1940 Joint Committee 
report. 

3. Shear and Moment Diagrams. — Where the load on a beam is other than 
uniformly distributed throughout its length, it is always desirable to make a load 
diagram, and the graphical representation (to scale) of tne shear and moment at 
all sections expedites design and aids in securing accurate results. Figure 2, 
which combines the load, shear, and moment diagrams for a single beam, is an 
example. Certain relations should be noted in this figure. The algebraic sum of 
the loads on either side of any section x-x (or between any two sections) gives the 
change in the ordinate to the shear diagram between the reaction and the section 

yt 

* For angles other than 45 deg. /* — ■ , . 

AtfdCsin a 4- cos a) 
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(or between the two sections). Also, the algebraic sum of the areas under the 
shear curve between any two sections is equal to the change in ordinate to the 
moment diagram between the two sections. From these relations the shear 
diagram is readily constructed by summing up the loads across the beam, and in 
like manner the moment diagram is easily constructed by summing up areas 
under the shear diagram across the beam. The reactions (the end ordinates of 



(c) 

Fig. 2. — Load-shear-moment graph. 


the shear diagram) and the moments at the beam ends (the end ordinates of the 
moment diagram) depend upon external forces and restraints and must be known 
as a condition prerequisite to design of the member. As an aid to design, it 
should be noted also that the moment passes through a maximum or minimum 
value at sections where the shear passes through zero. The moment diagram 
locates accurately the points of inflection {M = 0) and since the steel area A* is 
proportional to the moment, it indicates the limiting points for bending or termi- 
nating bars. The shear diagram indicates the distance over which web reinforce- 
ment may be required, and a simple graphical construction for locating the spacing 




Sgq 6-3] 


REINFORCED CONCRETE MEMBERS 


439 


Table 1. — Design Stresses by Various Specifications 


fe — extreme fiber stress in compression 

f e — adjoining supports in continuous beams 

ft — extreme fiber stress in tension, plain concrete foot- 
ings 

w-bond stress: 

Beams, slabs, ono-way footings: 

Plain bars 

Deformed bars 

Multiple-way footings: 

Plain 

Deformed 

v — shear stress: 

Beams, no web reinforcement, no anchorage to 

longitudinal steel 

Beams, anchorage to longitudinal steel but no web 

reinforcement 

Beams, web reinforcement, no anchorage to longi- 
tudinal steel 

Beams with properly designed web reinforcement 

and anchorage of longitudinal steel 

Flat slabs at distance d from edge of column capital 

or dropped panel 

Footings, longitudinal bars not anchored 

Footings, longitudinal bars anchored 

Combined footings and raft foundations designed as 
beam elements, properly designed web reinforce- 
ment and end anchorage 

fe — bearing, full area loaded 

Loaded on partial area 

fe — axial compression 

f » — stress in steel: 

Structural grade 

Structural steel shapes 

Intermediate grade 

Hard grade 

Cold-drawn steel wire 


fo — tension in web reinforcement. 


ft — tension in steel, one-way slabs, spun not over 12 ft. 

ft — compression in column vertical steel 

Intermediate 

Hard grade 

Structural shapes 

f r — allowable stress in metal core: 

Steel 

Cast iron 

Steel i 


i pipe. 


Working stresses permitted 
(all numerical quantities to be multiplied by fe) 


1941 

A.C.I. 


0.45 


0.04 a 

0.05 6 

0.045 a « e 

0.056W 


0.02 
0 03 
0.06 
0.12 
0.03 
6 ! 03 /‘ 


0.25 

0.375* 


18,000* 


20 , 000 # 

20 , 000 # 

20 , 000 # 


18,000* 
20 , 000 # 
50% min. 

y.p. . 

40% nun. 
y.p."* 


16,000 

10 , 000 " 


Chicago 

1938 

New York 

1940 J.C. 

0.40 

0.40® 

0.45 

0.45 

0.45® 

0.03, 

0.04 

0.04 

0.04»’< 

0.05 

0.05 

0.05M 

0.03 

0.03* 

0.03«.<* 

0.0375 

0.0375* 

0.0375M 

0.02 

0.02 

0.02 

0.03 

0.03 

0.03 

0.06 

0.06 

0.06 

0.12 

0.09 

0. 12® 

0.03 

0.03 

0.03 

0.02 

0.02 

0.02 

0.03 

0.03 

0.03 

0.06 

0.25 

6.25 

0.30 

0.375* 


0.375 

0. 154** 
0.22* 

0.25 

0.25 

18,000* 

18,000 

18,000 

18,000 

20,000# 

20,000# 

25,000 

18,000 

20,000 

20,000* 

27 , 000“ 
30,000" 
16,000 

20,000“ 

18,000 

20,000 

20,000 

16,000* 

25,000* 

50% min. 
y.p> 

15,000* 


16,000 

20,000 


12,000 


16,000 

10,000" 

9,000 

10,000 




* But not to exceed 160 lb. per sq. in. 
b But not to exceed 200 lb. per sq. in. 

d With end anchorage \Yi times these values, but not to exceed 200 and 250 lb. per sq. in. for plain 
and deformed bars, respectively. t 

* When v e is in excess of 0.06 f'e, web reinforcement should provide for total shear. 

1 But not to exceed 75 lb. per sq. in. 

0 On H area or less. , , . , . 

h Not to exceed 30,000 and up to and including ^ 8 -m. bars. 

* Not to exceed 25,000 and up to and including H- in. bars. 

1 Rail, billet, and axle steel of intermediate and hard grade and cold-drawn steel wire. 

* All grades of steel. 

1 Billet and axle steel, structural grade. 

** Not to exceed 30,000 lb. per sq. in. 
n See eq. (78). 
p For controller 

tensile working stress is 40 per c 

« Where special anchorage is used, these values may be doubled. 
r For controlled concrete only. 

* Rail steel (straight or machine bent bars only). 

* Cold-drawn steel wire. . . . , . , , . , , , , 

« High yield strength : permissible stress may be 50 per cent of yield point but not to exceed 30, wo 
lb. per sq. in. for reinforcement with areas not exceeding 0.14 sq. in. and 25,000 lb. per sq. in. for 
reinforcement with areas not exceeding 0.21 sq. in. 

* Intermediate-grade billet steel (min. yield point 60,000 lb. per sq. in.). 

» In columns with lateral ties. # 

* In columns with continuous spirals. 

» Billets, also rail steel. 


For controlled concrete: when the yield point is in excess of 50,000 lb. per sq. in. the permissible 
le working stress is 40 per cent of the yield point, with a maximum value of 24,000 lb. per sq. in. 
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and position of stirrups may be superimposed upon either the shear or moment 
diagram. 

For the most common case of all — namely, that of beams under uniformly 
distributed load — the load-shear-moment graph is not generally drawn, since the 
design formulas for this case are simple and the limits have been tabulated and 
diagrams prepared that facilitate design to an even greater degree. 

4. Selection of Working Stresses. — The working stresses to be used in design 
are determined by the building ordinances where the building is to be erected, by 
the owner’s specifications, or 4 by the designer’s judgment, as the case may be. 
Commonly used standards are given in Table 1. At the support of continuous 
or restrained beams an increase in the compressive unit stress is commonly per- 
mitted, for the amount of which various specifications should ] je consulted. This 
allowance is permitted because the extra high stress intensity occurs over an 
•extremely short length of beam only, due to the very rapid decrease in the 
negative moment at the ends of beams. Under such conditions the less highly 
stressed concrete on either side restrains these fibers and enables them to carry 
much higher stresses than they could normally sustain. 

6. Assumption of Beam Weight. — In designing a rectangular reinforced 
concrete beam the size and hence the weight of the beam itself is always an 
unknown quantity and must first be assumed. With a little experience a very 
close guess can be made. The depth of the beam will ordinarily be limited by 
architectural considerations. The width of a rectangular beam is ordinarily 
made from to of d . The assumed dead weight of member must be added 
to the given loads, its reactions to the given reactions, and its probable end 
moments to those given. 

6. Steps to Be Taken in Design. — The remaining steps in the design of a 
rectangular beam are as follows : 

(a) From the maximum end shear (= reaction) calculate the value of bd 
by Formula (19). It is generally advisable to use two values of v , covering a 
range within which the designer wishes the final value to lie. 


Table 2. — Values of n for Various Strengths of Concrete 


Value 

Values of f\ for which n applies 

of n* 

A.C.I. 1941 

Chicago 

New York 1938 

1940 J.C. 

15 

All values of n 

All values of n 

All values of n 

2,000-2,400 

12 

10 

30,000 

/'. 

30,000 
“ f'c 

30,000 , 

“ // for 

J e | 

2 , 500-2 , 900 
3,000-3,900 

8 

controlled con- 

4,000-4,900 

6 



crete 

5,000 and up 


* The 1940 J.C. recommends doubling value of n for lightweight aggregate* 


(6) From the maximum moments, positive and negative, determine the value 
of F by Formula (lOo) taking K from Table 3, pp. 473-474, for the stresses speci- 
fied. Then enter Table 4 with F and select values of b and d to satisfy Formula 
(19). Check the assumed beam weight against this selection. It may be 
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necessary at this point to repeat the work thus far a number of times to obtain 
consistent results, but experience will soon reduce this to a single trial. 

(c) Find the area A t of tensile steel required for positive and negative moment, 
using Formulas (16) or (16a). Either part of the formula may be used, taking the 
value of j or of a from Table 3. j is very commonly taken as % for rectangular 
beams and slabs, without material error. The number and size of bars may be 
taken from Tables 7 and 8, pp. 482 and 484, respectively. 

(d) Compute the bond unit stress by Formula (17). The two critical sections 
will commonly be: (1) at the face of the support for the tension steel at the top of 
the beam, and (2) at the point of inflection for the tension steel at the bottom 
of the beam. If the bond stress is too high it may be decreased by the use of 
smaller rods or the allowable bond increased by hooking the ends of the rods. 

(c) Compute the shearing unit stress and design the web reinforcement. This 
is discussed in Art. 7. 

(/) Determine the total depth of the beam by adding in the necessary thick- 
ness of protective concrete. This is discussed in Art. 8 . Then review the design. 

7. Design of Web Reinforcement. — The most economical web reinforcement 
consists of that portion of the longitudinal steel which lies in the web in passing 
from the upper to the lower plane. Where a considerable number of bars are 
bent, a very effective system of web reinforcement may be provided by proper 
detailing. The stress in this steel may be computed by Formula (20) or (22), 
depending upon whether the rods are bent in several sets or all in one plane. 
To resist the negative moment properly this steel must ordinarily reach the upper 
level at some distance out from the face of the support (see Fig. 7, p. 459, and 
Art. 26), and this leaves a portion of the beam immediately adjacent to the sup- 
port without web reinforcement. There may also be another portion, if shearing 
stresses are high, between the bent bars and the center that will need web rein- 
forcement. To cover these portions, vertical or inclined stirrups are usually 
introduced, the stress being computed by Formula (20). Inclined stirrups and 
bent bars are more logical web reinforcement than vertical stirrups, since they 
take tensile stress from the first loading of the beam, whereas vertical stirrups 
become effective only when the concrete begins to show fine tensile cracks. In 
other words, vertical stirrups only jump to the rescue when the concrete starts to 
fail in diagonal tension. However, they do effectively prevent that failure and 
hold the cracks to much the same minute size as the tension cracks which are 
similarly restrained by the longitudinal reinforcement. Vertical stirrups have 
the preference in the field over inclined stirrups on account of the ease with which 
they may be placed and the support they afford the longitudinal steel before the 
concrete is placed. Tests show that the ultimate strength of beams is not affected 
by the direction of the stirrups within the limits of 45 deg. and somewhat beyond 
90 deg. to the longitudinal steel. The deflection will be somewhat greater with 
vertical stirrups, 1 

The shearing unit stress permitted on the plain concrete, v e , is commonly 
specified as 0.02/'<.. Thus for f e = 3,750, v c would be 75 lb. per sq. in. The 
total shear carried by the concrete at any section will be v c bjd, while that remain- 
ing to be taken up by the web reinforcement will be V' = V — vjbjd. The com- 
putations for spacing and the necessary total area of stirrups or web reinforcement 

1 Vertical stirrups are of importance in design for torsion also. 
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are best accomplished by an understanding of the fundamental formulas involved 
and their use in connection with graphics and tables developed for reducing the 
labor involved. 

The total number of stirrups required to reinforce the web of any beam is a 
function of the ares of its shear diagram and hence also a function of the ordinates 



Fig. 3. — Graphical solution for stirrups. 


to the moment diagram. In Fig. 3 a load-shear-moment graph for a beam has 
been drawn and on the shear diagram that portion of the shear accounted for by 
the concrete at a unit stress v e is shown. At the left end there remains an area 
ABDC which must be carried on web steel. By Formula (20) the area V's 
carried by a single vertical stirrup is V's = fvAvjd . The total number of stirrups 
required at the left-hand end will therefore be 

ar ea ABDC 

f.A,jd K > 

The number at the right end is found in the same way from the triangular area 
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EFG. Since the area V's will commonly be expressed in inch pounds, the dis- 
tances along the shear diagrams must be reduced to inches to avoid confusion. 
The stirrup section A v will represent the area of two legs in the common U-type 
of stirrup. For inclined stirrups a similar analysis results in 

area ABCD sin a N 

N = f,A,fd (24a) 


On the moment diagram the area of the shear curve ABHO is the sum of the 
ordinates M x and Ml . The area CDHO = ( v t bjd)x f where x is the length of 
beam at that end requiring web reinforcement. The area ABDC is the difference, 
and the formula for the total number of stirrups at either end may be written 


N a 


( M x ) ± (M L ) — (v c bjd)x . 

/X. jd 81 


(246) 


The ± sign must be so selected as to give an arithmetical sum of the moments. 

The spacing of stirrups can be determined graphically from the moment 
diagram. This method of determining stirrup spacing is exact when the stress 
v e on the concrete is taken as one-third or any other fixed proportion of the total 
shearing unit stress. For the usual assumption of a fixed value of v c independent 
of the shearing unit stress on the member, the results are approximate but the 
error is small. To determine the stirrup spacing from the moment diagram, 
compute the area ABDC and plot it to any scale, as the line #/, with II in the 
moment curve, and draw the closing line AJ. Now divide HJ into a number of 
equal parts twice as great as the number of stirrups required at the left end of the 
member. From the first, third, fifth, etc., of these points draw lines parallel to 
AJ and their intersection with the moment curve locates the position of the 
stirrups which must be scaled parallel to the axis of the beam. The moment 
curve must be plotted accurately to permit of this determination. The number 
of stirrups found above is the minimum that may be used, except that certain 
ones may be omitted in portions of the beam fully reinforced against shear by 
bent-up longitudinal bars. Additional stirrups are often required to comply 
with regulations as to maximum spacing, etc. 

Some designers strongly favor the use of bent-up bars exclusively as web 
reinforcement and such an arrangement is welcome in the field. Generally this 
would involve the addition of at least one bar to the steel area over the support, 
since a single bar can hardly be placed so as to be effective in tension and at the 
same time properly reinforce the end of the beam against diagonal tension. 

If the 1940 J.C. recommendation relative to bar spacing is followed, the upper 
portion of the bent-up bar adjacent to the support would lie in the face of the sup- 
port or over the support itself, and any 45-deg. diagonal line running upward and 
away from the support would intersect at least one line of web reinforcement. 
This recommendation amounts to encouraging the designer to use the 45-deg. 
bend where moment bars are bent up. 

If there are enough moment bars that may be turned up to satisfy the 1940 
J.C. recommendations and to satisfy the requirements of eqs. (20) and (21) as to 
spacing, obviously the most economical way to provide for web reinforcement is to 
bend up the moment bars. The procedure generally followed is: (a) compute 
maximum shear at the face of the support and also the distance from the face 
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of the support to a vertical section on which the shearing stress v by Formula (18) 
does not exceed the allowable value for plain concrete webs, or draw the shear 
diagram similarly to that shown in Fig. 3; ( b ) compute the number of moment 
bars that must enter the support to satisfy requirements as to bond stress u. 
The remaining moment bars may be turned up (provided conditions in Art. 12 
are complied with), preferably at 45 deg., a few inches nearer the support than 
they are needed for moment requirements, but according to the J.C. recommenda- 
tions those bars bent up nearest the support should start at a distance d or less 
from the support. The spacing from there on toward the center of the beam 
•may be determined by eq. (21), but at no time may s be greater than d as shown 
in Fig. 48, Sec. 1, when 45 deg.; (r) when no more moment bars are available for 
shear and the total shear is greater than v r bjd, then it is customary to add vertical 

v 

stirrups at spaces in accordance with eq. (20) until v< ^ is no greater than 

0.02/' r . If the designer wishes to use vertical stirrups next to the supports in 
order to take advantage of the bent-up moment bars as negative moment bars, 

the first stirrup must be no farther from the support than however, A v and/ v in 

eq. (20) may be such that s for some distance from the support may be less 

than 

8. Depth of Concrete below Horizontal Reinforcement. — The thickness of 
the protective coating of concrete over the reinforcement varies for different 
purposes. The minimum requirement is that to prevent the admission of 
moisture to cause corrosion and this depends upon the size of reinforcement used. 

The 1940 J.C. recommends that 

. . . bars parallel to iho exterior surface of any member not exposed to the weather shall 
be embedded at least one bar diameter for round bars, or one diagonal dimension for square 
bars, but in no case less than % in. from the exterior surface. At those surfaces of footings 
and other principal structural members in which the concrete is deposited directly against 
the ground, metal reinforcement shall have a minimum covering of at least 3 in. of concrete. 

Other severe exposures should be protected with 2 in. of concrete for bars over 
% in. in diameter and with 1H in. for bars under in. At the underside of 
exposed slabs, 1 in. should be required. 

For severe fire exposures, the 1940 J.C. recommendations go as high as 2 in. 
coverage for columns, beams, girders, and unprotected ribbed slabs and 1 in. for 
solid slabs for a fire duration of 4 hr. 

Metal fabric or wire mesh should have a minimum coverage of % in. where in 
unexposed surfaces and 1 H in. where exposed to water, ground, or weather. 

Some authorities recommend an extra inch of covering reinforced with a light 
mesh where the aggregate is made up of quartz-bearing minerals which in some 
cases disintegrate rapidly under conditions induced by fire. 

9. Designing of Solid One-way Slabs. — Solid one-way slabs are designed in 
exactly the same manner as beams, a strip of slab 1 ft. wide (6 = 12 in.) being 
treated as a beam. The steps are identical with those given for beams, except 
that A, represents the steel area in a 12-in. width of slab due to a certain size of 
bar at a certain spacing, instead of the steel area due to a certain number of bars* 
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If A\ is the area of one bar, the spacing in inches to give any total area A. in a 
width of 12 in. will be (see Table 5). 

10. Bar Spacing and Supporting Devices — Bar Sizes. — The specification of 
adequate spacing and supporting devices to hold the reinforcing bars in their 
designed position while the concrete is being placed is properly a part of the 
design and should be shown on the details. 

Present day practice has largely standardized ten bar sizes for use as con- 
crete reinforcement and many of the largest steel bar manufacturers will furnish 
only those sizes. To avoid the necessity of substitution it is best to use only 
standard sizes in design and in the tables in this volume only such sizes are given — 
see Tables 7 and 8. For column ties and stirrups an eleventh size, namely 
is also readily obtainable. 

11. Minimum Spacing of Bars in Beams. — The particular ordinance or 

specification under which the design is made will invariably contain many limita- 
tions on the details of the design and ihese vary widely in different cases. City 
ordinances are not always up to date. The practice of the building department 
is often more liberal than the letter of the code. The 1940 J.C. specifies that the 
minimum spacing between parallel bars shall be 2^ times the . . — — « 

diameter of round or 3 times the side dimension of square bars, \ _f 

but in no case shall the clear distance between bars be less 

than 1 H times the maximum size of the coarse aggregate or jy 

less than 1 in. in beams and girders or \y 2 in. in columns. loo Sot 
The 1941 A.C.I. Code is somewhat less conservative (see • : 

Table 8). Beyond these minimums the concrete between the ^nglt^fna^bfu^ 

bars must have sufficient area to transmit, in horizontal shear, 

the increment (or decrement) in the tension received from the bars through bond 

stress. 

In Fig. 4 the concrete on the section AB (of unit length) must be able to 
resist a horizontal shear equal to the sum of the bond stresses on the perimeter 
of the lower bar and the semi-perimeter of the upper bar. This consideration is 
the basis of the allowable clear spacing worked out in the accompanying table, in 
which the rapid increase in the spacing with many layers of bars is well shown. 


Clear Spacing Between Bars of Size Shown— (Inches) 


Layer 

% in.tf 
or less 

X in j 

<t> j 

H in 

4> 

1 in. 

* 

1 in. 

□. 

IH in. 

□ 

1 IX in* 
□ 

Outer 

1.00 

1.12 

1.31 

1.50 

2.12 

2.39 

2.66 

2nd 

1.48 

1.77 

2.00 

2.36 

3.00 

3. 38 

3.76 

3rd 

2.46 

2.94 

3.44 

3.93 

6.00 

6.62 

6.25 

4th 

3.43 

4.11 

4.80 

5.60 

7.00 

7.86 

J 

8.76 


The above values are based upon a bond unit stress of 100 lb. per sq. in. and upon a horizontal shear- 
ing unit stress of 200 lb. per sq. in. If the actual maximum bond unit stress is greater or less than 100 
lb. per sq. in., the clear spacing will vary in proportion, exoept that the minimum spacing based on sue 
of aggregate and on size of bar must be maintained in all cases. This table contemplates the use of 
in. stone as the maximum size. 

For rectangular beams the critical section as to bar spacing is at the face of 
the support for the steel taking negative moment and at the point of inflection 
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for the steel taking positive moment. If the top of the beam at the support 
is monolithic with the floor slab, forming a T-beam, only the section at the point 
of inflection remains critical. 

12. Bars Carried Through to Support. — The 1940 J.C. recommends that nega- 
tive tensile reinforcement at the supported end of a restrained or cantilever beam 
or member of a “rigid frame ” should extend in or through the supporting member 
far enough to develop the maximum tension in the bar with bond stresses not 
exceeding 0.04/' c for plain or 0.05/' c for deformed bars. 

This may call for special anchorage in the form of hooked ends with a diameter 
of the bend not less than six bar diameters and with an extension of the free end 
of at least four bar diameters. It is recommended that end anchorage be assumed 
to develop a maximum stress of 10,000 lb. per sq. in. in the bar so anchored. 

Every beam should have a number of bars carried straight through in the 
bottom to the support. 

In simply supported beams and freely supported ends of continuous beams, at 
least one-third of the positive reinforcement should extend into the supports a 
distance sufficient to develop one-half the allowable stress in the bars. 

In restrained or continuous beams at least one-fourth of the positive reinforce- 
ment should extend into the supports. 

13. Points Where Horizontal Reinforcement May Be Bent. — Having deter- 
mined the minimum number of bars which must continue in the bottom, the 
points at which bars may be bent up are determined from the moment diagrams, 
remembering that the steel area required is directly proportional to the moment. 
By dividing the maximum positive moment ordinate into as many equal parts as 
there are bars required at the center and projecting these parts horizontally to 
the moment curve, the points at which successive bars may be bent is readily 
determined. A similar construction upon the negative moment ordinate shows 
where bars may be bent down and completely fixes the best bending of the bars. 
In restrained or continuous beams two bars or at least one-third of the total 
reinforcement provided for negative moment should extend beyond the point of 
inflection a distance sufficient to develop one-half of the allowable stress in the 
bars so extended, or at least 12 diameters, but not less than one-twentieth of the 
span length beyond the point at which computations indicate that it is no longer 
needed to resist stress. 

14. Size of Web Reinforcement Bars. — Web reinforcement bars in general 
and vertical stirrups in particular are required to develop very high tensile 
stresses in very short embedded lengths. This means high bond unit stress and 
severe anchorage requirements and calls for the use of small rods in ordinary beam 
depths. It is a very common error to use too large stirrups, and some of the objec- 
tion to vertical stirrups is really objection to this abuse. A in. vertical stirrup 
in a beam of 12 in. depth is no more effective than a %-in. stirrup and the proper 
size to use in this beam would be >£-in. The stirrup of large diameter simply 
slips. 

16. Anchorage of Web Reinforcement Bars. — According to the 1940 J.C. 
each end of each web reinforcement bar should be provided with end anchorage 
in one of five ways: 

(a) If a bent-up moment bar, by proper embedment or hook at the end not 
stressed beyond 10,000 lb. per sq. in. 
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(b) If a stirrup, by rigid attachment, as by welding, to the main longitudinal 
reinforcement. 

(c) By bending around and in close contact with a bar of the longitudinal 
reinforcement, into the form of a U-stirrup or loop. 

(d) A hook placed as close to the upper or lower surface of the beam as the 
requirements of fire and rust protection will allow. In estimating the capacity 
of the anchorage the stress devel- 
oped by bond between mid-height 
of the beam and the center of 
bending of the hook may be added 
to the capacity of the hook, which 
if bent to a semicircle of six di- 
ameters with the free end ex- 
tended four diameters may be con- 
sidered good for 10,000 lb. per sq. in. 

(e) An adequate length of embedment either straight or bent in the upper or 
lower one-half of the effective depth of the beam. Anchorage of this type should 
not be relied on for stirrups in cases where the shearing stress in the web exceeds 
that recommended for beams without end anchorage of the longitudinal reinforce- 
ment, namely 0.06/' c . 

Figure 5 shows acceptably detailed stirrups for rectangular beams. It is not 
important in a rectangular beam which end of a stirrup, bent as shown, is upper- 
most if both ends are adequately anchored. Type “a” is the common form of 
vertical stirrup. Type “b” is required in some cities when the steel in the com- 
pression face is designed to take compression. Type “c” is more commonly used 
for inclined stirrups, while type “d,” with the hooks turned outward, is the com- 
mon stirrup for T-beams. 

Some Steel manufacturers have placed upon the market unit frames in which 
the stirrups are made of continuous wires or small rods, looped about the top and 
bottom bars, and spaced to meet the design. These are excellent details but for 
some reason have not come into general use. 

16. Rules for Stirrup Spacing. — The 1940 J.C. specifications require that 
where bars are bent up in a single plane, the effective dimension s, which is obtain- 
able from Formula (21), is to be measured one-half way each from the bar at 
mid-depth of the beam and should not exceed %d. Web reinforcement should 
be so spaced that every 45-deg line extending from mid-depth of the beam (down- 
ward and towards the nearest support) to the longitudinal tension bars should be 
intersected by at least one line of web reinforcement. If the shearing stress 
exceeds 0Mf e every such line should be intersected by two such lines of web 
reinforcement. 

Where both types of web reinforcement are used to reinforce the same portion 
of the web, the total shearing resistance of this portion of the web is assumed 
to be the sum of the shearing resistances computed for each type separately. 

17. Beam Sizes Influenced by Formwork. — The dimensions of concrete 
beams are frequently influenced in practical design by the formwork. The beam 
bottom form is made up of plank which must be cut to fit the beam width, unless 
this width is made to fit the plank. Widths of 5% in., 7 % in., 9 % in. and 11% 
in. permit the use of one-piece plank bottoms without stripping or filling, while 



(a) (b) (c) (cl) 

Fig. 5. — Stirrup bending details. 
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widths of 13J^ in., 15 K in., etc., are suitable for two-piece bottoms for wider 
beams. Adherence to such a program will also avoid the common error of 
making an immense number of different beam sizes. A reasonable number of 
different depths and widths of beams will be economical even though some con- 
crete is used at less + han its allowable compressive unit stress. Forms frequently 
cost more than either the steel or the concrete. 

18. Camber in Forms. — Beams deflect due to shrinkage of the concrete in 
hardening and due to plastic (inelastic and hence permanent) deformation in the 
concrete under long continued loading, as well as due to the load on the beam at 
any given instant. Forms should therefore be cambereu and the amount of 
camber should take into account all of the causes of deflection. Measurements 
of completed floors show that the usual allowances are too small. This may be 
said to be a matter for the contractor to handle rather than the designer, but it 
frequently happens that the designer is the only person connected with the job 
who is competent to compute the proper camber and that he should take it upon 
himself to see that it is done. 

19. Construction Loads.— When designing members for very light loads, it 
is sofnetimes advisable to investigate the effect of such loading as is liable to 
come upon them during the construction of the building of which they are a 
part. The engineer must at times protect himself against the carelessness or 
ignorance of some man on the job who is looking for a space to tuck away a couple 
of carloads of gypsum or partition tile. The safe load, in some easily under- 
standable units, should be plainly marked on the drawings at least. 

20. Temperature Reinforcement. — Temperature changes and shrinkage may 
be neglected in the computation of stresses for buildings of ordinary size. In 
localities where the temperature change is large, joints may be necessary as often 
as each 200 ft.; under more favorable conditions joints may be reduced to every 
500 or 600 ft., except that in roof construction 100 ft. is a good rule in northern 
climates. In addition, joints should be provided in L-, T-, or U-shaped buildings. 

Illustrative Problem. — To design a rectangular beam, freely supported, of 20-ft. spiui 
resting on 12-in. brick walls, carrying a uniformly-distributed load of 1,850 lb. per ft. The 
total depth of beam is limited to 3G in. A 2-in. protective cover over the principal rein- 
forcement is to be provided. f e = 650, f s = 16,000, and n — 15. 

For solution in detail sec Design Sheet 1. The following notes refer to that design 
sheet: (a) Deductions for effective depth are 2 in. (protective cover) plus in. (half of bar 
dimension); (5) instead of revising the moment computation above, the revised load is 
introduced in this way as a correction; (c) selected from Table 7; ( d ) clear span is 20 ft. ' 
less 1 ft. (wall) * 19 ft. 

Ulustrative Problem. — To design a rectangular beam to carry two concentrated loads 
of 10,000 lb. each, applied 5 ft. from either end of 18-ft. clear span, and also to carry uni- 
formly distributed loads amounting to 375 lb. per ft. between the concentrated loads and 
750 lb. per ft. between the concentrated loads and ends of span. The left reaction from 
this loading is fixed (by adjoining span conditions) as 15,750 lb. and the right reaction as 
14,750 lb. A bending moment of —33,250 ft.-lb. acts upon the left end of member and 
one of —24,250 ft.-lb. acts upon the right end. Use f 0 - 800, assuming a 2,000-lb. 
conorete. 

For solution see Design Sheet 2. The following notes apply to that sheet: (a) Based 
on usual assumption of wL* /12; (6) weight of reinforced concrete is commonly assumed 
to be 150 lb. per cu. ft.; ( c ) spacing of bars taken from Table 8; ( d ) sign of moment is 
neglected — reinforcement is in top of member; (e) this steel area will be designed when 
steel available from adjoining span is known; (/) by inspection, bond is higher at left 
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support and only one computation is necessary; (g) in evaluating Formula ( 24 ), p. 442 
the length x is here given in feet because the moments are stated in foot-pounds, and the 
whole then multiplied by 12 to reduce to inch-pounds. 

Illustrative Problem. — Check the design of a rectangular beam, as given below, and 
determine magnitude of all principal stresses, using 1940 J. C. specifications and assuming a 
2,000-lb. concrete. The beam is 12 in. wide and 24 in. deep, with 2 in. cover over the 
main bars. The reinforcement consists of four %-in. round deformed bars of intermediate- 
grade steel of which two are bent up at each end. There are 8 j^-in. round vertical stirrups 
at each end spaced 4 in., 2 at 6 in., 2 at 8 in., 2 at 10 in., and 12 in. This is one of a series 
of spans, all alike, making up a continuous beam. The clear span is 18 ft. and the super- 
imposed load 1,500 lb. per ft. 

For solution see Design Sheet 3. The following notes apply to that sheet: (a) Some 
specifications require tvL 2 /12, but this is not a controlling item in this design; (6) this 
computation indicates that very low stirrup stresses have been used in this design — num- 
ber of strrrups could be reduced; (c) v = 72 (appror.) at 1st stirrup less (v c = )40 leaves 
32 lb. per sq. in., to be taken by stirrup. 

Illustrative Problem. — To design a fully continuous floor slab for a superimposed load 
of 150 lb. per sq. ft. The span is 8 ft. Use A.C.I. stresses. Assume a 2,000-lb. con- 
crete and hard grade plain bars. 

For solution see Design Sheet 4. The following note applies to that sheet: Compressive 
stress in the concrete and diagonal tension are practically never critical in solid slabs like 
this, particularly at the support where the positive moment bars form compressive 
reinforcement. 
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DESIGN SHEET 1 

Assume dead weight of beam as 450 lb. per ft. 

Total dead and live load = 450 + 1,850 = 2,300 lb. per ft. 

M - = (2,300) (20)* = 1,380,000 in.-lb. =115 ft.-kips 

For fn » 650, ft — 16,000 and n = 15 (from Table 3): 

V - 0.0077 ; j - 0.874, say %; k = 0.379; and K = 108 
F = ^ = 1.065 

A 

From Table 6 note that 1.04 is at intersection of b — 11 and d = 33. Use b *= llfhJ and 
d - 33 

d » 36 - 2}i = 33.5 in. (tt) 

( 150\ 

= 436 lb. per ft. 7) -f LL = 2,286 lb. per ft. 

At center, by (16) : 

, 2,286 (b > 1,380,000 

‘ = 2,300 ' (16,000) (%) (33.5) " 2-94 Bq ‘ 

From Table 7 we find that two 1-in. square and two ?£-in. round bars give an area 
of 2.88 sq. in., which is close enough. 

At face of support, the number of bars required in bottom, whore u = 0.04 f' e = 80, is 
by (17), 

™ V (2,286) (9.5) W> 

SO = — - = == 9.26 in. 

ujd (80)(%)(33.5) 

Carry two 1-in. square and one ?£-in. round bars (So = 10.35 sq. in.) straight through 
in bottom. 

Bend up one %-\n. round bar to top of member of each end, at a 45-deg. angle and 
anchor with hook. 

By (18) at end, 

(2,286) (9.5) 

’ " (11.62) ( Jj|) (33.5) “ 64 lb ‘ P ° r 8<1 - m - 
allowable shear in the concrete = 60 lb. per sq. in. 

V = 4 X 11^8 X % X 33.5 - 1,367 lb. 

By (22), 

, 1,367 A 1u — ■ 


0.44 X 0.707 


! 4,400 lb. per sq. in. 


This takes care of the shear for a distance of 30 in. from the support where 

7 

v = : 64 = 47.2 lb. per sq. in. 

9.5 

This is below the amount, 0.03/'o = 60 lb. per sq. in., permitted by the specifications for 
2,000-lb. concrete. 
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DESIGN SHEET 2 

Assume dead weight of beam » 250 lb. per ft. 
Correction for dead weight: 


Item 

Superimposed 

loads 

Dead weight 

Total 

Left reaction 

15,750 

2,250 

18,000 

Right reaction 

14,750 

2,250 

17,000 

Left moment 

-33,250 

-6,750(o) 

-40,000 

Right moment 

-24,250 

—6, 750(a) 

-31,000 


Figure 2 is the load-shear-moment graph for this member. From this figure maximum 
moment at center is 44,700 ft.-lb. - 44.7 ft.-kips. 

For/. * 18,000, fc - 800 and n « 15 (from Table 3) 

p *= 0.0089; j - 0.867; k - 0 4; and K - 139 
M =* 44.7 ft.-kips 

'-x-w - 0 - 821 

d = 18H for F * 0.328 
In Table 6, try 5 = 11% in. 

Take bd = 11.62 X 19 = 221. 


Beam weight = (11.62) (21) = 2541b. per ft. (assumption O.K.) 

V144/ 

At center, by (16): Am = ^7)‘(19) = 1,81 8q ' in> “ six ^“ in * round bars, 

(from Table 7) 

(a) From Table 8, note that five %-in. round bars could be placed in 11 in., but better 
place four in the bottom layer with 2^2 by % in. for spacing and the remaining two bars 
in the upper layer. 

At left end. by (16): A, = = 1.63 sq. in.«> 

A + K-*r ft AN • A - = (31,000) li) (12) _ 1 OA an («)) — .niinrl K... 


At left end. by (16): A. = 

At right end, by (16) : Am = flg^QQ^Q ' g(fr ) 1fi9 ) = 126 S Q* i n - (c) " four %~ in - round bars 

i R nno 

At face of left support, </> by (17): u = — 96) ^ 867) (1.9 ) = 140 lb * P ® F Sq * in ' 

16 200 

At left point of inflection, by (17): u « 3( i ' 96 ' ) (o " 867) (1 9) = 168 lb * per 8q ' in * 

u =“ 140 is O.K. with deformed bars with hooked ends, i.e., u = 0.05 f \ *f 50 %. 
u = 168 is too high. Carry four %-in. round bars through in bottom; u =* 126. 

This is O.K. with deformed bars with hooked ends. 

At left end, by (18): • = tli ; 6 ;jg 7 y (1) - - 94 lb. per sq. in. (O.K.) 

A. “ 0.2208 sq. in. for one ?^-in. round U 
Number of JfJ-in. round U-stirrups at left end, by (24) » 

37.600 - (-40,000) - (40)(11.62)(0.867)(19)(5) v _ o 

(16,000) (0.887) (19) (0.2208) 

Number of %-in. round U-stirrups at right end, by (24) — 

41.600 - (-31,000) - (40) (11.62) (0.867) (19) (6) v 1? _ - 

(16,000) (0.867) (19) (0.2208) ” 

V at left end - 18,000 - (40) (11.62) (0.867) (19) - 10,3201b. 

V at 10,000 lb. load - 6,320 lb. 

By (20): . - a6,000)(0.22) (0.867)(19) _ ^ jn . at 1#ft rapport 

10,320 

8 ■» 11 in. at 10,000 lb. load, but maximum 8 allowed between vertical stirrups is hence 

8 at 10,000 lb. load « 9% in. No stirrups are needed between the 10,000 lb. loads. 

Total depth of beams ■■ 19 + He + 1 “ 201 He > n - ga y 21 * n - 
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DESIGN SHEET 3 


Live load per foot of span = 1,500 lb. 

Weight of beam - 12 X 24 X - iJo^TE^Fft. 


b - 12 in.; d = 24 - 2 - % = 21.62 in.; 4,= 4 X 0.44 = 1.76 sq. in. 


i/)L *(o) /12\ 

Moment at center * * \16/ *800) (18) 2 = 438,000 m.-lb. 

Moment at ends * — = (]^) (1,800) (18) 2 = 584,000 m.-lo. 


U 


Approximate steel stress, by (15). 
At end, by (9) : 

By (7): 


/<• = 

K = 
V = 


584, 000 __ 
(1.7(f) (%) (21.62) “ 
584,000 _ 

(12)(21.G2) 2 “ 1U * 


1.76 


(12) (21.62) 


0.0068 


17,500 lb. per sq. in. 


From (12), with p = 0.0068 and K = 104, ; = 0.88; from (5), k = 0.36; from (7), 
= 650 lb. per sq. in., f„ = 17,400 lb. per sq. m. 


At face of support by (17) : 

At Ho point of span by (17) . 
By (18) 


« 40 

By proportion ^ 


9 — x 
9 ; 


x 


(1,800) (9 ) OAU 

U “ (9.42) (0.88) (21.62) " 90 lb * per sq * in * 
(1,800) (0.4) (18) 

u = (477T)(6.88)(202) - 144 lb " 1>er 8C *' *”■ 

(1,800) (9) 

® ~ (12) (0.88) (21.62) “ ‘ ZL0 - 

4 ft. =48 in. = required stirrup distance. 



By (24) and preceding text, 

Shaded area - (32)‘(12) (0.88)(21.62) (y) * 175,000 in.-lb. 


Number of %-in. round U-stirrups 
By (20),/, 


175,000 


(16,000) (0.2208) (0.88) (21.62) 


2.6 each end.<&> 


(?) — Ve)bjds 
Avjd 


(30) (12) (0.88) (21.62) (7) 11 AnnlK . . + . 

,x- = 11,400 lb. per sq. in. m stirrup 


(0.2208) (0.88) (21.62) 


next to support. 
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DESIGN SHEET 4 

For A.C.I. stresses, /„ = 900, /, — 18,000 and n » IS, Table 3 gives j «■ 0.867, k m 
0.429 and K 165. 

Assume a 4-in. slab, weight = 50 lb. per sq. ft. 

Superimposed load on slab = 8 -~^‘ 

200 lb. per sq. ft. 

Moment at supports = ^ = (~) (200) (8) 2 = 12,800 in.-lb. 

b = 12 in. 

By (10): 

J 12,800 

« 2 *= 1 2 ( 1 ^) 555 6 * 47 8 U- in., d = 2.55 in. 

Used = 2.55 in. By (16): 

. 12,800 

A ‘ = (i8^00) (%K27 ss) = °- 319 sq - m - per ft - 

Spacing of round bars = — 4.16; make them 4]<1 in. on centers 

Use same moment and same reinforcement at center, although moment is actually less. 
By (17): 


U (1.18) (2.91) (%) (2.55) 104.5 lb. per sq. in. 

This bond is higher than ordinances allow, oxcept with well anchored bars. To con- 
form to the ordinances all the bars would be carried through in the bottom and additional 
?£-in. round bars at 4 in. centers provided in the top of the slab over supports. 

At face of support, by (18) (o) : 


(200) (4) 
(12) (K) (2.55) 


29.8 lb. per sq. in. 


By (14), compression in concrete/ 0 * / e 


(2) (12,800) 

(0.429) (0.857) (1 2) (2 . 55) 2 


Total slab thickness = 2.55 + 0.19 + 0.75 — 3.49 in. 


89 lb. per sq. in. 


T-BEAMS AND RIBBED ONE-WAY SI<ABS 

In reinforced concrete structures the slabs and beams are poured in one opera- 
tion and the two are in fact monolithic. The compression occurring in the top of 
the beam near the center of the span will be resisted by the slab directly over the 
beam and for a considerable distance on either side. Thus the effective section 
resisting positive moment of the vast majority of beams in actual structures is a 
T-section and such beams are called T-beams. In ordinary tile-and-concrete-joist 
construction and in open-joist construction the same co-action of slab and rib 
occurs and these types must be designed as T-beams. 

A T-beam as a structural member may be a separate beam, a single span in a 
continuous beam or in a framed structure, or a cantilever projection as in foot- 
ings. Furthermore all T-beams with end restraint must be treated as rectangular 
beams over some part of their length. In order to present a T-section in flexure 
for both positive and negative moment, a beam must have an I-shape. Such 
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beams do occasionally occur but the usual case of a T-beam member involves 
design as a T-beam only for positive moment near the center and design as a 
rectangular beam for negative moment at each end. 

21. Formulas. — Certain additional notation becomes necessary in designing 
T-beams. . This notation is given in Appendix A. 

Figure 6 shows the distribution of stress over a T-beam section and illustrates 
some of the symbols used in the formulas. In this figure the portion adhe is 
called the flange , the portion fgnm is called the stem, and the portion bcnm is 
called the web. 

If the slab is thick and the beam shallow, kd may be less than t and the neutral 
axis lies within the flange. This condition is commonly designated as Case I 
in T-beam analysis. Since the concrete in tension is neglected in flexure the 
stress distribution and formulas for positive moment are identical with those for 
rectangular beams given in Art. 1, p. 436, except the following: 

b'd = l (26) 

For negative moment b r must be substituted for b in all formulas and the design 
made for rectangular beams at the support where there is no flange available for 
compression. Very commonly this negative moment section will have com- 
pressive reinforcement and in this case the design becomes that of a doubly- 
reinforced rectangular beam. 




Fig. 6. — Stress distribution in T-beams (Case II). 


If the slab is sufficiently thin so that kd is greater than t and the neutral axis 
lies below the flange entirely, as illustrated in Fig. 6, the area of concrete available 
to take compression is less than in a rectangular beam of size bd and new formulas 
must be developed. Two cases, (Case II and Case III) arise under this condition. 
In Case II the small amount of compression in the stem between the neutral 
axis and the under side of the flange is neglected. The stress in this portion is 
low as shown in the stress diagram, Fig. 6, decreasing to zero at the neutral axis, 
afld the width affected is only the width of the stem. The principal formulas for 
design are derived in the same manner as for rectangular beams. 
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Position of the neutral axis k = 
nAs , t 


pn + 0.5 (g) 2 

pn + i 


or k =» 


bt + 2d 


nAs 

IT 


+ 1 


For balanced reinforcement values of k may be taken from Table (3) 


Arm of resisting couple j = 1 — g • 


“-4) , *-i, 


Percentage of reinforcing steel 


- 4 ) 

’•-r/i'-i) 


For neutral axis at lower face of flange with balanced reinforcement 

■*-‘(4 +i ) 



t ' 

(a)“\ 

1-1 
_ 2&J 


For over-reinforced beams M — M c - frj (j) 6d 2 

* See footnote on p. 455. 

2 Formulas (27), (28), (20), and (31) are derived as follows from Fig. 6(c): 
From similar triangles abc and ab'c' 

ab ab' 


or z - t I 


Substituting values of k, /« and t/d, we have 


jd < 


(S) 

.j 

\¥ + *0-0/ a/ 7 ■ 

( 2k — 2 (j) *-! , 

•l — j * /, v A . ’ j 


3iM 


kd 


A 6 * - 3 G, 

Equating the total tension to the total compression we have 


2k - 


p/.W - bt 


which reduces to 


'•+'*(nr) 

2 

4,.il 

r. d L 2*J 


Substituting j 


7. ” »(1 - 4) 

pn + 0.5 ( 5 )' 
P" +3 


in (29), 


(27) 1 


(28) 1 

(29) * 

(30) 
(31)’ 


(28) 


(29) 


(27) 


For remainder of footnote see page 456. 
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K 


K c 



1 


By substituting the value of j as given in the latter part of eq. (28), 



L _ JL + 

d kd ^ 


2 1 > \ 
3 kd 2 ) 


For under-reinforced beamt M = M a — A a f»jd 

K = K. - = /.?/ 

_ ilf _ M ft. -kips 
8 ~ jyd “ ad 


(32) 

(32a) 

(33) 

(34) 

(35) 


Formulas (1), (2), and (3) also apply to Case II. Values of K and a for 
T-beams with various ratios of t to d may be taken directly from Table 10, 
p. 492. Table 11 is used for finding j. 

Case III, where the compression in the web below the flange is taken into 
account, is best handled by considering the external moment M as resisted by two 
beams, one consisting of the web bcmn , Fig. 6a, with its reinforcement, and one 
consisting of the sum of the flange parts abmo and cdrn on either side of the web, 
with reinforcing sufficient to provide tensile resistance equal to the compression 
in the flanges. 

Formulas for rectangular beams on Table 3 may be used for the first of the two 
resisting beams, while Formulas (27) to (35) and Tables 10 and 11 may be used 
for the second. 

The 1940 J.C. recommendations relative to flange width are as follows: 

The effective flange width used in the design of T-beams should not exceed one- 
fourth of the span length of the beam, nor should the overhanging width on either 
side of the stem or web exceed eight times the thickness of the slab or one-half the 
clear distance to the next beam. 

For beams having a flange on one side only, the effective overhanging flange 
width should not exceed one-twelfth of the span length of the beam or six times the 
thickness of the slab or one-half the clear distance to the next beam. 

22. Steps in the Design of a T-beam. — The steps in the design of a T-beam 
are much the same as in the design of a rectangular beam, the principal difference 
being in the numerical values of k and p. The weight of beam to be assumed, 
however, is only the weight of the stem, as the flange weight is commonly in the 
superimposed load. The steps are : 

(a) Determine the value of b'd by Formula (26) ; V is usually K to %d. 


for p substitute ^ and divide numerator and denominator by jj* 


Then 


k - 


nA. , 1 t 
bt * 2 d 

IT + i - 00 


M . 


Me 




( 81 ) 
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(6) Determine whether or not the design of the beam comes under Case I. 
The value of t will have been determined previously in the design of the slab. 
(It may, of course, be changed, if found desirable, to aid the beam design.) The 
value of d will generally depend on architectural considerations and is therefore 
known or can be readily assumed. Use Formula (30) to determine the limiting 
value of d for Case I. If d by (30) is equal to or greater than the value indicated 
by external conditions, the beam is Case I, and the design may proceed exactly 
like a rectangular beam except that Formulas (25) and (26) replace Formulas 
(18) and (19). If d by (30) is less than the value indicated by the external condi- 
tions, it is a Case II or Case III T-beam and the design proceeds as follows: 

(c) Neglecting compression in stem, with f by n, f n and j enter Table 10, and 

get K and a. By (35) . A s — From Table 5 choose the bars and 

check required spacing and diameters against b'. 

(d) Including stress in stem, break problem into one of a rectangular beam 
b'd and of a T-beam ( b — b')d . Enter Table 1; get K y a, and p. From (9), M 
in inch pounds taken by the rectangular portion = Kb'd 2 . From (16), A* = pb'd, 
the area of the steel needed for the rectangular portion of the beam. Subtract M 
taken by the rectangular portion from the total M, and get moment to be taken 
by the T-beam. Convert it into foot kips. Enter Table 10, and get a. From 

(35), A 8 — — — which is the area of the steel needed for the moment 

taken by the T-beam. Add the steel needed for the rectangular portion to that 
needed for the T-beam portion. 

(e) Investigate the bond stress on the longitudinal steel. Article 25 takes 
up this matter in more detail. 

(/) Design the web reinforcement exactly as for a rectangular beam of 
width b'. 

(i g ) The protective cover for the reinforcement in the stem of T-beams should 
be the same as for rectangular beams. In the upper portion of a T-beam, the 
protective cover may be reduced to that in a slab, remembering that this cover 
will ordinarily be above the slab steel which rests upon the beam steel. Where 
plaster is applied directly to the concrete, the fire proofing cover may be reduced, 
according to some ordinances by one-half the thickness of the piaster but not 
more than H in. 

23. Brackets and Haunches. — The preceding outline of steps to be taken in 
design applies to the T-section under positive moment at midspan in which the 
wide flange is in compression and the stem in tension. The two ends of the 
T-beam where the stresses are reversed must now be designed for negative moment 
as rectangular beams. If brackets or haunches are not permissible, this design 
may fix the values of V and d for the entire beam. Brackets are made by deep- 
ening the beam from the point where the ordinary depth is sufficient to take the 
compression, increasing to the column. Haunches are made by increasing 6' 
from the same section to the column. The use of either bracket or haunch 
decreases the shearing stress and permits of decreased web-reinforcement. Either 
one adds to the expense of the formwork considerably, and where a reasonable 
amount of compressive reinforcement will serve the same purpose it is generally 
used in preference to brackets or haunches. 
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24. Use of T-beam Table 10. — Table 10 is extremely useful in practical design 
work involving T-beams. It covers a wide range of allowable steel and concrete 
stresses, each of which have been raised in the past few years. In it n varies from 

15 down to 8 and J varies from 0.06 to 0.40. From it K and a for Cases I and II 

are determined directly. With M and a known, A, is found from (35). Case III 
can be quickly solved by the use of Tables 3 and 10. With the rectangular por*- 
tion of the beam b'd known and K taken from Table 3, the value of M taken by 
the rectangular portion of the beam may be found from (9). With p taken from 
Table 3 also, the steel for the rectangular portion may hr determined by (16), 
where A t — pb'd. There is then left a T-beam (6 — b') across the top and d 
from the top to the tensile steel, which must take the remaining value of the 
external bending moment. From Table 10, a is determined, and, from (35), 

A a — — • This latter value of A a is then added to the former. The use 

of Table 10 is further explained in Art. 22 and on Design Sheet 5. 

25. Discussion of Stresses in a T-beam. — Let Fig. 7 represent a T-beam 
member with the longitudinal reinforcement as shown in (a), the uniform load 
as in (6), the shear curve as in (c) and the moment curve as in (d). The moment 
curve shown is drawn in accordance with the empirical rule that for a continuous 
beam of equal spans uniformly loaded, the maximum positive moment at the cen- 
ter of intermediate spans and the maximum negative moment at the correspond- 

WL 

ing supports may be taken as -jTp The fact that the 1940 J.C. recommends 

other divisors for WL for spans over 10 ft. does not impair the value of the 
illustration. These two values are not for any one condition of load on the 
adjoining spans but represent maximums at the two principal sections under all 
possible loadings. The moment curve is therefore composed of two portions, one 
representing positive moments at their maximum values and the other represent- 
ing negative moments at their maximum values. The shear curve is the same for 
both cases. The point of inflection is seen to have possible positions as far from 
the support as point 5 and as near to it as point 3. Assume that the depths are 
so selected as to give eight bars at the center and eight at the support. Since A a 
is proportional to M, a graphical construction may be made showing the moment 
carried by each set of two bars and this has been done. Starting at the center 
of the beam it is seen that considering moment only two bars of the bottom rein- 
forcement can be bent up or terminated at point 6, two more at point 5, two more* 
at point 4, and the last two at point 3 where the positive moment becomes zero 
even in the extreme case of loading on adjacent spans. Similarly considering the 
upper reinforcement from the support toward the center, and taking account of 
moment requirements only 7 the eight bars required at the end can be reduced to six 
at point 2, to four at point 3, to two at point 4 and entirely cut off at point 5 
where the negative moment becomes zero at the other extreme. As has been 
mentioned (Art. 12), good practice requires that at least one-fourth of the bars 
required at the center be carried through in the bottom of the beam to the support 
and bond considerations frequently raise this proportion. These are the two 
bottom bars that otherwise would be terminated at point 3. At the top, the 
1940 J.C. recommends that at least one-third of the reinforcement provided for 
negative moment be extended beyond the point of inflection a distance sufficient 
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to develop one-half of the allowable stress in the bars so extended. The inter- 
vening bars could be bent (for moment) as shown in Fig. la and would provide an 



efficient arrangement of web reinforcement except for sections close to the support 
and possibly, if the shearing stress is high, beyond the outer bent rod. 

In Fig. Id curves have been drawn showing quite closely the tensile unit 
stress in the various pairs of rods as it varies from the center to the support figured 
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by Formula (15), and in Fig. 7c the bond unit stress variation is shown in a 
similar manner, figured by Formula (17). Note that by applying Formula (17) 
to sections between the point of inflection and the support the bond stress on 
the tensile (upper) reinforcement is found. The lower reinforcement is in com- 
pression and its bond stress is lower. A study of Fig. 7c indicates that the critical 
section for bond in intermediate spans of continuous beams under the usual 
moment specifications will commonly be found at a section at a distance of K o 
of the clear span from the face of the support. 

26 . Bond Considerations. — At the end of simple beams, and at the outer end 
of beams continuous at one end only, the section at the face of the wall support 
may be critical for bond and very commonly the bottom rods will need to be 
hooked over such supports. The top steel will almost always require hooks over 
the end support. It is a safe and at present practically universal rule to provide 
tension steel in the top at the ends of all concrete members thus avoiding the 
possibility of cracks forming at that point and destroying the shearing resistance 
of the beam at its critical section. 

In Fig. 7 all bars have been bent up and used for negative reinforcement as far 
as practicable. It sometimes happens that a portion of the reinforcement at 
either the center or the support is not needed at the other section of maximum 
moment value. Such bars are terminated where they are no longer needed for 
tension. Large bars should always end in a hook bent to a diameter not less than 
six times the bar diameter to minimize the slipping. Even an elementary 
consideration will show the designer that exceedingly high bond stresses must 
occur at such rod ends and that some slip is bound to occur. It is also true 
in most cases that where a bar is bent from the lower to the upper plane, the bond 
stress at the neutral axis will be so high as to cause some slipping and the actual 
tension in such rods will rarely decrease to zero as shown in Fig. 7 d. In this 
case the opposed tensions above and below the neutral axis tend to balance each 
other so that high bond stresses are justified in design. Their magnitude is never 
figured since the anchorage is exceptionally good. The bending of such bars, 
however, should be gradual to avoid high stresses in local compression at the 
points of bend. The radius of bend should be not less than three bar diameters. 

27 . Lateral Spacing of Longitudinal Bars. — The lateral spacing of the longitu- 
dinal bars for positive moment is governed by the same condition set forth in Art. 
11 for rectangular beams. For negative moment, however, the minimum spacing 
can be used in the bars in all layers since there is ample concrete in the flanges of 
a T-beam to take the horizontal shear. 

28 . Critical Sections. — For T-beams the critical section in horizontal shear is 
across the stem at the under face of the flange and adjoining the support. The 
intensity is the same as the intensity of the vertical shear and is figured by For- 
mula (25). The same web reinforcement will provide against both vertical and 
horizontal shearing stresses in all usual cases. Other sections where caution is 
sometimes urged in T-beam design are the twp sections through the flange in 
the planes of the sides of the stem. However, with proper transverse steel in the 
flange to take cross bending, there is little danger from the external forces at these 
longitudinal sections. It is believed that shrinkage stresses at the junction of the 
stem and flange may set up stresses that augment somewhat the computed 
stresses in the web and transverse reinforcement. 
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29. Ribbed Slabs of the One-way Type.— Itibbed slabs are T-beams with or 
without fillers of such a character as to increase their strength. Figure 8 shows 
several common types. Hollow clay 
tile greatly increase the strength in 
compression and shear and also the 
rigidity. (Where the tile are laid 
with staggered joints, the thickness 
of one web may properly be added to 
the width of the concrete joist as 
effective in shear, and one half of the 
thickness of the top slab of the tile 
may be added to the concrete as 
effective in compression.) Gypsum 
tile are similarly effective to a less 
degree. Metal domes are common^ 
considered as forms only, even if they 
are left in place permanently. The 
design of ribbed slabs is precisely 
the same as that of T-beams as 
outlined above. Diagram 1 gives 



u 5 


Open Joist Construction 
Cb) 



Gypsum Tile Fillers 

(c) 


Fig. 8. — Types of ribbed slab construction. 

information of value in selecting trial dimensions. 

30. General Proportions of T-beams. — Tests have shown conclusively that 
the slab is effective as a compressive flange in T-beams to a very great distance 
from the stem. City codes and the ideas of those who sometimes write specifica- 
tions have become “set” at various stages in our developing knowledge of this 
matter and vary widely. The latest Joint Committee report permits the use 
of the adjoining slab for a distance on either side of the stem equal to 8 times the 
slab thickness. Of course, not more than one-half the clear distance to the 
adjoining T-beam is available and a limitation that b shall not exceed M to 
of the, span length of the beam is commonly recognized in design. For beams 
having a tee on one side only the effective width of slab acting with the beam 
should be not more than six times the thickness of the slab or one-twelfth of the 
span length of the beams or one-half the clear distance to the next beam. The 
important considerations are: (1) the moment produced on the unsymmetrical 
beam section when the center of action of the compressive stresses is moved from 
its usual position directly above the center of action of the tensile stresses, and (2) 
the torsion due to unbalanced external loading. A rational design is very difficult 
and is seldom if ever made, but the designer remains responsible for keeping these 
moments to reasonable amounts. The slab thickness should bear a sensible rela- 

t 

tion to the effective depth of the beam. Table 10 includes the range of g properly 


used for design. For ribbed slabs without fillers some ordinances limit the width 
of flange, b, to % of the distance center to center of joists as a maximum, but if the 
slab is properly reinforced and of proper thickness no special limitations are 
necessary. 

In ribbed construction the stem will commonly be wider at the support (to 
resist diagonal tension) than at the center. This is accomplished in clay tile 
construction by using smaller tile at the ends of rows or in gypsum block construe- 
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tion by sawing off standard blocks to give the necessary joist flare. In metal 
forms the flare is provided by the shape of the forms themselves. The required 
flare at the ends of joists should be called for on the details in all cases. 

In hospitals and hotels it frequently becomes necessary to limit the depth of 
the main girders to that of the ribbed slab between. In such cases the ribbed slab 
must be made unusually deep unless very expensive girders with heavy compres- 
sive reinforcement are resorted to. 

31. Reinforcement for Shrinkage Stresses. — Most materials in hardening are 
subject to shrinkage and if the section is irregular, as in a T-beam, severe shrinkage 
stresses may be present at the three planes of juncture oi flange and stem, and 
flange and web. Reinforcement should always be provided across these sections. 
The slab steel and the stirrups or ties for compression steel are generally present 
in adequate amount, but where a designer in some special case dispenses with 
either of these reinforcements he must provide a suitable system of ties across such 
sections. The proper amount is a matter of judgment depending on the relative 
proportions of the parts. Certain proportions of parts, as in cast iron, reduce the 
destructive effect of shrinkage to a minimum. 

Illustrative Problem. — The beams in a floor are spaced 4 ft. on centers and the slab is 
6 in. thick. The total superimposed load, including slab, is 1,800 lb. per ft. The clear 
span is 18 ft. 6 in. and the moment coefficient at the center is fixed by ordinance as wL 2 / 12. 
The total depth of beam is limited to 24 in. Design one beam as a T-beam at the center, 
using f c = 700,/# * 18,000 and n — 15. 

For solution see Design Sheet 5. The following notes apply to that sheet: (a) This is 
the more accurate but much more laborious solution but is followed when a number of 
beams are to be designed at one timo, all having the same value for t and d — it is also used 
when the slab is very thin and the stem very wide, a case in which the other method is 
quite wasteful; (6) average of minimum spacing for and %-in. round bars; (c) slightly 
less than j for the rectangular portion of the beam. 

Illustrative Problem. — A T-bcarn is subject to a bending moment at the center of 
3,000,000 in.-lb., including the moment of its own weight. The stem width is 12 in. and 
the total depth is 30 in. The flange thickness is in. and the total available width is 
56 in. Reinforcement consists of four 1 J^-in. square bars in one layer, centered 3 in. above 
the bottom of the beam, and two 1 J-^-in. square bars in a second layer, centered 7 in. above 
the bottom of the beam. The reinforcement is bent up at the ends. Find the stresses in 
concrete and steel. 

For solution see Design Sheet 6. 

Illustrative Problem. — Design an open joist (ribbed slab without fillers) floor for a 
superimposed load of 75 lb. per sq. ft. on a clear span of 20 ft., using A.C.I. specifications 
for 2,500 lb. concrete and structural grade steel. Joists are to be on 24-in. centers. This 
floor is for the center bay of a building five bays wide. 

For solution see Design Sheet 7. The following notes apply to that sheet : (a) Assum- 
ing two jHi-in. round bars carried through straight in bottom; ( b ) stirrups are rarely used 
in ribbed slabs, but joists are flared from the quarter point to end of span; (c) d = 8.62, 
as only the cover for a slab is required for top steel. 
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DESIGN SHEET 5 

Assume weight of stem below flange as 200 lb. per ft. 
Superimposed load = 1,800 lb. per ft. 

2,000 lb. per ft. 

With one layer of bars, d will be approximately 24 - 2} 2 = 21.5 in 


By (26), 


from whieh b' 


t 

d 


6 

21.5 


0.28 


172 

21.5 


_ (2,000) (9.25) 

( 120 ) ( 0 . 9 ) 


172 sq. in. 


8 in. is a minimum value; it may be that by increasing it to 9^2 in., tho commercial width 
of plank, bar-spacing requirements will be better met. 

By (30): 


d = 6 (( > + 0 ' 16 - 25 in - 


This value could be used, but b' would have to be widened and A g would be increased. 
Since we are using d = 21.5, it is evident from Fig. 6(5) that the neutral axis falls below the 
flange bottom. 

Moment at center: 685,000 in.-lb. = 57.2 ft.-kips 

Solution, neglecting compression in web: 

Enter Table 10, for/, = 18,000, n = 15,/. = 700, j = 0.28, K = 108; a = 1.33; by (36), 
57.2 

A ‘ “ llfx 2-0 = 20 *»• in - 

From Table 7 choose two J|-in. round + two %-in. round bars = 2.08 sq. in. , 

From Art. 21, spacing at 2ji times diameter of bar leaves hardly enough space between 
outside bars and Bides of beam where 5' = 8 in. Use 9J2 m - for b'. Designer uses liis 
judgment here; b' = 8 in. would meet specifications (see Art. 8). 

Solution including stress in stem : 

/. - 18,000, n= 15, - 700, ^ = 0.28, V = 9 \ in. 


From Table 3 for rectangular portion, K « 113, o = 1.29, p = 0.0072. 

From (9), M = Kb'd 2 = (113) (9)^) (21.5) 2 = 496,000 in.-lb.-moment of resistance of 
rectangular portion. 

From (16), A„ - pb'd - (0.0072) (fiH) (21 H) - 1.546 sq. in. 

M to be resisted by T-beam portion = 685,000 — 496,000 in.-lb. or 15.75 ft.-kips. 

From Table 10, for the T-beam portion, K — 108, a ® 1.33. 

M ft.-kips 15.75 


From (35), A • 


ad 


■ 0.55 sq. in. 


(1.33) (21.5) 

Total steel area required — 1.546 + 0.55 = 2.096 sq. in. 

The more precise method calls for a little more steel because more compression in the 


concrete is included. 

Width of stem (3 X 2*) + + x %(2 X 1%) - 9^ in. 

Weight of stem below flange * (9.5)(18)( 15 ?{44) * 178 lb. (O.K.) 

Run two J^-in. round bars through and anchor. 

, t/ . x (2,000) (0.4) (18.5) 

At ^0 point of span by (17), u ^ 4 ) (0.86^*) (21.5) ** P© r ®Q» m. 


O.K. for anchored deformed bars. 

(2,000) (9.25) 

At face of support by (i8), v * (9.5) (0.86) 7 21 7 5) ** 105 per B<1 * * n * 
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Distance from center of beam where web reinforcement begins: 


Shear triangle 9.25 ft. — 3.53 ft. = 5.72 ft. long 
V 7 = yjfl (2,000) (9.25) = 11,450 lb. Area of shear triangle = (5.72) * 32,700 


lb.-ft. 


Using U-stirrup %-in. round, A v « 0.22, N. 


(32,700) (12) 


^ . . (16,000) (0.22) (0.80) (21.5) _ . 

iroin (20) * - — fTTkn = 5.68 in. 


(16,000) (0.22) (0.86) (21.5) 


6 +. 


11,450 

Theoretically seven ?s-m. round U-stirrups will do, starting 5.68 in. from the support 

and increasing in spacing to 12 in. at 3 ft. 0 in. out, which is above the allowable With 

2 

two 54-i n. round bars bent up, seven stirrups will suffice. 


DESIGN SHEET 6 


For this steel arrangement d 


(approximately) 25 in., ^ = 0.22. 


A. m (4) (1.256) + (2) (1.5625) = 8.19 sq. in., p = 

rr _ M _ 3,000.000 

fed 2 (56)(25) 2 “ 86 

The problem is indeterminate without n. 


8.19 

(56) (25) 


0.00585 


Assuming balanced reinforcement and turning to Table 8, using j as a control, we find 
no values of 86 for K except where n - 15. Further inspection in that portion of table 
where n = 15 and ^ * 0.22 shows f c to be near 650 lb. per sq. in. or less. Try/, « 18,000, 


for 3 


0 . 22 , 


A» 


a — 1.36, K is between 85 and 93 
_ M ft.-kip s 250 

ad “ (1.36) (25) ~ 7 ’ 36 Bq ' “*• 


Since A , is actually 8.19, the stress is less than 18,000, which in turn would lower the 
fc to a little less than 650. Computation by formulas results in 

/, * 16,000 lb. per sq. in. f e °= 625 lb. per sq. in. 

Spacing of bars in bottom layer: 

12 -4.5 -3(2K X 1 H) - 


Rearrange the steel. 
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DESIGN SHEET 7 

I TLJT Xf WL* 

+ Af - —M - -^2~’ f e * 1,125 /. - 18,000, n - 12 

Assume weight of slab * 00 lb. per running ft. 

Assume weight of stem = 75 lb. per running ft. 

Superimposed load = 170 lb. per running ft. 

305 lb. per running ft. 

Try 8-in. joist and 2-in. slab, 

d = 10 — lii - J6 = 8.12 in.. 3 “ 8^2 = 0.246 
From Table 10: K = 176, a — 0.135 


M - ( 1 ?{ 2 )0i05)(20) 2 « 122,000 in.-lb. = 10.15 ft. -kips 

A ' r (0.135) (8.12) = °* 927 sq - in ’ 

From Table 7, three ^8 -in. round bars = 0.93 sq. in. (o) 

Width of stem at center — (3)(%) 4- 2(2 ^) (%) -f 2(1) = 7 in. min. 

Width of stem at support = b' = ( 5 ( ^(b ~^y^^l2) ** * n * (fc> 

At support, —M - —122,200 in.-lb. = —10.15 ft.-kips. 

Figured as a rectangular section, from Table 3, K — 207, a — 0.129, 


A. 


stool in top 


10.15 

(0.129(8.12) 


0.968 sq. in. 


Throe % in.-round bars will probably pass; if not, add one %-in. round bar. 
Width b r at support, by (10) : 


b ' 


122,200 

(207) (8.62)* 


7.95 i n>> 


which is smaller than 8.35 in. above, which would control. Make joist 7 in. at center; flare 
from quarter points to 9 in. 


BEAMS AND SLABS REINFORCED FOR COMPRESSION 

Cement is cheaper than steel for reinforcing concrete against compression 
and the designer should realize that compressive reinforcement of beams and 
slabs always exacts its penalty of added cost, both in the construction of the 
work and in the labor of design. There are many cases where the use of com- 
pressive reinforcement is justified, however. In the design of T-beams at the 
support (really rectangular beams as has been pointed out) it may be less expen- 
sive to put in compression steel than to build forms for brackets or haunches. 
This is commonly true when the necessary amount of compressive reinforcement 
can be secured by simply lapping across the support the usual straight bottom 
bars from the beams on either side. 

32. Formulas and Tables. — In connection with the design of double-reinforced 
beams, many formulas have been developed in which the approach was made in 
the same fundamental way as was the case when the beam was one with the com- 
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pression due to simple flexure taken by the concrete and the corresponding tension 
was taken by the longitudinal reinforcing steel. These formulas, while not 
difficult to follow, are time consuming to use, and the tendency is to reduce them 
to tables and diagrams from which results may be had with less labor and in less 
time. 

Generally b and d are known or can be found after one or two trials. With b 
and d known, d' can be established along with a basis for the solution for 


Sfeefarea 
A’s 


dS 


2C: 


'Steel area 
As 
(a) 



Fig. 9. — Stress distribution in doubly reinforced beams. 


A, and A',. Since double-reinforcement deals only with the internal resist- 
ing moment of the beam, Formulas (17) to (23) inclusive, for bond stress and 
web reinforcement, apply to double reinforced beams the same as to ordinary 
beams. 

Figure 9 a shows a cross section of a double-reinforced beam, ( b ) shows a con- 
ventional side elevation with the tensile steel indicated for a positive moment and 


the concrete taking a force of ~ bkd in compression (for a negative moment Fig. 9 


is upside down). The two forces, one of compression in the concrete and one of 
tension in the steel, form a couple with a lever arm jd . This couple is the internal 
resisting moment which equals the external bending moment in the ordinary 
reinforced beam, i.e., a beam without compressive reinforcement. It is assumed 
that neither f e nor b can be increased. However, if a way can be devised to 
increase the compressive resistance without increasing / r , there is usually no 
trouble in increasing the tensile resistance below the axis, for more steel can 
usually be added on the tension side. 

When the external moment is larger than the concrete can provide compres- 
sive resistance for, steel is added to the compressive side as shown in Fig. 9c; it 
will take compressive strain equal to that of the concrete fiber at ( kd — d’) from 
the neutral axis. Adding this compressive steel adds to the total compressive 
fc 

force, making it equal to ^ bkd + There must be an addition to the ten- 

sile steel, an amount sufficient, considering its greater strain, to provide a tensile 
force equal to the compressive force provided by A 'J'*; but since its unit deforma- 
tion will be greater, its stress will be greater and the area added for tension will be 
less than A',. This difference in strain comes from the fact that generally speak- 
ing (kd — d’) will be less than (d — kd). 
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Hence we have two compressive forces above the neutral axis, that of the 
concrete and that of the steel. Their resisting moment about the tensile steel 
must equal the external value of M, from which we have, 

M (in.-lb.) = MfMdjd + A'.f'Ad - d') - (d - d') 

= y 2 frbkdjd + A',f'.(d - d’) 

Tv 


The first term on the right side of the foregoing equation equals the resisting 
moment of the balanced beam before adding steel to satisfy the requirements 
of the larger M . From (9) it = Kbd 2 . Note that the foregoing equation for M 

M 

has nothing to do with the tensile steel, that can be found by (16), A a = jr-rj, or 

by referring to Table 3, p may be found and A„ = pbd. This method amounts to 
assuming that the center of compression of the compressive steel is at the center 
of compression of the concrete, an error except for relatively deep beams, well 
within the error in any chosen value of E c for concrete. Dividing the foregoing 
equation by 12,000 to reduce M (in.-lb) to M (ft.-kips) we have 


M{ ft.-kips) - 12 000 + V 12j 000 





From (10a), qqq ~ ^ an( * ^ rom 9c, 

r, f ( k _ * 

n kd-d' ,, h \ K d 

f_. ~ d- kd 01 J ' 1 - k 

n 


giving a term by which f \ can be accounted for and yet be eliminated from the 
equation for which now becomes 


M(ft.-kips) = KF + A 


Letting 


we have 


' ) (i - 

' V 12,000/ 1 - k V n J\ d) 

k 1\( A 

J,000 1 — k \ n / \ d) 


A\ = 


M (ft.-kips) - KF 
cd 


which provides an equation in which M is the external moment, KF is the moment 
that the beam would resist without additional steel, d is the depth to the tensile 

d! 

steel. The remaining quantity c in the equation is a function of /*, n, and k, 

which in turn is a function of /«, n, and f c . Values of c may be found in Table 9 for 

d ' 

a wide range of values of /„ / c , and n. 
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33. Steps to Be Taken in Design. — In the design of a rectangular beam with 
compressive reinforcement the values of b and d are limited and known; otherwise 
compressive reinforcement would not be used. The steps in design are as follows : 

(a) From Table 3 with specified values of /„ n, and / c , obtain K. 

(b) From Tabie 6 with b and d , obtain F . 

(c) Subtract KF from M (ft. -kips). If the result is positive, negative 
reinforcement is needed, since the positive resulting moment is that 
moment not provided for by the concrete. 

and ~T, obtain c. 


From Table 9, with /„ n, f c , ttUU ^ , 


W 

(e) Compute A\ — 
if) From Table 3, with f H obtain a, then A» — 
(9) 


M (ft.-kips) - KF 
cd 


M (ft.-kips) 
ad 


Complete the design of web reinforcement, as in an ordinary beam. 

In the occasional case where the beam depth is so great that the center of 
compression of the concrete falls below the compression steel, making jd appre- 
ciably less than d — d ', the following step may be substituted for (/) above: 

Enter Table 3 with/*, n, and F r ; obtain P; and from pbd get tensile reinforce- 
ment to balance compression in concrete alone. Then take moments about the 
compressive steel to get the additional amount of tensile steel needed to balance 

, . , _ , (M - KF) 1 2,000 

the compressive steel. Necessary additional tensile steel = f 

33a. N egative Reinforcement in the T-beam. — Occasionally T-beams 
subject to simple bending need to be reinforced for compression. Making use 
of the notation heretofore introduced but adding subscripts w for web and t for 
the T portion and breaking up the internal resisting moment into a moment 
involving the web and a moment involving the T portion, a procedure that 
automatically provides for stress in the stem (if any should exist), the steps in the 
design are as follows: 

(a) After checking b' and d against allowable shear stress in (18), solve for/ 

M t 

by getting K from ^ = K and entering Table 10 with it, /„ g, and n. If c 


f c is greater than that allowed by the specifications, 
(6) Enter Table 3 with/,, n, and / c ; get K w . 

(c) Enter Tabie 6 with b' and d; get F w . 

t 

(d) Enter Table 10 with/,, n, /„, and g; get K t . 


(e) Enter Table 6 with (b — b') and d) get F t . Then resisting moment of web 
concrete = K„F W (ft.-kips); that from the T or flange = KtF t (ft.-kips). 
if) Add these two resistances, and subtract their sum from the external M 
(ft.-kips). If the result is positive, that positive value is a portion of the 
external M which is unaccounted for, and upon it& value depends the 
amount of compressive steel needed. 

(g) Enter Table 9 with /,, n, f c , and and get c. Then 


A\ 


M - (KF W + KF t ) 
cd 
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(h) For the tensile steel needed for moment of resistance of the tensile steel 
about the center of compression of the concrete in the web, enter Table 3; 
with / a get a w ; then 

_ KJP* 

“ amd ' 

(i) For the tensile steel needed for moment of resistance of tensile steel about 
center of compression of concrete in flange and that about the compression 
steel (which two points are assumed to coincide), enter Table 10 with 

t 

/*, n, and g; get a*. Then 

M - KJF W 
a “ ~ a,d 


(j) Add A sw to for total area of tensile steel. This method is exact 
except for the very close approximation mentioned in (i) and except for the 
fact that the values of a in Tables 3 and 10 are based on the average values 
of j. The error involved is generally well within the error made when a 
designer chooses a value for E c upon which n is based. 

(&) From Table 7 determine number and size of bars. 

( l ) Check bond stress on the tensile reinforcement by (17). 

(m) Complete the design of the web reinforcement. 

34. Designing Details. — After the steel areas have been determined at the 
center and at each end of the member, considerable study is frequently necessary 
to determine the most effective way of arranging and bending the bars to provide 
these areas with the least waste. Unless the load is uniformly distributed the 
load-shear-moment graph will be found a most useful aid in detailing a beam with 
compressive reinforcement. From this graph the location of the section where the 
compression steel is no longer required is easily found for the rectangular beam by 
entering Table 3 with /*, n, and f t and getting K . Then enter Table 6 with bd, 
and get F . At the section where the moment = AT, -compression steel will not 
be needed, although to comply strictly 
with the 1940 J.C. recommendation it 
should extend 12 diameters beyond. 

The tension and web reinforcement 
is detailed in the same manner already 
described for rectangular and T-beams. 

The compression steel is generally re- 
quired to be tied in the same manner as 
the longitudinal steel in a tied column. 

The 1940 J.C. recommends securing 
compression reinforcement against buck- 
ling by ties or stirrups adequately anchored in the concrete and not more than 16 
diameters apart. For K-in. round ties the spacing at the section of maximum 
stress would not be over 4 in. Figure 10 shows details of the proper bending of 
compression ties. 

When compression reinforcement is used in an isolated beam (as between two 
elevator shafts), care must be taken that the beam is not made too slender for its 
span. In general the width of an isolated beam should be not less than Ho of 


0 


I 

ii 


- 



JjlJ 

j 



== 

3L== 


fa) (b) Section Elevation 

impression Tie and (c) 

Stirrup Combined Compression Tie Only _ 

Fig. 10. — Tie^ for compression steel. 
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its clear span. If necessary to reduce the width below this figure, the compressive 
unit stress in the concrete should be reduced in accordance with the formula 

Per cent reduction in stress = 3L/6 — 90 (36) 

Illustrative Problem. — Given A.C.I.«Bpecifications for structural steel, n ■* 12, /'„ 
* 2,500, b «■ 16 in., d 33 in., d f — 2 in., M = 320 ft.-kips. To find A\ and A,. 


DESIGN SHEET 8 

From Table 3 with/. = 18,000, n = 12, /. - 1,125, K = 207. 

From Table 6 for b — 16 and d - 33, F =» 1.45. 

M — KF *= (320) - (207) (1.45) - 320 - 300 = + 20 ft.-kips 

Compression steel is needed, provided b and d cannot be changed. From Table 9, 

with/. - 18,000, n = 12, /. - 1,125, and ^ = 0.0607, c - 0.84, 4'. - - 0.723 

sq. in.; from Table 5 choose three J^-in. square bars. From Table 3 with /« = 18,000, 
320 

a * 1.29 and A. » f 2 Q ' x 33 = 7 63 8q ’ in * 

From Table 7 choose five lj^-in. square bars. 


Illustrative Problem. — To design a beam whose web dimensions are limited to 36 in. 
wide by 14 in. deep, for a concentrated load at the center of 30,000 lb. and a uniformly 
distributed superimposed load of 850 lb. per ft. over the entire 20-ft. clear span. At tho 
center, a 2}^-in. slab permits of a total effective flange width of 64 in. This beam is tho 
middle span of a continuous beam of five equal spans, the adjoining span being loaded in 
an identical manner. Design the T-section at the center and the rectangular section at 
the support for f e = 900 and /, — 18,000. 

For solution see Design Sheet 9. The following notes apply to that sheet: (o) moment 
coefficients taken from three-moment diagrams; ( b ) moment coefficients taken from 1921 
J. C. Specifications; (c) allows for ££-in. slab rods over 1 J£-in. compression bars; ( d ) allows 
for iHJ-in. slab rods over 1-in. tension bars. 
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DESIGN SHEET 9 

Moment due to concentrated load. (o) 

At center (0.13) (30,000) (20) (12) - +936,000 in.-lb. - 78.2 ft. -kips. 

At support (0.1 19) (30,000) (20) (12) « -857,000 in.-lb. * 71.3 ft. -kips. 

Moment due to uniform load. (6 > 

Weight of beam = 450 lb. per ft. 

L.L. = 850 lb. per ft. 

1,300 lb. per ft. 

At center +ilf - ( 1 K 6 ) (1,300) (20) 2 = 390,000 in.-lb. * 32.5 ft.-kips. 

At support — M = CVi 2 ) (1,300) (20) 2 = 520,000 in.-lb. = 43.3 ft.-kips. 

Total moment at center « +1,326,000 in.-lb. = 1 10.6 ft.-kips. 

Total moment at support * —1,377,000 in.-lb. = 114.6 ft.-kips. 

28 000 

Total shear » 28,000 = V; from (18) v = •— ■■ ■ — - * 80.9 lb. per sq. in. 

(36) (>§) (11 ± ) 

Shear area is satisfactory, with stirrups from the center each way. 

Moment of resistance without compression steel: 

{ From Table 3, for/, = 18,000, n = 15, /, = 900, K w = 165 
From Table 6, for b = 36, d = 11.37, F w — .388 
d = 14 - 2 - % = 11.37 in. 

KwFv) — moment of resistance of web 64 ft.-kips. 

{ From Table 10 for ^ = 0.22, Kt = 132 

From Table 6 for (5 - b') =24 ,d = 11.37, Ft = 0.258 
KtFt = moment of resistance of flanges only = 34.1 ft.-kips 


M - {K W F W + K t Ft) 


d 



= 110.6 - 98.1 = +12.5 ft.-kips 
5 5 

+ 8+16 = 2 ' 25 


d ' 2.25 

From Table 9 with /, = 18,000, n = 15, fe = 900, j = OT37 “ c ~ 0*45. 

12.5 * 5 

From A\~ (q~4 5) ( \ x 37) = S Q* in.; f rom Table 5 choose eight ^-in. round bars. 


From Table 3 with /. = 18,000, n - 
Area steel for web resistance Aw = 

From Table 10 with /• = 18,000, ^ 


= 15, fc - 900, a « 1 
KwFv, 64.0 
CLu,d " (1.29)11.37 

* 0.22, a ** 1.36. 


.29. 

= 4.37 sq. in. 


Area steel for remainder of + moment 


M - K W F V 
atd 


46.6 

(1.36) (11.37) 


3.01 sq. in. 


Total area of tension steel == 4.37 + 3.01 » 7.38 sq. in. 

From Table 7 choose six ljfj-in. square bars = 7.62 sq. in. So = 27 in. 

M at support for rectangular beam 36 in. wide, d *= 14 — 1 — — % ** 11.87. 

From Table 3, for/, = 18,000, n =* 15, /« = 900, K — 165. 

From Table 6, for b - 36, d - 11.87, F - 0.424. 

AF * (165) (0.424) = 70.2 ft.-kips » moment taken by concrete. 

M — KF » 114.6 — 70.2 * 44.4 ft.-kips to be taken by compression steel. 

d* 14 1 1 37 2 03 * 

From Table 9, with -j « — li&f — “ 11 87 " ^* 22; by extrapolation c => 0.40. 


A '‘ “ (0.40) (11.87) " 9-37 sq ' in * 

From Table 7, four 1 J£-in. square bars and three lJ-^-in. square bars * 10.06 sq. in. 
So * 33.5. The three lH-in. square bars are carried through from the positive moment 
group of 6. 

From Table 3,/, *» 18,000, a » 1.29. 
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m ad ** (1 29) (ii 8 7) “ ^ s<1, re< l u i rec l area tension steel across support at top. 

From Table 7 choose three lj^-in. square bars and four 1-in. square bars, the three 
lJ-^-in. square bars being -j- moment bars bent up. Area » 7.81 sq. in. 

Xo - 29.5. 


91.3 lb. per sq. in.; 120 lb. per sq. in. allow- 


28 000 

By (17) at support ■» (29 5) (J^) (11 87) ** P er 8q * * n, » 12 ^ * b * per 8Q * ***' a H° w " 

able when anchored. 

Use vertical stirrups for ties around compression steel, spaced not more than 16 diam- 
eters of stirrup. 
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Table 3. — Coefficients (A', k, j , p) for Rectangular Sections 1 


ft 

H 

D 

D 

m 

P 

K 

n 


Bl 

and 


m 

mm. 

Hi 



mm 



n 


U * 8,000; a - 

0.63 

ft « 

10,000; a - 

0.68 


650 

146 

0.549 

0.817 

0.0223 

134 

0.494 

0.835 

0.0161 


700 

161 

0.568 

0.811 

0.024G 

149 

0.512 

0.830 

0.0179 

2,000 

750 

177 

0.584 

0.806 

0.0274 

163 

0.529 

0.824 

0.0198 


800 

192 

0.600 

0.800 

0.0300 

179 

0.546 

0.818 

0.0218 


900 

224 

0.628 

0.791 

0.0353 

209 

0.574 

0.809 

0.0258 

15 

1,000 

255 

0.652 

0.783 

0.040S 

240 

0.600 

0.800 

0.0300 


1,200 

320 

0.693 

0.769 

0.0520 

303 

0.643 

0.786 

0.0386 


1,350 

368 

0.717 

0.761 

0.0605 

351 

0.669 

0.777 

0.0452 


800 

179 

0.546 

0.818 

0.0273 

164 

0.490 

0.837 

0.0196 


875 

202 

0.568 

0.811 

0.0311 

186 

0.512 

0.830 

0.0224 

2,500 

950 

225 

0.588 

0.804 

0.0349 

208 

0.533 

0.823 

0.0253 


1,000 

240 

0.600 

0.800 

0.0375 

223 

0.546 

0.818 

0.0273 


1,125 

280 

0.628 

0.791 

0.0442 

261 

0.574 

0.809 

0.0323 

12 

1 ,250 

319 

0.652 

0.783 

0.0509 

300 

0.600 

0.800 

0.0375 


1,500 

400 

0.693 

0.769 

0.0650 

379 

0.643 

0.786 

0.0482 


1,700 

464 

0.718 

0.761 

0.0763 

443 

0.671 

0.777 

0.0570 


975 

219 

0.549 

0.817 

0.0335 

201 

0.494 

0.835 

0.0241 


1,050 

242 

0.568 

0.811 

0.0373 

223 

0.512 

0.830 

0.0269 

3,000 

1,125 

265 

0.584 

0.806 

0.0411 

245 

0.529 

0.824 

0.0298 


1,200 

288 

0.600 

0 . 800 

0.0450 

268 

0.646 

0.818 

0.0328 


1,350 

335 

0.628 

0.791 

0.0530 

313 

0.574 

0.809 

0.0387 

10 

1,500 

383 

0.652 

0.783 

0.0611 

360 

0.600 

0.800 

0.0450 


1,800 

480 

0.693 

0.769 

0.0780 

455 

0.643 

0.786 

0.0579 


2,025 

553 

0 717 

0.761 

0.0907 

527 

0.669 

0.777 

0.0677 


1,200 

268 

0.546 

0.818 

0.0410 

246 

0.490 

0.837 

0.0294 


1,300 

298 

0.565 

0.812 

0.0459 

275 

0.510 

0.830 

0.0332 

3,750 

1,400 

329 

0.583 

0 . 806 

0.0510 

305 

0.528 

0.824 

0.0370 


1,500 

360 

0.600 

0.800 

0.0563 

335 

0.546 

0.818 

0.0410 


1,700 

423 

0.630 

0.790 

0.0669 

396 

0.576 

0.808 

0.0490 

8 

1,875 

479 

0.652 

0.783 

0.0764 

450 

0.600 

0.800 

0.0563 


2,250 

600 

0.693 

0.769 

0.0975 

568 

0.643 

0.786 

0.0723 


2,525 

689 

0.716 

0.762 

0.1130 

657 

0.669 

0.777 

0.0845 


2,000 

15 


650 

700 

750 

800 

900 

1,000 

1,200 

1,350 


12,000; a = 0.83 


124 

138 

152 

167 

196 

227 

288 

335 


0.448 

0.467 

0.484 

0.500 

0.629 

0.556 

0.600 

0.628 


851 

844 

839 

833 

824 

815 

800 

791 


0.0121 

0.0136] 

0.0151 

0.0167] 

0.0198 

0.0232 

0.0300 

0.0353 


14,000; a - 0.98 


115 

129 

142 

156 

185 

214 

274 

320 


0.411 

0.429 

0.446 

0.462 

0.491 

0.517 

0.563 

0.591 


863 
857 
851 
846 1 
836 
828| 
812 
8031 


0.0095 

0.0107 

0.0119 

0.0132 

10.0158 

0.0185 

0.0241 

0.0285 



p * “Ij. x * 

K-'jkj 


u 

12,000 


X (average i-value) 


, . . M A NE 

for use m A» — — or A* — —jr 
ad adt 


16,000; o-1.13 


108 

120 

133 

147 

175 

203 

262 

307 


0.379 

0.396 

0.413 

0.429 

0.458 

0.484 

0.529 

0.559 


0.874 

0.868 

0.862 

0.857 

0.847 

0.839 

0.824 

0.814 


0.0077 

0.0087 

0.0097 

0.0107 

0.0129 

0.0151 

0.0198 

0.0236 


2,500 

12 


800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 


151 

173 

194 

208 

246 

283 

360 

423 


0.444 

[0.467 

0.487 

0.500 

0.529 

0.5o6 

,0.600 

0.630 


0.852 

0.844 

0.838 

0.833 

0.826 

0.8J5 

0.800 

0.790 


.0148 

.0170 

0193 

.0208 

.0248| 

0290 

0375 

0447 


141 

161 

181 

195 

231 

268 

343 

404 


0.407 

0.429 

0.449 

0.462] 

0.491 

0.517 

0.563 

0.593 


864 

857 

850 

846 

836 

828 

812 

802 


0.0116 

0.0134 

0.0152 

0.0165 

0.0197 

0.0231 

0.0302] 

|0.0360 


131 

150 

170 

184 

218 

254 

327 

387 


0.375 

0.396 

0.416 

0.429 

0.458 

0.484 

0.529 

0.560 


0.875 
0 868 
0.861 
0.857 
0.847 f 
0.839 
0.824 
0.813 


0.0094 

0.0108 

0.0124 

0.0134 

0.0161 

0.0189 

0.0248 

0,0298 


3,000 

10 


975 

1,050 

1,125 

1,200 

1,350 

1,500 

1,800 

2,025 


186 

207 

229 

250 

294 

340 

432 

503 


448 

467 

484 

500 

529 

556 

600 

628 


851 

844] 

839 

833 

824 

815 

800 

791 


.0182 

.0204 

.0227 

.0250 

.0298 

.0348 

.0450 

,0530 


173 

193 

213 

235 

277 

321 

411 

480 


0.411 

0.429 

0.446 

0.462 

0.491 

0.517, 

0.563 

0.591 


.863 

857 

.851 

.846 

.836 

828 

812 

803 


0.0143] 

0.0161, 

0.0179 

0.0198 

0.0237 

0.0277, 

0.0362 

0.0427 


161 
180 
200 
221 
.262 
' 305 
392 
461 


0.379 

0.396 

0.413 

0.429 

0.458 

0.484 

0.529 

0.559 


0.874 

0.868 

0.862 

0.857 

0.847 

0.839 

0.824 

0.814 


0.0115 

0.0130 

0.0145 

0.0161 

0.0193 

0.0227 

0.0298 

0.0354 


3,750 

8 


1,200 

1,300 

1,400 

1,500 

1,700 

1,875 

2,250 

2,525 


227 

255 

284 

312 

371 

425 

540 

626 


444 

464 

483 

500 

531 

556 

600 

627 


823 

815 

800 

791 


0222 

0251 

0282 

0313 

0376 

0434 

0563 

0660 


211 

238 

265 

293 

350 

401 

514 

599 


0.407 

0.426 

0.444 

0.461 

0.493, 

0.517 

0.562 

0.591 


864 

858 

852 

846 

836 

828 

813 


0.0174 

0.0198 

0.0222 

0.0247 

0.0299, 

0.0346: 

0.0452) 


803 0.0533! 


197 

223 

249 

276 

331 

381 

490 

574 


0.375 

0.394 

0.412 

0.429 

0.460 

0.484 

0.529 

0.558 


0.875 

0.869 

0.863 

0.857 

0.847 

0.839 

0.824 

0.814 


0.0141 

0.0160 

0.0180 

0.0201 

0.0244 

0.0284 

0.0372 

0.0440 


* “Balanced steel ratio” applies to problems involving bending only. . _ _ .. 

1 From “Reinforced Concrete Design Handbook, by A.C.I. committee 817, A. J. Boaae, author- 
chairman, by permission, American Concrete Institute. 
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Table 3. — Coefficients (K, k, j, p) for Rectangular Sections. 1 — ( Continued ) 


f \ 

and 

n 

/« 

K 

k 

; 

V 

K 

k 

i 

V 

K 

k 

3 

P 

/• - 

18,000; a * 

1.29 

/• - 

20,000; a - 1.44 

f. - 22,000; a * 1.60 


' 050 

101 

0.351 

0.883 

0.0063 

95 

0.328 

0.891 

0.0053 

90 

0.307 

0.898 

0.0045 


700 

113 

0.368 

0.877 

0.0072 

107 

0.344 

0.885 

0.0060 

101 

0.323 

0.892 

0.0051 

2,000 

750 

120 

0.385 

0.872 

0.0080 

119 

0.300 

0.880 

0.0068 

112 

0.338 

0.887 

0.0058 


800 

•139 

0.400 

0.807 

0.0089 

131 

0.375 

0.875 

0.0075 

125 

0.353 

0.882 

0.0064 


900 

105 

0.429 

0.857 

0.0107 

157 

0.403 

0.866 

0.C091 

149 

0.380 

0.873 

0.0078 

15 

1,000 

193 

0.455 

0.848 

0.0126 

184 

0.429 

0.857 

0.0107 

175 

0.405 

0.865 

0.0092 


1,200 

250 

0.500 

0.833 

0.0107 

239 

0.474 

0.842 

0.0142 

230 

0.450 

0.850 

0.0123 


1,350 

294 

0.529 

0.824 

0.0198 

282 

0.503 

0.832 

0.0170 

272 

0.479 

0.840 

0.0147 


800 

123 

0.348 

0.884 

0.0077 

116 

0.324 

0.892 

0.0065 

109 

0.304 

0.899 

0.0055 


875 

141 

0.368 

0.877 

0.0089 

133 

0.344 

0.885 

0.0075 

126 

0.323 

0.892 

0 . 0064 

2,500 

950 

161 

0.388 

0.871 

0.0102 

152 

0.363 

0.879 

0.0086 

144 

0.341 

0.886 

0 0074 


1,000 

173 

0.400 

0.867 

0.0111 

164 

0.375 

0.875 

0.0094 

156 

0.353 

0.882 

0.0080 


1,125 

207 

0.429 

0.857 

0.0134 

196 

0.403 

0.866 

0.0113 

187 

0.380 

0.873 

0.0097 

12 

1,250 

241 

0.455 

0.848 

0.0158 

230 

0.429 

0.857 

0.0134 

219 

0.405 

0.865 

0.0115 


1,500 

312 

0.600 

0.833 

0.0208 

299 

0.474 

0.842 

0.0178 

287 

0.450 

0.850 

0.0153 


1,700 

371 

0.531 

0.823 

0.0251 

357 

0.505 

0.832 

0.0215 

343 

0.481 

0.840 

0.0186 


975 

151 

0.351 

0.883 

0.0095 

142 

0.328 

0.891 

0.0080 

134 

0.307 

0.898 



BVItMi 

109 

0.368 

0.877 

rmiHtu 

160 

0.344 

0.885 

0.0090 

151 

0.323 

0.892 



y, ft 

189 

0.385 

0.872 

0.0120 

178 

IMBKH] 

0.880 

0.0101 

169 

0.338 

0.887 




208 

rflgTiTi: 

0.867 

0.0133 

197 

0.375 

0.875 

0.0113 

187 

0.353 

0.882 

■iViTiTmfl 



248 

0.429 

0.857 

0.0161 

236 

0.403 

0.866 

0.0136 

224 

0.380 

0.873 

0.0117 



289 

0.455 

0.848 

0.0190 

270 

0.429 

0.857 

0.0161 

263 

0.405 

0.865 

0.0138 


Btv> i!i 

375 

Hem] 

0.833 

0.0250 

359 

0.474 

0.842 

0.0213 

344 

0.450 

0.850 

0.0184 


2,025 

441 

0.529 

0.824 

0.0298 

424 

rjjgjy 

0.832 

0.0255 

407 

0.479 

0.840 

0.0221 


1,200 

185 

0.348 

0.884 

0.0116 

173 

0.324 

0.892 

0.0097 

164 

0.304 

0.899 

0.0083 


1,300 

209 

0.366 

0.878 

0.0132 

197 

0.342 

0.886 

0.0111 

186 

0.321 

0.893 

0.0095 

3,750 

1,400 

234 

0.384 

0.872 

0.0149 

221 

0.359 

0.880 

0.0126 

209 

0.337 

0.888 

0.0107 


1,500 

200 

0.400 

0.807 

0.0167 

246 

0.375 

0.875 

0.0141 

234 

0.353 

0.882 

0.0120 


1,700 

313 

0.430 

0.857 

0.0203 

298 

0.405 

0.865 

0.0172 

283 

0.382 

0.873 

0 0148 

8 

1,875 

302 

0.455 

0.848 

0.0237 

345 

0.429 

0.857 

0.0201 

328 

0.405 

0.865 

0.0173 


2,250 

409 

0.500 

0.833 

0.0313 

449 

0.474 

0.842 

0.0207 

430 

0.450 

0.850 

0.0230 


2,525 

550 

0.529 

0.824 

0.0371 

528 

0.503 

0.832 

0.0318 

508 

0.479 

0.840 

0.0275 


/- - 

24,000; a - 

1.70 

/. - 

27,000; a - 

2.00" 

/. - 30,000; o - 2.24 


650 

85 

0.289 

0.904 

0.0039 

79 

0.265 

0.912 

0.0032 

73 

0.245 

0.918 

0.0027 


7Q0 

90 

0.304 

0.899 

0.0044 

89 

0.280 

0.907 

0.0036 

83 

0.259 

0.914 

0.0030 

2,000 

750 

107 

0.319 

0.894 

0.0050 

99 

0.294 

0.902 

0.0041 

93 

0.273 

0.909 

0.0034 


800 

118 

0.333 

0.889 

0.0055 

111 

0.308 

0.897 

0.0040 

104 

0.286 

0.905 

0.0038 


900 

143 

0.300 

0.880 

0.0067 

133 

0.333 

0.889 

0.0055 

125 

0.310 

0.897 

0.0047 

15 

1,000 

108 

0.385 

0.872 

0.0080 

157 

0.357 

0.881 

0.0066 

148 

0.333 

0.889 

0.0055 


1,200 

220 

0.429 

0.857 

0.0107 

208 

0.400 

0.807 

0.0089 

197 

0.375 

0.875 

0.0075 


1,350 

202 

0.458 

0.847 

0.0129 

248 

0.429 

0.857 

0.0J.07 

236 

0.403 

0.866 

0.0091 


B 

BR9 

0.286 

0.905 

0.0048 

90 

0.202 

0.913 

jWWffn 

89 

0.242 

0.919 



875 

120 

0.304 

0.899 

0.0055 

111 

0.280 


iJjiJlU 

104 

0.259 

0.914 



■kmd 

137 

0.322 


0.0004 

127 

0.297 

ED 


119 

0.275 

0.908 




148 

0.333 

0.889 

0.0009 

138 

uwm 

0.897 


129 

0.286 

0.905 



1,125 

178 

0.300 

0.880 

0.0084 

107 

0.333 

0.889 

ijfiMiyii 

156 

0.310 

0.897 



1,250 

210 

0.385 

0.872 

[imniio 

197 

0.357 

0.881 

iMiIll^l 

185 

0.333 

0.889 



EK&y 

276 

0.429 

0.857 

0.0134 

260 

ME PHI 

0.867 

0.0111 

246 

0.375 

0.875 




MM 


0.847 

0*10163 

313 

0.430 

0.857 

0.0135 

298 

0.405 

0.865 



975 

127 



0.0059 

118 

0.265 

0.912 

IjRiff 

110 

0.245 

0.918 



1,050 

mum 

[ijr.il?* 

0.899 


mww 


0.907 


124 

0.259 

0.914 


3,000 

1.125 

160 

0.319 

0.894 

fiJIiIi/M 




ijiiiii.V 

140 

0.273 

0.909 




178 

0.333 

0.889 

0.0083 

106 

0.308 


ijfiliM: 

155 

0.286 

0.905 




PHI 

0.300 

0.880 

0.0101 


0.333 

0.889 

IJgl*IKS 

188 

0.310 

0.897 


10 

lil 


0.385 

0.872 

0.0120 

I4:M 

0.357 

0.881 

imm 

222 

0.333 

0.889 



ll M 

331 

0.429 

0.857 

0.0161 

PHI 



ijfljKfl 

295 

0.375 

0.876 



mSm 

393 

0.458 

0.847 

0.0193 

372 

0.429 

0.857 


353 

0.403 

0.866 




155 

0.280 

BBS 

0.0071 

144 

0.262 

0.913 

0.0058 

133 

0.242 

0.919 




170 

0.302 

0.899 

0.0082 

164 

0.278 


0.0067 

153 

0.257 

0.914 

0.0056 

3.75CV 

1,400 

199 

0.318 

0.894 

0.0093 

185 

GJE%31 

rjjEflq 

0.0070 

173 

0.272 

0.909 

0.0063 


1,600 

222 

0.333 

0.889 

3PJUH 

fVfl 

0.308 

0.897 

0.0086 

194 

0.286 

0.905 




270 

0.362 

0.879 

0.0128 



0.888 

0.0106 

238 

0.312 

0.896 


8 



9.385 

0.872 

0.0160 

295 

0,357 

0.881 

0.0124 

278 

0.333 

0.889 

0.0104 



rftf 

0.429 

0.857 

0.0201 

390 

MED 

0.867 

0.0166 

369 

0.375 

0.875 

mmnnm 


2,525 

489 

0,457 

0.848 

jfiii 

463 

0,428 

0.857 

0.0200 


0.402 

0.866 

0.Q169 


1 From “Keinforoed Conorote Design Handbook,'* by A.C.I. Committee 317, A. J* Boase, author* 
chairman, by permission, American Concrete Institute. 
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Table 4. — Resisting Moments or Rectangular Sections I-pt.-wide (Slabs) 1 


Enter table with known M or NE (ft.-kips) « 

Select effective depth d in inches - 


1 

— “ — i 
« 

I 

mm 


U 

Ini 

n 

fc 

Effective depth d 

2 

0.43 

0.48 

0.53 

0.59 

0.70 

0.81 

1.05 

1.23 

2 Mi 

3 

3*4 

4 

m 

5 

m 

6 

m 

7 

7 H 

8 


9 

10 

11 

12 

16,000 

2,000 

15 

650 

700 

750 

800 

900 

1,000 

1,200 

1,350 

0.68 
0.75 
0.83 
0.92 
1.09 
1.27 
1.64 
1 92 

0.97 

1.08 

1.20 

1.32 
1.58 
1.83 

2.33 
2.76 

1.32 

1.47 

1.63 

1.80 

2.14 

2.49 

3.21 

3.76 

1.73 

1.92 

2.13 

2.35 

2.80 

3.25 

4.19 

4.91 

2.2 

2.4 
2.7 

3.0 

3.5 

4.1 
5.3 

6.2 

2.7 

3.0 

3.3 

3.7 

4.4 

5.1 
6.6 

7.7 

3.3 
3.6 

4.0 

4 4 

5.3 

6.1 
7.9 

9.3 

3.9 

4.3 
4.8 

5.3 

6.3 

7.3 

9.4 
11.1 

4.6 

5.1 

5.6 

6.2 
7.4 

8.6 
11.1 
13.0 

5.3 

5.9 

6.5 
7.2 

8.6 

9.9 
12.8 
15.0 

6.1 

6.8 

7.5 

8.3 

9.8 

11.4 

14.7 

17.3 

6.9 

7.7 

8.5 

9.4 

11.2 

13.0 

16.8 

19.6 

7.8 

8.7 
9.6 

10.6 

12.6 

14.7 
18.9 
22.2 

8.7 

9.7 
10.8 

11.9 

14.2 
16.4 

21.2 

24.9 

10.8 

12.0 

13.3 
14.7 

17.6 

20.3 
26.2 

30.7 

13.1 

14.5 

16.1 
17.8 
21.2 

24.6 

31.7 
37.2 

15.6 
17.3 

19.2 

21.2 

25.2 

29.2 

37.7 

44.2 

2,500 

12 

800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 

0 52 
0.60 
0.68 
0.74 
0.87 
1.02 
1.31 
1.55 

0.82 

0.94 

1.06 

1.15 

1.36 

1.59 

2.04 

2.42 

1.18 

1.35 

1.53 

1.66 

1.96 

2.29 

2.94 

3.48 

1.60 

1.84 

2.08 

2.25 

2.67 

3.11 

4.01 

4.74 

2.10 

2.40 

2.72 

2.94 

3.49 

4.06 

5.23 

6.19 

2.7 

3.0 

3.4 

3.7 

4.4 

5.1 
6.6 

7.8 

3.3 
3.8 

4.3 

4.6 
5.5 

6.3 
8.2 

9.7 

4.0 

4.5 

5.1 

5.6 

6.6 
7.7 
9.9 
11.7 

4.7 
5.4 
6.1 
6.6 

7.8 
9.1 

11.8 

13.9 

5.5 

6.3 

7.2 
7.8 

9.2 

10.7 

13.8 
16.4 

6.4 

7.4 
8.3 
9.0 

10.7 

12.4 

16.0 

19.0 

7.4 

8.4 
9.6 

10.4 

12.3 

14.3 

18.4 
21.8 

8.4 

9.6 

10.9 
11.8 
14.0 
16.3 

20.9 
24.8 

9.5 

10.8 

12.3 

13.3 
15.8 

18.4 
23.6 
28.0 

10.6 

12.2 

13.8 

14.9 
17.7 
20.6 
26.5 
31.3 

13.1 

15.0 

17.0 

18.4 
21.8 

25.4 

32.7 

38.7 

15.9 

18.2 

20.6 

22.3 

26.4 

30.7 
39.6 

46.8 

18.9 

21.6 

24.5 

26.5 
31.4 

36.6 
47.1 

55.7 

3,000 

10 

975 

1,050 

1,125 

1,200 

1,350 

1,500 

1,800 

2,025 

0.64 

0.72 

0.80 

0.88 

1.05 

1.22 

1.57 

1.84 

1.01 

1.13 

1.25 

1.38 

1.64 

1.91 

2.45 

2.88 

1.45 

1.62 

1.80 

1.99 

2.36 

2.75 

3.53 

4.15 

1.97 

2.21 

2.45 

2.71 

3.21 

3.74 

S:3 

2.58 
2.88 
3.20 
3.54 
4.19 
4 88 
6.27 
7.38 

3.3 
3.6 

4.1 
4.5 

5.3 

6.2 
7.9 

9.3 

4.0 

4.5 

5.0 

5.5 

6.6 
7.6 
9.8 

11.5 

4.9 
5.4 
6.1 
6.7 

7.9 
9.2 

11.9 

13.9 

5.8 

6.5 

7.2 

8.0 

9.4 

11.0 

14.1 

16.6 

6.8 

7.6 

8.5 

9.3 

11.1 

12.9 

16.6 

19.5 

7.9 

8.8 

9.8 

10.8 

12.8 

14.9 

19.2 

22.6 

9.1 

10.1 

11.3 

12.4 
14.7 
17.2 
22.1 
25.9 

10.3 

11.5 
12.8 

14.1 
16.8 

19.5 

25.1 

29.5 

11.6 

13.0 
14.5 

16.0 
18.9 
22.0 

28.3 

33.3 

13.0 

14.6 
16.2 
17.9 
21.2 

24.7 

31.8 
37.3 

16.1 

18.0 

20.0 

22,1 

26.2 

30.5 

39.2 

46.1 

19.5 

21.8 

24.2 

26.7 

31.7 
36.9 
47.4 

55.8 

23.2 

25.9 

28.8 

31.8 
37.7 

43.9 

56.4 

66.4 

18,000 

2,000 

15 


| 

I 

0.91 

1.02 

1.13 

1.25 
1.49 
1.74 

2.25 
2.65 

1.24 

1.38 

1.54 

1.70 

2.02 

2.36 

3.06 

3.60 

I 

2.0 

2.3 
2.6 
2.8 

3.3 
3.9 
5.1 
6.0 

2.5 
2.8 

3.2 

3.5 
4.1 
4.8 

6.3 

7.4 

I 

3.6 

4.1 

4.5 

5.0 

5.9 

6.9 

9.0 
10.6 

4.3 

4.8 

5.3 

5.9 
7.0 
8.2 

10.6 

12.4 

4.9 

5.5 
6.2 
6.8 
8.1 

9.5 

12.3 

14.4 

5.7 
6.4 
7.1 

7.8 
9.3 

10.9 

14.1 

16.5 

6.5 

7.2 

8.1 

8.9 

10.6 

12.4 

16.0 

18.8 

7.3 

8.2 

9.1 

10.0 

11.9 

13.9 
18.1 
21.2 

| 

10.1 

11.3 
12.6 
13.9 
16.5 

19.3 
25.0 

29.4 

| 

14.5 

16.3 
18.1 
20.0 

23.8 

27.8 
36.0 

42.3 


800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 

0 49 
0.56 
0 64 
0 69 

0 83 
0.96 

1 25 
1.48 

0.77 

0.88 

1.01 

1.08 

1.29 

1.51 

1.95 

2.32 

1.11 

1.27 

1.45 

1.56 

1.86 

2.17 

2.81 

3.34 

1.51 

1.73 

1.97 

2.12 

2.54 
2.95 
3.82 

4.55 

1.97 
2 26 
2.58 
2.77 
3.31 
3.86 
4.99 
5.94 

2.5 

2.9 
3.3 

3.5 

4.2 

4.9 

6.3 

7.5 

3.1 
3.5 

4.0 
4.3 

5.2 

6.0 
7.8 

9.3 

3.7 

4.3 

4.9 

5.2 

6.3 

7.3 

9.4 
11.2 

4.4 

5.1 
5.8 

6.2 

7.5 
8.7 

11.2 

13.4 

5.2 
6.0 
6.8 

7.3 

8.7 
10.2 
13.2 

15.7 

6.0 

6.9 

7.9 
8.5 

10.1 

11.8 

15.3 

18.2 

6.9 

7.9 
9.1 
9.7 

11.6 

13.6 

17.6 
20.9 

7.9 

9.0 

10.3 
11.1 
13.2 

15.4 
20.0 
23.7 

8.9 

10.2 

11.6 

12.5 

15.0 

17.4 

22.5 
26.8 

10.0 

11.4 

13.0 

14.0 
16.8 

19.5 
25.3 

30.1 

12.3 

14.1 

16.1 

17.3 
20.7 

24.1 

31.2 
37.1 

14.9 

17.1 
19.5 

20.9 
25.0 

29.2 

37.8 

44.9 

17.7 

20.3 
23.2 
24.9 

29.8 
34.7 

44.9 

53.4 



0 60 
0.68 
0.76 
0.83 
0.99 
1.16 
1.50 
1.76 


r 

if 

1 

3.1 
3.4 

3.8 

4.2 
5.0 

5.9 
7.6 

8.9 

3.8 

4.2 
4.7 

5.2 

6.2 
7.2 
9.4 
11.0 

4.6 
5.1 

5.7 
6.3 
7.5 

8.7 

11.3 

13.3 

5.4 
6.1 
6.8 

7.5 
8.9 

10.4 

13.5 
15.9 

6.4 

7.1 

8.0 

8.8 

10.5 
12.2 
15.8 

18.6 

7.4 

8.3 

9.3 
10.2 
12.2 
14.2 
18.4 
21.6 

8.5 

9.5 
10.6 

11.7 

14.0 
16.3 

21.1 

24.8 

9.7 

10.8 

12.1 

13.3 

15.9 

18.5 

24.0 

28.2 

10.9 
12.2 
13.7 

15.0 

17.9 

20.9 

27.1 

31.9 

12.2 

13.7 

15.3 

16.8 
20.1 

23.4 

30.4 
35.7 

15.1 

16.9 

18.9 
20.8 

24.8 

28.9 
137.5 

44.1 

18.3 

20.4 
22.9 
25.2 

30.0 

35.0 

45.4 

53.4 

21.7 
24.3 
27.2 

30.0 

35.7 
41.6 

54.0 
63.5 

3,750 

8 

1 

I 

; | 


I 

; | 

1 

1 

g 

5.6 

6.3 

7.1 

7.9 

9.5 

11.0 

14.2 

16.6 

6.7 

7.5 

8.4 

9.4 
11.3 
13.0 
16.9 
19.8 

7.8 

8.8 
9.9 
11.0 

13.2 

15.3 
19.8 
23.2 

9.1 

10.2 

11.5 

12.7 
15.3 

17.7 

23.0 

27.0 

tol 

11.8 

13.2 

14.6 

17.6 

20.4 

26.4 
30.# 

11.8 

13.4 

15.0 
16.6 

20.0 

23.2 
30.0 

35.2 

13.4 

15.1 

16.9 
18.8 
22.6 

26.2 

33.9 
39.7 

15.0 
16.9 

19.0 

21.1 
25.4 
29.3 
38.0 
44.6 

18.5 

20.9 
23.4 
26.0 
31.3 
36.2 

46.9 
55.0 

22.4 

25.3 

28.3 

31.5 
37.9 

43.8 

56.8 

66.6 

26.6 

30.1 
33.7 
37.4 

45.1 

52.1 
67.6 
79.2 


1 By permission, American Concrete Institute. 
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Table 4. — Resisting Moments of Rectangular Sections 1-ft.-widb (Slabs). 1 — 

(' Continued ) 


/. 

& 

n 

fe 

Effective depth d 

2 

2 n 

» 

w 

4 

m 

5 

2.9 

3.2 

3.6 
4.0 

4.7 
5.6 

7.2 
8.5 

6 

3.4 

3.9 

4.3 

4.7 

5.7 
6 6 
8.6 

10. 2 

m 

4 0 

4.5 
5.0 

5.5 

6.6 
7 8 

10.1 

11.9 

7 

4 7 
5.2 
5.8 
6.4 
7.7 
9.0 

11.7 

13.8 

7H 

8 

m 

9 

10 

11 

12 

20,000 

2,000 

15 

650 

700 

750 

800 

900 

1,000 

1,200 

1,350 

0 38 
0.43 
0.48 
0.52 
0.63 
0.74 
0.96 
1.13 

0.59 

0.67 

0.74 

0.82 

0.98 

1.15 

1.49 

1.76 

0.86 

0.96 

1.07 

1.18 

1.41 

1.66 

2.15 

2.54 

1.16 

1.31 

1.46 

1.60 

1.92 
2.25 

2.93 
3.45 

1.52 

1.71 

1.90 

2.10 

2.51 
2.94 
3.82 

4.51 

1.9 

2.2 

2.4 

2.7 
3.2 

3.7 

4.8 
5.7 

2.4 

2.7 

3.0 
3.3 
3.9 
4.6 

e . o ! 

7.1 

5.3 
6.0 

6.7 

7.4 

8.8 

10.4 

13.4 
15.9 

6.1 

6.8 

7.6 

8.4 

10.0 

11.8 

15.3 

18.1 

6.9 

7.7 

8.6 

9.5 

11.3 

13.3 

17.3 

20.4 

7.7 

8.7 
9.6 
10.6 

12.7 
14.9 
19.4 

22.8 

9.5 

10.7 

11.9 

13.1 

15.7 
18.4 

23.9 

28.2 

11.5 

12.9 
14.4 

15.9 

19.0 
22.3 

28.9 

34.1 

13.7 

15.4 
17.1 
18.9 
22.6 

26.5 
34.4 

40.6 

2,500 

12 

800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 

0.46 

0.53 

0.61 

0.66 

0.78 

0.92 

1.20 

1.43 

0.73 

0.83 

0.95 

1.03 

1.23 
1.44 
1.87 

2.23 

1.04 

1.20 

1.37 

1.48 

1.76 

2.07 

2.69 

3.21 

1.42 

1.63 

1.86 

2.01 

2.40 

2.82 

13.66 

4.37 

1*86 

2.13 
2.43 
2.62 

3.14 
3.68 
4.78 
5.71 

2.3 

2.7 
3.1 

3.3 

4.0 

4.7 

6.1 
7.2 

2.9 

3.3 

3.8 
4.1 

4.9 

5.8 
7.5 

8.9 

3.5 

4.0 

4.6 

5.0 
5.9 

7.0 

9.0 
10.8 

4.2 

4.8 
5.5 

5.9 
7.1 

8.3 
10.8 
12.9 

4.9 

5.6 
6.4 

6.9 
8.3 

9.7 
12.6 
15.1 

5.7 

6.5 
7.4 
8.0 

9.6 
11.3 

14.7 
17.5 

6.5 

7.5 

8.6 
9.2 

11.0 

12.9 

16.8 

20.1 

7.4 

8.5 
9.7 

10.5 

12.5 

14.7 
19.1 

22.8 

8.4 

9.6 

11.0 

11.8 

14.2 

16.6 

21.6 

25.8 

9.4 

10.8 

12.3 

13.3 

15.9 
18.6 
24.2 

28.9 

11.6 

13.3 
15.2 

16.4 

19.6 
23.0 
K29.9 

35.7 

14.0 

16.1 
18.4 
19.8 
23.7 
27 8 
36 2 
43.2 

16.7 

19.2 
21.9 
23.6 

28.2 

33.1 

43.1 
51.4 

■ 

3,000 

10 

975 

1,050 

1,125 

1,200 

1,350 

1,500 

1,800 

2,025 

0.57 

0.64 

0.71 

0.79 

0.94 

1.10 

1.44 

1.70 

0.89 

1.00 

1.11 

1.23 
1.48 
1 73 

2.24 
2.65 

1.28 

1.44 

1.60 

1.77 

2.12 

2.48 

3.23 

3.82 

1.74 

1.96 

2.18 

2.41 

2.89 

3.38 

4.40 

5.19 

2.27 

2.56 

2.85 

3.15 

3.78 
4.42 
5.74 

6.78 

2.9 

3.2 

3.6 
4.0 
4.8 

5.6 

7.3 

8.6 

3.6 

4.0 
4.5 

4.9 

5.9 

6.9 

9.0 
10.6 

4.3 
4.8 

5.4 
6.0 
7.1 
8.3 

10.9 

12.8 

5.1 

5.8 

6.4 

7.1 

8.5 

9.9 
12.9 
15.3 

6.0 

6.8 

7.5 

8.3 

10.0 

11.7 

15.2 

17.9 

7.0 

7.8 

8.7 

9.7 
11.6 

13.5 

17.6 
20.8 

8.0 

9.0 

10.0 

11.1 

13.3 

15.5 

20.2 

23.9 

9.1 

10.2 

11.4 

12.6 

15.1 

17.7 

23.0 

27.1 

10.3 

11.6 

12.9 
14.2 
17.1 

19.9 

25.9 
30.6 

11.5 

13.0 

14.4 

16.0 

19.1 

22.4 

29.1 
34.3 

14.2 

16.0 

17.8 
19.7 

23.6 

27.6 

35.9 
42.4 

17.2 

19.4 
21.6 
23 8 
28.6 
33 4 

43.4 

51.3 

20.4 

23.0 
25 6 

28.4 

34.0 
39 7 
51.7 

61.1 

3,750 

8 

1,200 

1,300 

1,400 

1,500 

1,700 

1,875 

2,250 

2,525 

0.69 

0.79 

0.88 

0.98 

1.19 

1.38 

1.80 

2.11 

1.08 

1.23 

1.38 

1.54 

1.86 

2.16 

2.81 

3.30 

1.56 

1.77 

1.99 

2.21 

2.68 

3.11 

4.04 

4.75 

2.12 

2.41 

2.71 

3.01 

3.65 

4.23 

5.50 

6.47 

2.77 
3.15 
3.54 
3.94 

4.77 
5.52 
7.18 
8.45 

3.5 

4.0 

4.5 

5.0 

6.0 

7.0 

9.1 
10.7 

4.3 

4.9 

5.5 
6.2 

7.5 

8.6 
11.2 
13.2 

5.2 

6.0 

6.7 

7.4 

9.0 

10.4 

13.6 

16.0 

6.2 

7.1 

8.0 

8.9 

10.7 

12.4 

16.2 

19.0 

7.3 

8.3 

9.3 
10.4 
12.6 
14.6 
19.0 
22.3 

8.5 

9.7 

10.8 

12.1 

14.6 

16.9 
22.0 

25.9 

9.7 

11.1 

12.4 

13.8 

16.8 

19.4 
25.3 
29.7 

11.1 

12.6 

14.1 

15.7 

19.1 

22.1 

28.7 

33.8 

12.5 
14.2 
16.0 

17.8 

21.5 

24.9 
32.4 
38.1 

14.0 

16.0 

17.9 

19.9 
24.1 

27.9 
36.4 
42.8 

17.3 

19.7 
22.1 
24.6 

29.8 
34.5 

44.9 
52.8 

20.9 

23.8 

26.7 

29.8 
36.1 
41.7 
54.3 

63.9 

24.9 

28.4 

31.8 

35.4 

42.9 

49.7 

64.7 
76.0 

22,000 

. 

2,000 

15 

650 

700 

750 

800 

900 

1,000 

1,200 

1,360 

0.36 

0.40 

0.45 

0.50 

0.60 

0.70 

0.92 

1.09 

0.56 

0.63 

0.70 

0.78 

0.93 

1.09 

1.44 

1.70 

0.81 

0.91 

1.01 

1.13 

1.34 

1.58 

2.07 

2.45 

1.10 

1.24 

1.37 

1.53 

1.83 

2.14 

2.82 

3.33 

1.44 

1.62 

1.79 
2.00 
2.38 

2.80 
3.68 
4.35 

1.8 

2.0 

2.3 

2.5 
3.0 

3.5 
4.7 

5.5 

2.3 
2.5 
2.8 
3.1 

3.7 

4.4 

5.8 

6.8 

2.7 

3.1 

3.4 

3.8 

4.5 
5.3 
7.0 

8.2 

3.2 
3.6 
4.0 
4.5 
5.4 

6.3 

8.3 
9.8 

3.8 

4.2 

4.7 

5.3 

6.3 

7.4 

9.7 
11.4 

4.4 

4.9 

5.5 
6.1 
7.3 

8.6 

11.3 

18.3 

5.1 

5.7 

6.3 
7.0 

8.4 

9.8 
12.9 
15.3 

5.8 

6.5 
7.2 
8.0 

9.5 
11.2 
14.7 
17.4 

6.5 

7.3 

8.1 

9.0 

10.8 

12.6 

16.6 

19.7 

7.3 

8.2 

9.1 

10.1 

12.1 

14.2 

18.6 

22.0 

9.0 

10.1 

11.2 

12.5 
14.9 

17.5 
23.0 
27.2 

10.9 

12.2 

13.6 

15.1 
18.0 

21.2 

27.8 

32.9 

13.0 

14.5 

16.1 
18.0 

21.5 
25.2 

33.1 

36.2 

2,500 

12 

800 

875 

950 

1,080 

1,125 

1,250 

1,500 

1,700 

0.44 

0.50 

0.58 

0.62 

0.75 

0.88 

1.15 

1.37 

0.68 

0.79 

0.90 

0.98 

1.17 

1.37 

1.79 

2.14 

0.98 

1.13 

1.30 

1,40 

1.68 

1.97 

2.58 

3.09 

1.34 

1.54 

1.76 

1.91 

2.29 

2.68 

3.62 

4.20 

1.74 

2.02 

2.30 

2.50 
2.99 

3.50 
4.59 
5.49 

2.2 

2.6 

2.9 

3.2 

3.8 
4.4 

5.8 

6.9 

2.7 

3.2 

3.6 
3.9 

4.7 

5.5 

7.2 

8.6 

3.3 
3.8 

4.4 

4.7 

5.7 
6.6 

8.7 
10.4 

3.9 

4.5 
5.2 

5.6 

6.7 

7.9 

10.3 

12.3 

Te 

5.3 

6.1 

6.6 

7.9 

9.2 

12.1 

14.4 

5.3 

6.2 

7.1 
7.6 

9.2 
10.7 
14.1 
16 . 8 : 

6.1 

7.1 

8.1 
8.8 
10.5 

12.3 
16.1 

19.3 

7.0 

8.1 
9.2 
10.0 
12.0 

14.0 
18.4 

22.0 

7.9 

9.1 

10.4 
11.3 

13.5 
15.8 

20.7 

24.8 

8.8 

10.2 

11.7 
12.6 

15.1 

17.7 

23.2 

27.8 

10.9 
12.6 
14.4 

15.6 

18.7 

21.9 

28.7 
34.3 

13.2 

15.2 
17 . 4J 
18.9 
22.6 
26.6 
34.7 
41.5 

15.7 
18.1 

20.7 

22.5 
26.9 

31.5 

41.3 

49.4 

3,000 

10 

975 

1,050 

1,125 

1,200 

1,350 

1,500 

1,800 

2,025 

0.54 

0 . 6D 

0.68 

0.75 

0.90 

1.05 

1.38 

1.63 

0.84 

0.94 

1.06 

1.17 

1.40 

1.64 

2.15 

2.54 

1.21 

1.36 
1.52 
1.68 
2.02 

2.37 
3.10 
3.66 

1.64 

1.85 

2.07 

2.29 

2.74 

3.22 

4.21 

4.99 

2.14 

2.42 

2.70 

2.99 

3.58 

4.21 

5.50 

6.51 

2.7 

3.1 

3.4 

3.8 

4.5 
5.3 
7.0 

8.2 

3.4 

3 . 8 | 

4.2 

4.7 

5.6 

6.6 
8, .6 

10.2 

i 

4.1 

4.6 

5.1 

5.7 

6.8 
8.0 

10.4 

12.3 

4.8 

5 . 4 | 

6.1 

6.7 

8.1 

9.5 

12.4 

14.7 

5.6 

6.4 
7.1 
7.9 

9.5 
11.1 
14.5 
17.2 

8.6 

7 . 4 ! 

8 . 3j 

9 . 2 ! 

ll.Oj 

12.9 

16.9 

19.9 

7 . 5 , 

8.5 

9.5 

10.5 

12.6 

14.8 
19.4 

22.9 

8.6 

9 . 7 ' 

10.8 

12.0 

14.3 

16.8 

22.0 

26.0 

9.7 

10 . 9 ! 

12.2 

13.5 

16.2 

19.0 

24.9 

29.4 

10.9 
12.2 
13.7 

15.1 

18.1 
21.3 

27.9 
33.0 

13.4 
15.1 
16.9 

18.7 

22.4 

26.3 

34.4 

40.7 

16.2 

18.3 

20.4 
22.6 
27.1 
31.8 

81 

19.3 
21.7 

24.3 

26.9 

32.3 

37.9 

49.5 

58.6 

3,750 

8 

1,200 

1,300 

1,400 

1,500 

1,700 

1,875 

2,250 

2,525 

0.66 

0.74 

0.84 

0.94 

1.13 

1.31 

1.72 

2.03 

1.03 

1.16 

1.31 

1.46 

1.77 

2.05 

2.69 

3.18 

1.48 

1.67 

1.88 

2.11 

2.55 

2.95 

3.87 

4.57 

2.01 

2.28 

2.56 

2.87 

3.47 

4.02 

5.27 

6.22 

2.62 

2.98 

3.34 

3.74 

4.53 

5.25 

6.88 

8.13 

3.3 
3.8 
4.2 

4.7 

5.7 
6.6 

8.7 

10.3 

4.1 
4 . 7 ! 

5.2 
5.9 

7.1 

8.2 
10.8 
12.7 

5.0 

5.6 
6.3 

7.1 

8.6 
9.9 
13.0 
15.4 

5.9 
6.7 
7.5 
8.4 
10.2 
11.8 
15.5 
18 . 3 | 

6.9 
7 , 9 ’ 
8.8 

9.9 
12.0 
13.9 
18.2 
21.6 

8.0 

9.1 

10.2 

11 . 5 ! 

13.9 
16 , 1 ! 
21.1 

24.9 

9.2 

10.5 
11.8 
13.2 
15.9 

18.6 
24 . 2 ! 
28.6 

10 . 5 ! 

11 . 9 ! 

13.4 

15.0 

18.1 
21.0 

27.5 

32.5 

11.8 

13.4 

15.1 
16.9 

20.4 

23.7 

31.1 

36.7 

13.3 

15.1 

16.9 

19.0 

22.9 
26.6 
34.8 

41.1 

16.4 
18.6 
20.9 

23.4 
28.3 
32.8 
43.0 
60.6 

19.8 

22.5 

25.3 

28.3 
34.2 
89.7 
82.0 

61.5 

23.6 
26.8 

30.1 

33.7 

40.8 

47.2 

61.9 

78.2 
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Table 4. — Resisting Moments of Rectangular Sections 1- ft.-wide ( Slabs ). 1 — 

(Continued) 


24,000 

»I> 

U 

Effective depth d 

2 

2 h 

3 

3 H 

4 

itt 

5 

m 

6 

6 H 

7 

7 h 

8 

m 

9 

10 

11 

12 

2,000 

15 

650 

700 

750 

800 

900 

1,000 

1,200 

1,350 

0.34 

0.38 

0.43 

0.47 

0.57 

0.67 

0.88 

1.05 

0.53 

0.60 

0.67 

0.74 

0.89 

1.05 

1.38 

1.64 

0.77 

0.86 

0.96 

1.06 

1.29 

1.51 

1.98 

2.36 

1.04 

1.18 

1.31 

1.45 

1.75 

2.06 

2.70 

3.21 

1.36 

1.64 

1.71 

1.89 

2.29 

2.69 

3.52 

4.19 

1.7 

1.9 
2.2 

2.4 

2.9 

3.4 

4.5 
5.3 

2.1 

2.4 
2.7 
3.0 
3.6 
4.2 

5.5 

6.6 

2.6 

2.9 

3.2 

3.6 

4.3 
5.1 

6.7 

7.9 

3.1 
3.5 

3.9 

4.2 
5.1 
6.0 

7.9 
9.4 

3.6 

4.1 

4.5 

5.0 

6.0 
7.1 
9.3 

11.1 

4.2 

4.7 

5.2 

5.8 
7.0 

8.2 
10.8 

12.8 

4.8 

5.4 
6.0 
6.6 
8.0 

9.5 
12.4 
14.7 

5.4 

6.1 

6.8 

7.6 

9.2 

10.8 

14.1 

16.8 

6.1 

6.9 
7.7 
8.5 

10.3 

12.1 

15.9 

18.9 

6.9 

7.8 
8.7 

9.6 

11.6 
13.6 

17.8 
21.2 

8.5 

9.6 

10.7 

11.8 
14.3 
16.8 
22.0 
26.2 

10.3 
11.6 
12.9 

14.3 

17.3 

20.3 
26.6 
31.7 

12.2 

13.8 

15.4 

17.0 

20.6 

24.2 

31.7 

37.7 

2,500 

12 

. 

800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 

0.42 

0.48 

0.56 

0.59 

0.71 

0.84 

1.10 

1.32 

0.65 

0.75 

0.86 

0.93 

1.11 

1.31 

1.73 

2.07 

0.94 

1.08 

1.23 

1.33 

1.60 

1.89 

2.48 

2.98 

1.27 

1.47 

1.68 

1.81 

2.18 

2.57 

3.38 

4.05 

1.66 

1.92 

2.19 

2.37 

2.85 

3.36 

4.42 

5.30 

2.1 

2.4 

2.8 

3.0 

3.6 
4.3 

5.6 

6.7 

2.6 

3.0 

3.4 
3.7 

4.5 

5.3 
6.9 

8.3 

3.1 
3.6 
4 1 
4.5 

5.4 

6.4 
8.3 

10.0 

3.7 

4.3 

4.9 

5.3 

6.4 
7.6 

9.9 
11.9 

4.4 
5.1 

5.8 
6.3 

7.5 

8.9 
11.7 
14.0 

5.1 

5.9 

6.7 
7.3 

8.7 
10.3 
13.5 
16.2 

5.9 

6.8 

7.7 

8.3 

10.0 

11.8 

15.5 

18.6 

6.7 

7.7 

8.8 
9.5 

11.4 

13.4 
17.7 
21.2 

7.5 

8.7 

9.9 
10.7 

12.9 
15.2 

19.9 

23.9 

8.4 
9.7 

11.1 

12.0 

14.4 
17.0 

22.4 
26.8 

10.4 

12.0 

13.7 

14.8 

17.8 
21.0 
27.6 
33.1 

12.6 

14.5 

16.6 
17.9 
21.5 

25.4 

33.4 
40.1 

15.0 

17.3 
19.7 

21.3 

25.6 
30.2 

39.7 

47.7 

3,000 

10 

975 

1,050 

1,125 

1,200 

1,350 

1,500 

1,800 

2,025 

0.51 

0.57 

0.64 

0.71 

0.86 

1.01 

1.32 

1.57 

0.79 

0.89 

1.00 

1.11 

1.34 

1.58 

2.07 

2.46 

1.14 

1.29 

1.44 

1.60 

1.93 

2.27 

2.98 

3.54 

1.56 

1.75 

1.96 

2.18 

2.62 

3.09 

4.05 

4.81 

2.03 

2.29 
2.56 
2.85 
3.42 

4.03 

5.30 
6.29 

2.6 

2.9 

3.2 

3.6 

4.3 
5.1 

6.7 
8.0 

3.2 
3.6 
4.0 
4.5 
5.4 

6.3 

8.3 
9.8 

3.8 

4.3 

4.8 

5.4 

6.5 
7.0 

10.0 

11.9 

4.6 

5.1 
5.8 
6.4 

7.7 

9.1 
11.9 
14.1 

5.4 
6.0 
6.8 

7.5 
9.0 

10.6 

14.0 

16.6 

6.2 

7.0 

7.8 

8.7 

10.5 

12.3 
16.2 

19.3 

7.1 

8.0 

9.0 

10.0 

12.0 

14.2 

18.6 

22.1 

8.1 

9.2 

10.2 

11.4 

13.7 

16.1 

21.2 

25.2 

9.2 

10.3 
11.6 

12.9 
15.5 
18.2 

23.9 

28.4 

10.3 
11.6 
13.0 

14.4 

17.3 

20.4 
26.8 
31.8 

12.7 

14.3 
16.0 

17.8 

21.4 

25.2 
33.1 

39.3 

15.4 

17.3 

19.4 

21.5 
25.9 

30.5 
40.1 

47.6 

18.3 
20.6 
23.0 

25.6 
30.8 

36.3 

47.7 
56.6 

3,750 

8 

1,200 

1,300 

1,400 

1,500 

1,700 

1,875 

2,250 

2,525 

0.62 

0.70 

0.80 

0.89 

1.08 

1.26 

1.66 

1.96 

0.97 

1.10 

1.24 

1.39 

1.69 

1.97 

2.59 

3.06 

1.40 
1.58 
1.79 
2.00 
2.43 
2.84 
3.73 

4.40 

1.90 

2.16 

2.44 

2.72 

3.31 

3.86 

5.07 

5.99 

2.48 

2.82 

3.18 

3.55 

4.32 

5.04 

6.62 

7.82 

3.1 

3.6 

4.0 

4.5 

5.6 

6.4 

8.4 
9.9 

3.9 

4.4 
5.0 
5.6 
6.8 

7.9 

10.4 
12.2 

4.7 
5.3 
6.0 

6.7 
8.2 
9.5 
12.5 
14.8 

5.6 
6.3 
7.2 
8.0 

9.7 
11.3 
14.9 
17.6 

6.5 

7.4 

8.4 

9.4 

11.4 
13.3 

17.5 
20.7 

7.6 

8.6 
9.8 

10.9 

13.2 
15.4 

20.3 
24.0 

8.7 

9.9 

11.2 

12.5 

15.2 
17.7 

23.3 

27.5 

9.9 

11.3 

12.7 

14.2 

17.3 
20.2 
26.5 

31.3 

11.2 

12.7 

14.4 
16.0 

19.5 

22.8 
29.9 
35.3 

12.6 

14.3 

16.1 

18.0 

21.9 

25.5 

33.5 

39.6 

15.5 

17.6 

19.9 
22.2 
27.0 
31.5 
41.4 

48.9 

18.8 

21.3 

24.1 
26.9 
32.7 

38.1 

50.1 

59.2 

22.3 

25.3 
28.7 
32.0 
38.9 

45.4 
59.6 

70.4 

27,000 

2,000 

15 

650 

700 

750 

800 

900 

1,000 

1,200 

1,350 

0.32 

0.36 

0.40 

0.44 

0.53 

0.63 

0.83 

0.99 

0.49 

0.56 

0.62 

0.69 

0.83 

0.98 

1.30 

1.55 

0.71 

0.80 

0.89 

1.00 

1.20 

1.41 

1.87 

2.23 

0.97 

1.09 

1.21 

1.36 

1.63 

1.92 

2.55 

3.04 

1.26 

1.42 

1.58 

1.78 

2.13 

2.51 

3.33 

3.97 

1.6 

1.8 

2.0 

2.2 

2.7 

3.2 

4.2 
5.0 

2.0 

2.2 

2.5 

2.8 

3.3 

3.9 

6.2 

6.2 

2.4 

2.7 

3.0 

3.4 

4.01 

4.7 
6.3! 

7.5 

2.8 

3.2 

3.6 
4.0 

4.8 

5.7 
7.5 

8.9 

3.3 

3.8 

4.2i 

4.7 

5.6 

6.6 
8.8! 

10.5 

3.9 

4.4 

4.9 

5.4 

6.5 
7.7 

10.2 

12.2 

4.4 

5.0 

5.6 

6.2 

7.5 
8.8 

11.7 

14.0 

5.1 
5.7 
6.3 

7.1 
8.5 

10.0 

13.3 

15.9 

5.7 

6.4 

7.2 

8.0 

9.6 

11.3 

15.0 

17.9 

6.4 

7.2 

8.0 

9.0 

10.8 

12.7 

16.8 
20.1 

7.9 
8.91 

9.9 
11.1 
13.3 

15.7 

20.8 
24.8 

9.6 

10.8 

12.0 

13.4 

16.1 

19.0 
25.2 

30.0 

11.4 

12.8 

14.3 

16.0 

19.2 

22.6 

30.0 

35.7 


800 

875 

950 

1,000 

1,125 

1,250 

1,500 

1,700 

0.38 

0.44 

0.51 

0.55 

0.67 

0.79 

1.04 

1.25 

0.60 

0.69 

0.79 

0.86 

1.04 

1.23 

1.63 

1.96 

0.86 

1.00 

1.14 

1.24 

1.50 

1.77 

2.34 

2.82 

1.18 

1.36 

1.56 

1.69 

2.05 

2.41 

3.19 

3.83 

1.54 

1.78 

2.03 

2.21 

2.67 

3.15 

4.16 
5.01 

1.9 

2.2 

2.61 

2.8 

3.4 

4.0 

5.3 

6.3 

2.4 
2.8 

3.2 

3.5 

4.2 
4.9 

6.5 
7.8 

2.9 

3.4 

3.8 
4.2 
5.1 
6.0 

7.9 

9.5 

3.5 

4.0 

4.6 

5.0 

6.0 
7.1 
9.4 
11.3 

4.1 

4.7 
5.4 

5.8 

7.1 
8.3 

11.0 

13.2 

4.7 
5.4 
6.2 

6.8 
8.2 

9.7 

12.7 
15.3 

5.4 
6.2 
7.1 
7.8 

9.4 
11.1 

14.6 

17.6 

6.1 

7.1 

8.1 
8.8 
10.7 
12.6 
16.6 
20.0 

6.9 

8.0 

9.2 

10.0 

12.1 

14.2 

18.8 

22.6 

7.8 

9.0 

10.3 
11.2 
13.5 
16.0 
21.1 

25.4 

9.6 

11.1 

12.7 

13.8 

16.7 

19.7 
26.0 
31.3 

11.6 

13.4 

15.4 

16.7 
20.2 

23.8 

31.5 

37.9 

13.8 
16.0 

18.3 

19.9 

24.0 

28.4 

37.4 

45.1 



l 


j 

1 

li 

• is 

1.89 

2.13 

2.38 

2.66 

3.20 

3.78 

4.99 

5.95 

~2 A 

2.7 

3.0 

3.4 

4.1 

4.8 
6.3 

7.5 

3.0 
3.3 

3.7 

4.2 

5.0 
5.9 

7.8 

9.3 

3.6 

4.0 
4.5 

5.0 

6.1 
7.1 
9.4 
11.3 

4.2 
4.8 

5.4 
6.0 

7.2 

8.5 
11.2 
13.4 

5.0 
5.6 
6.3 

7.0 
8.5 

10.0 
13.2 
15.7 

5.8 
6.5 
7.3 
8.1 

9.8 
11.6 
15.3 
18.2 

6.6 

7.5 

8.4 

9.3 

11.3 

13.3 
17.6 
"20.9 

1 

8.5 

9.6 
10.8 
12.0 

14.5 
17.1 

22.5 
26.9 

9.6 

10.8 

12.1 

13.4 

16.2 

19.1 
25.3 

30.1 

11.8 

13.3 

14.9 

16.6 

20.0 

23.6 

31.2 

37.2 

I '' 

17.0 
19.2 

21.5 

23.9 
28.8 

34.0 

44.9 

53.6 

3,750 

8 


j 

| | 

| 

I 

1.76 

2.01 

2.27 

2.54 

3.10 

3.61 

4.78 

5.87 

2.30 
2.62 
2.96 

3.31 
4.05 
4.72 
6.24 
7.41 

2.9 

3.3 
3.7 
4.2 
5.1 
6.0 

7.9 

9.4 

1 

1 

5.2 

5.9 

6.7 

7.5 

9.1 

10.6 

14.0 

16.3 

TT 

6.9 

7.8 

8.7 

10.7 

12.5 

16.5 

19.6 

7.1 
8.0 

9.1 

10.1 

12.4 

14.5 
19.1 
22.7 

1 

| ! 

l ; 

11.7 
13.3 
15.0 

16.8 

20.5 
23.9 

31.6 
37.5 

14.4 

16.4 

18.5 
20.7 

25.3 

29.5 
39.0 

46.3 

j ! 

20.7 

23.6 

26.6 

29.8 

36.4 

42.5 
56.2 
66.7 


1 By persuasion, American Concrete Institute. 
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Table 5. — Areas and Perimeters of Bars in Sections 1 Ft. Wide (Slabs) 1 
Areas A, (or A ',) are given in boldface type (top), in square inches; perimeters 
Xo are given in light-face type (bottom), in inches. 


Enter table with values of A* (or A\) and So 


V 

%du 


(F, pounds; d, inches; 


u, pounds per square inch.) 

Coefficients a inserted in table are for use in A a 


M 

ad 


or A t 


NE % 

adi 


Spac- 

ing 


K * 


H □ 


K * 

K 0 

U 

1 


iHa 

Spac- 

ing 

2 

0.30 

4.7 

0.66 

7.1 

1.30 

9.4 

1.60 

12.0 

1.86 

11.8 

2.64 

14.2 




■ 


2 

2 H 

0.37 

4.2 

0.69 

6.3 

1.07 

8;4 

1.33 

10.7 

1.66 

10.5 

2.36 

12.6 

3.30 

14.7 




# 

2 H 

2 H 

0.34 

3.7 

0.63 

5.7 


1.30 

9.6 

1.49 

9.4 

2.11 

11.3 

2.88 

13.2 

3.79 

15.1 




2>2 

2 H 

0.33 

3.4 

0.46 

5.1 

0.87 

6.9 

1.09 

8.7 

1.36 

8.6 

1.92 

10.3 

2.62 

12.0 

3.46 

13.7 




2 V . 

3 

0.80 

3.1 

0.44 

4.7 

0.80 

6.3 

1.00 

8.0 

1.34 

7.8 

1.76 

9.4 

2.40 

11.0 

m 




3 

8 H 

0.18 

2.9 

0.41 

4.4 

0.74 

5.8 

0.93 

7.4 

1.14 

7.2 

1.62 

8.7 

2.22 

10.2 

2.92 

11.6 

3.69 

14.8 



8 H 

3 H 

0.17 

2.7 

0.88 

4.0 

0.69 

5.4 

0.86 

6.9 

1.06 

6.7 

1.61 

8.1 

3.06 

9.4 

2.71 

10.8 

3.43 

13.7 

Brill 

mm 


3 H 

3 H 

0.16 

2.5 

0.36 

3.8 

0.64 

5.0 

0.80 

6.4 

0.99 

6.3 

1.41 

7.5 

1.92 

8.8 


3.20 

12.8 

4.06 

14.4 

4.99 

16.0 

3 H 

4 

0.16 

2.3 

0.33 

3.5 

0.60 

4.7 

0.76 

6.0 

0.93 

5.9 

1.32 

7.1 

1.80 

8.3 

2.87 

9.4 

3.00 

12.0 

8.81 

13.5 

4.68 

15.0 

4 

4 H 

0.14 

2.2 

0.31 

3.3 

0.66 

4.4 


0.88 

5.5 

1.24 

6.7 

1.69 

7.8 

3.23 

8.9 

3.82 

11.3 

8.69 

12.7 

4.40 

14.1 

4 X 

4 H 

0.13 

2.1 

EB 

0.63 

4.2 

0.67 

5.3 

Hi 

1.17 

6.3 

1.60 

7.3 

2.11 

8.4 

2.67 

10.7 

8.89 

12.0 

4.16 

13.3 

4 X 

4 H 

0.18 

2.0 

0.38 

3.0 

0.61 

4.0 

0.63 

5.1 

0.78 

5.0 

1.11 

6.0 

1.62 

6.9 

3.00 

7.9 

2.63 

10.1 

3.91 

11.4 

3.94 

12.6 

4 H 

5 

0.13 

1.9 

0.36 

2.8 

0.48 

3.8 

0.60 

4.8 

0.74 

4.7 

1.06 

5.7 

1.44 

6.6 

1.90 

7.5 

3.40 

9.6 

3.06 

10.8 

wm 

mm 

5 

5 

0.11 

1.8 

0.36 

2.7 



0.71 

4.5 

1.01 

5.4 

1.37 

6.3 

1.81 

7.2 

2.29 

9.1 

3.90 

10.3 

3.67 

11.4 

5 H 


0.11 

1.7 

0.34 

2.6 

0.44 

3.4 

1 

0.68 

4.3 

0.96 

5.1 

m 

1.72 

6.9 

Ba 

2.77 

9.8 

8.40 

10.9 

5 H 

SH 


0.83 

2.5 

0.43 

3.3 

Q 

0.66 

4.1 

0.93 

4.9 

1.26 

5.7 

1.66 

6.6 

2.09 

8.3 


3.20 

10.4 

SH 
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Table 5. — Areas and Perimeters or Bars in Sections 1 Ft. Wide (Slabs). 1 — 

{Continued) 


Spac- 

ing 

K4> 



MD 

K<t> 

H4> 


1* 

ID 

IX □ 

iHa 

Spac- 

ing 

6 


IS 


0.50 

0.62 

0.88 

1.20 

1.58 

2.00 

«.<4 

3.12 

6 



Bb 

3.1 

4.0 

3.9 

4.7 

5.5 

6.3 

8.0 

9.0 

10.0 


6K 


0.20 

0.87 

0.46 

0.57 

0.81 

1.11 

1.46 

1.85 

2.35 

2.88 

6X 


Bfl 

2.2 

2.9 

3.7 

3.6 

4.4 

5.1 

5.8 

7.4 

8.3 

9.2 


7 

0.09 

0.19 

0.34 

0.43 

0.58 

0.75 

1.03 

1.35 

1.71 



7 


1.3 

2.0 

2.7 

3.4 

3.4 

4.0 

4.7 

5.4 

6.9 


8.6 


7 H 


0.18 

0.32 

0.40 

0.50 


0.96 

1.26 

1.60 

2.03 

2.50 

7>4 


m 

1.9 

2.5 

3.2 

3. J 

3.8 

4.4 


6.4 

7.2 

8.0 


8 

0.08 

0.17 

0.80 

0.38 

0.47 

0.66 

0.99 

1.19 

1.50 

1.91 

2.34 

8 


1.2 

1.8 

2.4 

3.0 

2.9 

3.5 

4.1 

4.7 

6.0 

6.8 

7.5 


8K 

0.07 

0.16 

0.28 

0.35 

0.44 

0.62 

0.85 

1.12 

1.41 

1.79 

2.20 

8 H 


1.1 

1.7 

2.2 

2.8 

2.8 

3.3 

3.9 

4.4 

5.6 

6.4 

7.1 


9 

0.07 

0.15 

0.27 

0.33 

0.41 

0.59 

0.80 

1.05 

1.33 

1.69 

2.08 

9 


1.0 

1.6 

2.1 

2.7 

2.6 

3.1 

3.7 

4.2 

5.3 

6.0 

6.7 


9K 

0.06 



0.32 

0.39 

0.56 

0.76 

1.00 

1.26 

1.60 

Bsa 

9K 


1.0 



2.5 

2.5 

3.0 

3.5 

4.0 

5.1 

5.7 

l 


10 

0.06 

0.18 

0.24 

0.30 

0.37 

0.53 

0.72 

0.95 

1.20 

1.52 

1.87 

10 


0.9 

1.4 

1.9 

2.4 

2.4 

2.8 

3.3 

3.8 

4.8 

5.4 

6.0 


10 H 

0.06 

0.13 

0.23 

0.29 

0.35 

0.50 

0.69 

0.90 

1.14 

1.45 

1.78 

iox 


0.9 

1.3 

1.8 

2.3 

2.2 

2.7 

3.1 

3.6 

4.6 

5.1 

5.7 


li 

0.06 

0.12 

0.22 

0.27 

0.34 

0.48 

0.65 

0.86 

1.09 

1.39 

Iffl 

11 


0.8 

1.3 

1.7 

2.2 

_ 1 I _ 

2.6 

3.0 

3.4 

4.4 

4.9 

eh 


n « 



0.21 

0.26 

0.32 

0.46 

0.63 

0.82 

1.04 

1.33 

1.63 



a 1 9 non * J 

1.6 

2.1 

2.0 

2.5 

2.9 

3.3 

4.2 

4.7 

5.2 


12 



0.20 

0.25 

0.31 



0.79 

1.00 

1.27 

1.56 



/. 

a 

1.6 

1 2.0 

2.0 

2.4 

2.8 

3.1 

4.0 

4.5 



13 

— 


0.18 

0.23 

0.29 

0.41 


0.78 


1.17 

1.44 



8,000 

0.53 

1.4 

1.8 

1.8 

2.2 

2.5 

2.9 

D 

4.2 

4.6 


14 

10,000 

0.68 

0.17 

0.21 

0.27 

0.38 

ra 

0.68 


1.09 

1.84 

14 


12,000 

0.83 

1.3 

1.7 

1.7 

2.0 

Bfl 

2.7 

3.4 

3.9 

4.3 


15 

M 

0.98 

0.16 

0.20 

0.25 

0.35 

0.48 

0.63 

0.80 

1.02 

1.25 

15 



1.13 

1.3 

1.6 

1.6 

1.9 

2.2 

2.5 

3.2 

3.6 

4.0 


16 

18,000 

1.29 

0.15 

0.19 

0.23 

0.83 

0.45 

0.59 

0.75 

0.95 

1.17 

16 


20,000 

1.44 

1.2 

1.5 

1.5 

1.8 

2.1 

2.4 

3.0 

3.4 

3.8 


17 

22,000 


0.14 

0.18 

0.22 

0.81 

0.42 

0.66 

0.71 

0.90 

1.10 

17 


24,000 

1.76 

1.1 

1.4 

1.4 

1.7 

1.9 

2.2 

2.8 

3.2 

3.5 


18 

27,000 

2.00 

0.18 

0.17 

0.21 

0.29 

0.40 

0.58 

0.67 

0.85 

1.04 

18 



2.24 

1.0 

1.3 

1.3 

1.6 

1.8 

2.1 

2.7 

3.0 

3.3 



1 By permission, American Concrete Institute. 








































































Table 6 . — Coefficients (. F ) for Resisting Moments of Rectangular and T-secttons 1 
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1 By permission, American Concrete Institute. 
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1 By permission, American Concrete Institute. 
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1 By permission, American Concrete Institute. 
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Diagram 1 . — Approximate dimensions of ribbed slabs as governed by shearing stress of 40 

lb. per sq. in. 

Superimpose*/ Load in tb.per sq.ft 
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Values of j 


Table 11. — Coefficients (j and y) for T-sections 1 

i _ 2L 
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k .2i 

t x d 


and 


2k - -J 
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2 - 
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(o) Enter table with known value of 4- and k; select j 
(6) Enter table with known value of select y; compute j « 1 ~ 2/ J 
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i By permission, American Concrete Institute. 
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Table 12. — Weights of Ribbed Slab Constbuction 

Open Joist construction 


77/e ffnvt concrete construction 

Cover 
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• 'slope. 
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of floor 
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1 Width of joist in shear may be taken as 1 in. larger than joist width. 

2 Width of joist in shear may be taken as 1 in. larger than joist bottom width if joists are flared at 
top as shown above. 

Three-inch cover is required to embed conduits where no separate floor finish is used with open joist 
construction. 


SLABS SUPPORTED UPON FOUR EDGES 

When designed in accordance with the provisions of most city codes, the two 
way slab supported at its four edges is uneconomical and its use is therefore 
limited. It has long been known, however, that such slabs possess a surprisingly 
high load-carrying capacity. Of the studies that have been devoted to slabs 
supported on four sides, those of DiStasio and Van Buren form the foundation 
for the 1941 A.C.I. Code on the subject, parts of which are included herewith as a 
guide to the solution of two illustrative problems. 
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35. Notation (Sec. 700, 1941 A.C.I. Building Regulations) : 

A = span length between opposite supports in one direction. 

B — span length at right angles to A . 

eA = factor modifying used in obtaining an equivalent uniform load for 
bending moments on span A . 

e* = factor modifying rs, used in obtaining an equivalent uniform load for 
bending moments on span B . 

Fa A = distance between lines of inflection in span A , considering span A only 
to be loaded. 

F bB = distance between lines of inflection in span B considering span B only 
to be loaded. 

Fa — ratio of the distance between assumed inflection points of the span A 
to span A in an isolated strip extending the entire width of the struc- 
ture when a uniformly distributed load is applied to span A only. 

Fb = ratio as defined above, but applying to span B. 

I = moment of inertia of a section about the neutral axis for bending. 

K = stiffness factor, that is, the moment of inertia divided by the span. 

K A = stiffness factor j for span A of panel AB . 

K B — stiffness factor ^ for span B of panel AB. 

Kar = stiffness factors for any span adjacent to and continuous with span A- 
Kbr = stiffness factors for any span adjacent to and continuous with span B. 
I = span length of slab or beam. 

V = clear span for positive moment and the average of the two adjacent 
clear spans for negative moment (see Sec. 701). 

N = sum of the lengths of those edges of panel AB which are also edges of 
adjacent panels continuous with AB. 
qA = 6r A (l — e A ). 

Qb = 6t\b(1 — e B ). 

ta = proportion of the total load carried by span A of slab. 

Tb = proportion of the total load carried by span B of slab. 
t\ — minimum total thickness of slab. 

w = uniformly distributed load per unit of length of beam or per unit area 
of slab. 

x = distance from face of support to point in span. 

36. General Requirements. (Sec. 701, 1941 A.C.l. Building Regulations). — 

(a) All members of frames or continuous construction shall be designed to resist 
at all sections the maximum moments and shears produced by dead load, live 
load, and wind load, as determined by the theory of elastic frames in which the 
simplified assumptions of Sec. 702 may be used. 

( b ) Approximate methods of frame analysis are satisfactory for buildings of 
usual types of construction, spans, and story heights. 

(c) In the case of two or more approximately equal spans (the larger of two 
adjacent spans not exceeding the shorter by more than 20 per cent) with loads 
uniformly distributed, where the unit live load does not exceed three times the 
unit dead load, design for the following moments and shears is satisfactory: 
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Positive moment at center of span: 
End spans 


Interior spans 

Negative moment at exterior face of first interior support: 
Two spans 


Two spans ~ i 

More than two spans ~ i 

Negative moment at other faces of interior supports 1 

Negative moment at face of all supports for, (a) slabs with spans not exceeding 
10 ft., and ( b ) beams and girders where ratio of sum of column stiffnesses to 

beam stiffness exceeds eight i 


beam stiffness exceeds eight . 


Shear in end members at first interior support 1.15 “75- 


Shear at other supports. 


37. Conditions of Design. (Sec. 702, 1941 A.C.I. Building Regulations) : 

(a) Arrangement of Live Load. — 1. The live load may be considered to be 
applied only to the floor under consideration, and the far ends of the columns may 
be assumed as fixed. 

2. Consideration may be limited to combinations of dead load on all spans 
with full live load on two adjacent spans and with full live load on alternate spans. 

(b) Span Length. — 1. The span length l of members that are not built inte- 
grally with their supports shall be the clear span plus the depth of the slab or 
beam but shall not exceed the distance between centers of supports. 

2. In analysis of continuous frames, center-to-center distances l and h may be 
used in the determination of moments. Moments at faces of supports may be 
used for design of beams and girders. 

3. Solid or ribbed slabs with clear spans of not more than 10 ft. that are built 
integrally with their supports pay be designed as continuous slabs on knife-edge 
supports with spans equal to the clear spans of the slab and the width of beams 
otherwise neglected. 

(c) Stiffness . — 1 . The stiffness, K, of a member is defined as El divided by 
l or h . 

2. In computing the value of I of slabs, beams, girders, and columns, the 
reinforcement may be neglected. In T-shaped sections allowance shall be made 
for the effect of flange. 

37a. Sec. 709, 1941 A.C.I. Building Regulations. 1 * 3 — (a) This con- 
struction, consisting of floors reinforced in two directions and supported on four 


1 For comparative use the moment of inertia of a slab shall be taken as *that of the total plain con- 
crete section. 

* Formulas for Fa, Fb, ba, bb, va, tb (see " Slabs Supported on Four Sides ” by J. DiStaaio and M. P. 
van Buren, Jour . January-February, 1936). 


End span, continuous at one end only 

Fa - 1 

For remainder of footnote see page 501. 
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sides, includes solid reinforced concrete slabs; concrete joists with burned clay or 
concrete tile fillers, with or without concrete top slabs; and concrete joists with 
top slabs placed monolithically with the joists. The supports for the floor slabs 
may be walls, reinforced concrete beams, or steel beams fully encased in concrete. 

(b) Minimum Slab Thickness . — The slab thickness shall satisfy prescribed 
working stresses and shall be not less than 4 inches nor less than 


/ A + B - 0.1 OAT 
ti to 


(37) 


(c) Bending Moments and Shears. — The bending moment at any section shall 
be determined with coefficients derived as prescribed tor one-way construction 
(Sections 701 and 702), using the following equivalent uniform load per unit 
length of span considered: 

Slab: Strip of unit width, span A = {e A r A )w (38) 

Beam: Span A, carrying one half o f load from panel width B , 

^ (1 - e A r A )w (39) 


The shear at any section at a distance x from the face of the support shall be 
taken as: 

Slab: Strip of unit width, span A, 




(40) 


Interior continuous span with Kar the same for both adjacent spans continuous with A 

Fa 




7 K A 
SKar 


For interior spans where the spans adjacent to and in continuation of the span A under consideration 
differ in stiffness, for Fa use the average of the two values, one obtained using Kar for the span in 
continuation on one end of the span A, and the other obtained by using the value of Kar for the span 
at the other end. 

To obtain Fb replace Ka and Kar with Kbr. 


1 



1 — ra. 


ea 



e A 


J.O for 


FbB 

FaA 


ea — 0.5, as 


FaB 

FbB 


0 


The total load oarried by a strip of slab of unit width, span A, equals taw A and is considered to vary 
in intensity from taw(Sba — 2) at the center of the span, to taw( 4 — 3 ex) at the supports. 

The total load oarried by a beam of span A, one-half panel tributary width, equals 


1 


wBA 
rA 2 


and varies uniformly in intensity from (1 + 2 ri . — 3 cat a) -y at the center o* the span to 


(X — ir A 4* 3 bat a) at the supports. 


When considering the B spans use the above expressions, replacing A with B, B with A % ta with rs 
and »a with sa. 

For remainder of footnote see page 502. 
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Beam: Span A, carrying one half of load from panel, width B t 

l(-2- x )( 1 - r ^ 9 -f) w < 41 > 

For span B , use the above expressions substituting A for B } B for A, e B for ca, 
Ta for r B , and q B for qA- 

The factors ex, fx, etc., may be taken from Table 2, footnote 2, below after the 
ratio FaA/F b B or F b B/FaA on which they depend has been determined by the 


Table 1 . — Fa and Fb 

The values given in the table are for Fa directly. They are also the values for Fb when the designa- 


tion is replaced by 


Span A 

Ka 

Kab ” 

0.00 

0.25 

0.50 

0.67 

0.80 

! 

1.00 

1.25 

1.50 

2.00 

4.00 

0. °° 

Interior* . 

Fa - 

0.68 

0.65 

0.69 

0.72 

0.74 

0.76 

0.78 

0.80 

0.83 

0.89 

1.00 

End 

Fa - 

0.75 

0.80 

0.83 

0.84 

0.85 

0.87 

0 88 

0.89 

0.91 

0.95 

1.00 

Simple. . . 

Fa - 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 


* For interior spans where the Bpans adjacent to and in continuation of the span A under considera- 
tion differ in stiffness, for Fa use the average of the two values, one obtained using Kak for the span in 
continuation on one end of the span A, and the other obtained by using the value of Kut for the span 
at the other end. 


For values of 'j£~ R between % and £2 the values of Fa may be taken as 0.76 for interior spans and 


0.87 for end spans. 


Table 2 

The value of «a or eB shall be taken as unity for the computation of shear and bending moment in 
slabs and beams where the span in direction under consideration is not rigidly attached to the supports 
at one or both ends of the span. 


FaA 

FbB 

ta or 

1 — ra 

BA 

bata 

1 — eATA 

qA - 

6 r^(l — < u ) 

0.00 

1.00 

1.00 

1.00 

0.00 

0.00 

0.50 

0.89 

1.00 

0.89 

0.11 

0.00 

0.55 

0.86 

0.92 

0.79 

0.21 

0.41 

0.60 

0.82 

0.86 

0.71 

0.29 

0.69 

0.65 

0.78 

0.81 

0.63 

0.37 

0.89 . 

0.70 

0.74 

0.78 

0.58 

0.42 

0.98 

0.80 

0.66 

0.73 

0.48 

0.52 

1.07 

0.00 

0.58 

0.69 

0.40 

0.60 

1.08 

1.00 

0.50 

0.67 

0.33 

0.67 

1.00 

1.10 

0,43 

0.65 

0.28 

0.72 

0.90 

1.20 

0.37 

0.63 

0.23 

0.77 

0.82 

1.80 

0.31 

0.62 

0.19 

0.81 

0.71 

1,40 

0.27 

0.61 

0.16 

0.84 

0.63 

1.50 

0.23 

0.60 

0.14 

0.86 

0.55 

1.60 

0.20 

0.59 

0.12 

0.88 

0.49 

1.80 

0.15 

0.58 

0.09 

0.91 

0.38 

2.00 

0.11 

0.57 

0.06 

0.94 

0.28 

3.00 

0.04 

0.55 

0.02 

0.98 

0.11 

FbB 

FaA 

tb or 

1 ~ TA 

ea 

BBT 8 

1 — «BTB 

6ri»(l — ea) 

- QB 
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aid of Table 1, footnote 2; or the several factors may be computed from the for- 
mulas that appear in the footnote 2. 

(d) Arrangement of Reinforcement. — 1. In anv panel, the reinforcement per 
unit width in the long direction shall be at 
least one-third of that provided in the short 
direction. 

2. The positive m<fment reinforcement ad- 
jacent to a continuous edge only and for a 
width not exceeding one-fourth of the shorter 
dimension of the panel may be reduced 25 per 
cent. 

3. At a non-continuous edge negative mo- 
ment reinforcement per unit width in amount 
at least as great as one-half of that required 
for maximum positive moment for the center 
one-half of the panel shall be provided across 
the entire width of the exterior support. 

4. The spacing of the reinforcement shall 
be not more than three times the slab thickness, and the ratio of reinforcement 
shall be at least 0.0025. 

Illustrative Problem. — Given an interior panel as shown in the accompanying figure. 
The live load is 200 lb. per sq. ft., with all adjacent panels carrying the same load and being 
of the same dimensions. The supporting beams are cast monolithically with the slab. 
Using 2,000 lb. concrete and f 8 — 20,000 lb. per sq. in., design the slab according to the 
‘‘Building Regulations for Reinforced Concrete” published in the Jour. A.C.I. , vol. 37, 
November, 1940. (For convenience, excerpts from this publication pertaining to the 
design of slabs supported on four sides have been reprinted in this chapter.) 


■*Span B =16-0 -- -> 

L 

T~ 

I 

1 



c> 

* i 

! 

i 

5 

s 

$ 

! 5 
<o 

r 

.t 

* 5 




r 


Fig. 11. 


DESIGN SHEET 10 

Minimum slab thickness, from (37), Art. 37a. 

A 4 B - 0.10 N 12 X 18 4* 12 X 16 — 0.10 X 2 X 12(18 4* 16) 

tl - 72 ' ” 72 

= 4.53 in. (say 4^2 hi.) 

The short-span negative moment will usually be the largest and will therefore be the 
starting point of the design. 

If all adjacent panels are to carry the same loading and are to be of the same dimensions 


(see Art. 35), 

Ka Kb 1 

Kah ~ Kbr~ 1 

and 

Fa =F b - 0.76 (Table 1, Art. 37a) 
FbB (0.76) (16) nOA 

FIX “ (0.76) (18) * U *® y 


CbTb ® 0.41 (Tablo 2, Art. 37a) 


Designing this maximum moment as a balanced beam, assume 5}^ -in. *** total depth of 
slab required. 

Dead load X 150 - 70 lb. per sq. ft 

Live load ** 200 lb. per sq. ft. 

Total *» 270 lb. per sq. ft. 
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M„ - XieaTBwl'* - (H l) (0-41) (270) (16) (16) (12) - 30,000 in.-lb. 

K (for full stress iq steel and concrete) =» 157 (Table 3) 

d - VH " ylMriW) ~ v/i ®- 4 ~ 4,05 in - (8ay 4 in>) 

Assuming J^-in. steel, this gives in. cover, which is O.K. 

. M 30,900 

A ' " fjd “ (20,000) (0.857) (4) ” 0-45 sq ' in- 
We may use in. rotmd at 5j<g in. o.c. 

p-fe-olw- 0 - 0092 

Shear will be maximum at the face of the support ( x » 0). 

'-(!-) (» -¥)•-(“- o) (** - it) 270 

- 1,130 lb. 

V 1 130 

» - = (12) (0.857) (4) °° 27-6 lb - P" 8q ' *“■ <0.02/'. = 40 lb. per aq. in. 

V 1 145 

U “ * (3 4)(0.857)(4) *“ 90 lb * per 8< 1* in * >0.04/' c * 80 lb. per sq. in. (no 

special anchorage) <(1.5)(0.04/' e ) * 120 lb. per sq. in. (special anchorage) 
The above necessitates special anchorage of steel, as bond stress is greater than the allow- 
able; therefore if we use %-in. round at 3 in., we may eliminate special anchorage, as 
V 1 145 

« ■ Ytid ~ (4.7) (0.857) (4) “ 71 lb ‘ P* r *»• in ' <°- 04/ '« “ 80 °- K ' 

Positive steel in short span: 

Use d — 4 in. 


M p => eaVBwV* = 
21,250 

K " bd* - (12) (4) (4) 


(He) (0.41) (270) (16) (16) (12) 
111 


21,250 in.-lb. 


V - 0.0063 (Table 3) 

= p&d = (0.0063) (12) (4) = 0.30 sq. in. 
v and v are not critical here, as V is comparatively small. 

Negative steel in long span: 

Use d * 4 in. — (}£)(%) = 3.81 in. (tying long span steel inside that of short span). 
fVl _ (0.76) (18) _ J 126 
FbB (0.76) (16) 
bat a = 0.27 

Jtfy - Hl«^ = (Hi) (0.27) (270) (18) (18) (12) - 25,800 in.-lb. 

K _ M 25,800 

**■ — bd? ** /10W0 01W0 01\ “ 


Try i 
V* 


(12) (3.81) (3.81) 
p - 0.0085 (Table 3) 
i » 0.869 (Table 3) 

A t « pbd * (0.0085) (12) (3.81) 
£ -in. round at 3^-in. o.c. 


x 

did ** 

V 

‘ Sojd 


0.39 sq. in. , 

(4 ~ *) ( fA - *t) w ” (t - °) (°- 416 ~ tt) 270 “ 890 lb - 

* 22 lb. per sq. ft. <0.02 * 40 lb. per sq. in. 

67 lb. per sq. ft. <0.04 /'« ** 80 lb. per sq. in. 


890 

(12) (0.869) (3.81) 
890 


(4.0) (0.869) (3.81) 

Positive steel in long span: 

Use d * 3.81 in. 


M P = H^oaTa wV* m (1{ 6 ) (0.27) (270) (18) (18) (12) - 17,700 in.-lb. 

K “ 53 » “ (12) (3.81) (3.81) “ 102 (Table 3) 
p - 0.0057 (Table 3) 

A. - pbd - (0.0057) (12) (3.81) - 0.26 aq. in. 
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Illustrative Problem. — Given an exterior panel as shown in sketch below on which the 
live load is 200 lb. per sq. ft. Assume the load to be uniform throughout the building and 
that the slab and beams are cast monolithically. Using /'„ « 2,000 and /. -= 20,000 lb. per 
sq. in. design the panel to conform to the 1941 A.C.I. code. 



Fig. 12. 


DESIGN SHEET 11 

Clear distance between supports: A = 18'0"; B — 16'0". 


Minimum slab thickness, ti = 


A + B - 0.10A 


(12) (18) + (12) (16) - (0.10) (12)2(18 ± 16) 


4.53 in. 


„ „ 0.25 „ 0.25 

“ 1 ~ 72£a “ 1 1 + 0.875 

1 + 8 Kar 


V 1 1.0 


V 1 1.5 + 0. 


+ 0.875 


(0.76) (16) 
(0.87) (18) 

(0.87) (18) 
(0.76) (16) 

1 


= 0.62 (assuming slab rigidly fixed on N side) 


i + ^y _ i + ( °* 7 x iR y 

^ \FbBJ T V0.76 X 16/ 


m = 1 — ta = 0.68 

Negative moment over girder on west side of panel will be maximum and therefore be 
designed as balanced beam. 

Assume ti required = 6 in. 

Dead load ■» H 2 X 150 «= 75 lb. per sq. ft. 

Live load * 200 lb. per sq. ft. 

Total » 275 lb. per sq. ft. 

For/* — 900 lb. per sq. in. and/* ** 20,000, K » 157 and / * 0.866 (Table 3). 

M - Ho eBrswl'* ~ (Ho) (0.74) (0.68) (275) (16) (16) (12) 

- 42,500 in.-lb. 


/ 42.500 
/(I67)(12) 
42,500 


4.75 in. «i = 6 in. O.K.) 


TTd (20,000) (0.866) (4.75) 


0.52 sq. in. 
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F, 


Try in. round at 4)^-in. o.c. (A, = 0.53 sq. in. So = 4.2 in.) (Table 6). 
Fnu, occurs at face of girder (x * 0). 


(f " •) (" - if) • “ (t ~ °) ( 068 " To) 275 “ 1 - 366 1K 


V 


U 


V _ 1,365 

b;d (12) (.0.866) (4.75) 

F _ 1,365 

So/d " (4.2) (0.8~66) (4.75) 


27.6 lb. per sq. in. 
= 79 lb. per sq. in. 


<0.02 f'o - 40 lb. per sq. in. O.K. 
< 0.04/'e = 80 lb. per sq. in. O.K* 


Positive steel short span: 


M - He^' 1 - (He) (0.74) (0.68) (275) (16) (16) (12) 
= 26,600 in.-lb. 


Used 


4% in. 

K _ M 26,600 _ 9g 

bd* (12)~(4.75) (4.75) " 

j = 0.890 (Table 3) 

4.— 3L- 26lG0 -2 0.32 sq. in. 

A,d (20,000) (0.890) (4.75) U 


Shear and bond O.K., as F in positive steel band is small. 

Negative steel long span: 

Tie long span steel inside that of short span, which gives d = 4.75 — X M m 4.50 in. 


M = Moetnwl* = (Mo) (0.62) (0.32) (275) (18) (18) (12) 
= 21,200 in. -lb. 


K = 21,200 = g7 

" bd * (12) (4.5) (4.5) 

/ - 0.888 (Table 3) 

i _ M _ 21,200 

* f,jd (20,000) (0.888) (4.5) 


= 0.266 sq. in. 


Try %-in. round at 5 in. o.c. ( A„ = 0.26 sq. in. — So = 2.8 in.) 


v 

u 


“ (j ~ *) (" - t) w = (t " °) (° 32 " fa) 275 “ 660 1K 


F 660 

bjd (12) (0.888) (4.5) 

V _ 660 

Sojd = (2.8) (0.888) (4.5) 


13.8 lb. per sq. in. 
= 59 lb. per sq. in. 


<0.02/' e = 40 lb. per sq. in. 
<0.04/'„ = 80 lb. per sq. in. 


O.K. 


O.K. 


Use same steel at discontinuous edge for negative moment. Anchor securely in beam. 
Positive steel long span: 

M - HeeATAwl'* = (He) (0,62) (0.32) (275) (18) (18) (12) = 13,250 in.-lb. 

Assume j = %. 

, M 13,250 

* f,jd (20,000) (%) (4.6) " ’ 8Q ' 

p “^'“(l|S3) =0 ' 00315 > 0 0026 aK - 

Shear and bond not critical for positive steel. 


FLAT SLAB FLOOR PANELS 

38. General Description. — A flat slab floor consists of a slab of concrete 
resting directly upon columns without supporting beams or girders except at its 
edges. The more common types arc distinguished by: 
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1. The upper ends of the columns are flared out into column capitals. 

2. The slab surrounding the column is thickened by means of a square or 
rectangular drop . 

3. The slab at the center may be made thinner by a panelled ceiling effect 
(this is used only under very heavy loadings). 

4. The slab may be lightened by means of hollow tile or other fillers, in a 
manner generally similar to ribbed slab construction. 

As flat slabs have or do not have the various features listed above they are 
distinguished by various names, as follows: 

1. Drop construction in which column capitals ano drops are both present. 
This is the most common type. 

2. Cap construction has the column capital but no drop. 

3. Column construction without either column capitals or drops. 

4. Panel construction, same as drop construction but with slab reduced in 
thickness at center by means of panelled ceiling. 

5. Tile construction , in which tile fillers are used to lighten the weight and 
which may conform otherwise to any of the above types. 

The differences in design are not great and only the drop construction will 
receive full treatment here. Figure 13 gives sections through four of the above 
types and will visualize the essential differences in construction. 

Flat slabs are classified in still a third way into “systems” depending upon the 
arrangement of their reinforcement, as follows: 

1. Four-way system, having bands of rods running directly from column to 
column in both directions and 
also bands of rods running from 
column to column in both diag- 
onal directions. 

2. Three-way system , having 

bands of rods running from ' (a) (c) 

column to column only, but 
with the columns arranged at 
the corners of triangles. 

3. Two-way system , having 

bands running directly from 
column to column in two direc- "" Fig . i3.-Types of flat slabs!” ' 

tions, and having the inter- 
vening space reinforced by other sets of rods parallel to these bands. 

4. Ring system, in which at least the portions of the slab surrounding the 
columns and surrounding the panel center are reinforced by series of rings or by 
continuous flat spirals. In some cases the remaining portions of the slab are 
reinforced by groups of straight rods, in others additional rings are forced to do 

an unnatural duty in these parts. * 

The four-way system has been longest in use and the patents have long since 
expired for this type. The two-way and three-way systems are also standardised 
through long and successful use. The ring system was the latest to arrive and 
considerable change from present practice would not be surprising, ere this type 
becomes standardised* 
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Flat slabs are used commonly for structures carrying floor loads of 100 to 
150 lb. per sq. ft. or more. For the types of occupancy requiring lighter floor 
loads than these, the column capitals and drops are generally objectionable, 
while column construction which eliminates the capitals and drops is very much 
more expensive. 

39. The A.C.I. and J.C. Specifications. — In discussing the design of reinforced 
concrete beams and slabs as structural members, we have assumed that the 
external loads, shears, and moments were fully known in all cases. In the case 
of flat slabs, in like manner, some specification must be selected as a guide in 
determining the external conditions. The 1936 and 1941 A.C.I. codes along with 
the 1940 J.C. Report rather thoroughly cover all general design requirements. 
While the 1941 A.C.I. code offers a wider latitude for ingenuity and design 
approach than does the 1936 A.C.I. code or the 1940 J.C. Report, it is felt that the 
1936 A.C.I. code is the most thorough and therefore the best for the average 
designer. It contains the most complete set of design tables and was used to set 
up the typical design problems at the end of this chapter. Essentially, the three 
codes mentioned are the same, there being only minor variations. Most of the 
large city codes now conform to the A.C.I. Building Regulations. 

The following paragraphs are excerpts from the 1936 A.C.I. code and deal 
specifically with flat slab design; each paragraph is numbered as in the A.C.I. 
Building Regulations and is referred to as a section. 

NOTATIONS 

bi * dimension of the dropped panel of a flat slab in the direction parallel to h. 

c « diameter, in feet, of column capital of a flat slab at the underside of the slab, or 
dropped panel. No portion of the column capital shall be considered for struc- 
tural purposes which lies outside of the largest 90-deg. cone that can be included 
within the outlines of the column capital; distance from gravity axis to extreme 
fiber in compression (in a column) . 

I = span length of beam or slab; span length of flat slab (usually expressed in feet) 
center to center of columns in the direction in which moments are considered 
(see Sec. 1003). 

l\ =® span length of flat slab panel center to center of columns, perpendicular to the 
rectangular direction in which moments are considered. 

M = bending moment or moment of resistance in general. 

Mo = sum of positive and negative bending moments at the principal design sections of 
a panel of a flat slab. 

ti * thickness of flat slab without dropped panels, or the thickness of flat slabs, includ- 
ing dropped panels where such are used. 

h » thickness of flat slab with dropped panels at points outside the dropped panel. 

W » total dead and live load uniformly distributed over a single panel area. 

w' * uniformly distributed dead and live load per unit of area of a floor or roof. 

FLAT SLABS — TWO-WAY AND FOUR-WAY SYSTEMS WITH SQUARE OR 

RECTANGULAR PANELS 

1001. Limitations. — (a) The term flat slabs as used in these regulations refers to con- 
crete slabs, without beams or girders to carry the load to supporting members, reinforced 
with bars extending in two or four directions. Slabs with dropped panels or paneled ceil- 
ings shall be considered as fiat slabs provided they meet the requirements herein given for 
.such construction. 

(b) The moment coefficients, moment distribution, and slab thicknesses specified 
herein are for a series of rectangular slabs of approximately uniform size arranged in three 
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or more rows of panels in each direction and in which the ratio of length to width of panel 
does not exceed 1.33. 

(c) For structures having a width of less than three rows of panels or in which irregular 
panels are used, an analysis shall be made of the moments developed in both slabs and 
columns. 1 When so required, computations shall be submitted to the Commissioner of 
Buildings for approval. 

1002 * Panel Strips and Principal Design Sections. — (a) A flat slab panel shall be con- 
sidered as consisting of strips in each direction as follows: 

A middle strip one-half panel in width, symmetrical about panel center line and extend- 
ing through the panol in the direction in which moments are considered. 

A column strip one-half panel in width occupying the two-quarter panel areas outside 
of the middle strip. 

(6) The critical sections for moment calculations are referred to as* principal design 
sections and are located as follows: 

Sections for Negative Moment . — These shall bj taken along the edges of the panel, on 
lines joining the column centers, except that they follow the perimeter of the column capital 
instead of passing through it. 

Sections for Positive M oment . — These shall be taken on the center lines of the panel. 

(c) In the two-way system it shall be assumed that the various moments in the Btrips 
are resisted by the bands located within the strips, each band being 0.5 li, in width. 

( d ) In the four-way system, it shall be assumed that the column strip positive moment 
is resisted by the direct band; that the column strip negative moment is resisted by the 
direct band plus the two diagonal bands multiplied by the cosine of the angle between the 
direct band and the diagonal bands; that the middle stiip positive moment is resisted by 
the two diagonal bands multiplied by the cosine of the angle between the axis of the middle 


Table 1. — Limitations for Slab Thicknesses, Dropped Panels and Moments 



Symbol 

Unit 

General case 

Special case for 
c - 0.2252 

Minimum floor slab thick- 
ness 

/ 1 or h 

Inches 

0.375 (long 0 

0.375 (long l ) 

Minimum roof slab thick- 
ness 

ti or ti 

Inches 

0.300 (long l) 

0.300 (long l ) 

Slab thickness without 

dropped panel 

ti 

Inches 

0.038 (l - 1.44 y) 1 yft? + 

0.025 1 v«? + 1H 

Slab thickness beyond 
dropped panel 


Inches 

0 . 022 y/xo' + 1 

0.02 1 y/xp + 1 

Slab thickness through 

dropped panel . . 

\ h 

Inches 

( Minimum = 1.25 tt 
\ Maximum => 1.50(2 

Minimum *» 1.252s 
Maximum » 1 . 602j 

Maximum l to be used in 
thickness formulas 
Minimum side or diam- 
eter of dropped panel . . 

■ 

bi 

Ft. 

0 . 352 1 

0.35b 

Numerical sum of posi- 
tive and negative mo- 
ments in direction of 
either side of interior 

rectangular panel 

Me 

Ft.-lb. 

0.09TTI (l - 

0.065 in 


In these tables (0. (fi). (bi) and (c) are always expressed in feet while the units to which the formulas 
develop are shown in the column headed “ units.” 


lit is not the intention to prohibit flat slab construction for panels longer than 1.33 times the 
width or for buildings less than three bays wide, provided the moment factors are properly adjusted. 
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strip and the diagonal bands; and that the middle strip negative moment is resisted by an 
independent top band across the middle of the direct band. The width of direct and middle 
strip negative bands shall be approximately 0.4 li, the width of the diagonal bands shall be 
approximately 0.4 of the average span length, or 

g + h) 

5 

(e) The width of the column head section for compression shall be taken as the width 
of the dropped panel (fei), or half the width of the panel (0.5 h) where no dropped panel is 
used. 

1003. Slab Thickness and Dropped Panel Sizes. — (a) In Table 1 are given the thick- 
nesses, dimensions and moments governing flat slab design when /'« equals 2,000 lb. per 


Table 2. — Moments to Be Used in Design of an Interior Panel of Flat Slab 


Design sections 

Symbol 

Units 

General 

case 

Special case 
c - 0.2252 

Two-way system with dropped panel: 

: 




Column strip, negative moment 

— Me 

Ft.-lb. 

0.5071/,, 

0.0325117 

Column strip, positive moment 

+M e 

Ft.-lb. 

0.20 Mo 

0.0130H7 

Middle strip, negative moment 


Ft.-lb. 

0.15 M 0 

0. 00975 Wl 

Middle strip, positive moment 

Two-way system without dropped panel: 

+ M m 

Ft.-lb. 

0.1571/. 

0 00975m 

Column strip, negative moment 

-M e 

Ft.-lb. 

0 . 46Ai o 

0.030IFZ 

Column strip, positive moment 

+ Me 

Ft.-lb. 

0.22 Mo 

0.0142W7 

Middle strip, negative moment 

-M m 

Ft.-lb. 

0. 16A/„ 

0.0104m 

Middle strip, positive moment 

Four-way system with dropped panels, 

"f -M m 

Ft.-lb. 

0.16M, 

0. 0104117 

moments by strips: 

Column strip, negative moment 

-M e 

Ft.-lb. 

0.54M. 

0.0351W7 

Column strip, positive moment 

+ Mr 

Ft.-lb. 

0.19 Mo 

0.0124m 

Middle strip, negative moment 

—M m 

Ft.-lb. 

0.0871/. 

0 0052117 

Middle strip, positive moment 

Moments by bands: 

H -M m 

Ft.-lb. 

0.19 Mo 

0.0124 in 

Direct band, negative moment 

— M 

Ft.-lb. 

0.307 Mo 

0.0200m 

Direct band, positive moment 

+M 

Ft.-lb. 

0.19M, 

0.0124m 

Diagonal band, negative moment 

-M 

Ft.-lb. 

0.168M* 

0 . 0109 m 

Diagonal band, positive moment 

+M 

Ft.-lb. 

0.134 Mo 

0.0087m 

Cross band, negative moment 

Four-way system without dropped panels, 

-M 

Ft.-lb. 

0.08 Mo 

0.0052m 

moments by strips: 

Column strip, negative moment 

-M 

Ft.-lb. 

0.50M o 

0.0325m 

Column strip, positive moment 

+M 

Ft.-lb. 

0.20 Mo 

0.0130m 

Middle strip, negative moment 

-M 

Ft.-lb. 

0.10 Mo 

0.0065 m 

Middle strip, positive moment 

Moments by bands: 

+M 

Ft.-lb. 

0.20 Mo 

0.0130m 

Direct band, negative moment 

-M 

Ft.-lb. 

0.30 Mo 

0.0195m 

Direct band, positive moment 

+M 

Ft.-lb. 

0.20 Mo 

0.0130m 

Diagonal band, negative moment 

-M 

Ft.-lb. 

Q.UlMo 

0.0092 m 

Diagonal band, positive moment 

+ M 

Ft.-lb. 

0 t UlMo 

0.0092m 

Cross band, negative moment 

—M 

Ft.-lb. 

O.lOAfo 

0.0065 m 
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sq. in. The general formulas are given under the heading “General Case”; the formulas 
for the case where the diameter of the column capital (c) = 0.2251 are given under the 
heading “Special Case” for (c) = 0.225 l. 

(b) Where /' e is greater than 2,000 lb. per sq. in., the required and minimum slab thick- 
nesses given in Table 1 may be reduced by multiplying by the factor 

^2000 

in which/', is the ultimate 28-day compressive strength of the concrete to be used. 

1004. Column Capital Sizes. — (a) The average c for the columns at the four corners 
of a panel shall be used in obtaining the slab thickness, the numerical sum of the total 
positive and negative moments AS 9 in either direction and Luo middle strip positive and 
negative moments in either direction. 

(b) The average c for two adjacent columns shall be used in obtaining the positive and 
negative moments in the column strip between those adjacent columns. 

Table 3. — Moments to Be Used in Design of an Exterior Panel of Flat Slab 

Moments in the strips perpendicular to the discontinuous edge where they differ 
from an interior panel, are given in the following table. Negative moments in the 
column strip and middle strip on the line of the first interior columns are the same as 
for an interior pauel. Moments in the strips parallel to the discontinuous edge are 
the same as for an interior panel. 


Design sections 

Symbol 

Units 

General 

case 

Special case 
c - 0.225Z 

Two-way system with dropped panel : 





Column strip, negative moment at discontinuous edge. . 

-Me 

Ft.-lb. 

0A5M o 

0 . 029 Wl 

Column strip, positive moment 

+ M C 

Ft.-lb. 

0.25 Mo 

0.016 Wl 

Middle strip, negative moment at discontinuous edge. . . 


Ft.-lb. 

O.lOAfo 

0 . 0065 Wl 

Middle strip, positive moment 

+ M„ 

Ft.-lb. 

0 . 19 M 0 

0.012 Wl 

Two-way system without dropped panel: 





Column strip, negative moment at discontinuous edge. . 

-Me 

Ft.-lb. 

OAlMo 

0.027 Wl 

Column strip, positive moment 

+ Mc 

Ft.-lb. 

0.28 Mo 

0.0181*7 

Middle strip, negative moment at discontinuous edge. . . 

-Mm 

Ft.-lb. 

O.lOAfo 

0 . 007 Wl 

Middle strip, positive moment 

+ M,n 

Ft.-lb. 

0.20M o 

0.0131*7 

Four-way system with dropped panels, moments by strips: 





Column strip, negative moment at discontinuous edge. . 

-M 1 

Ft.-lb. 

0. 485 Mo 

0. 0315117 

Column strip, positive moment 

+ A£ 

Ft.-lb. 

0.24 Mo 

0.0156 Wl 

Middle strip, negative moment at discontinuous edge . . . 

-M 

Ft.-lb. 

O.ObMo 

0.0032 1*7 

Middle strip, positive moment 

+ M 

Ft.-lb. 

0.24 Mo 

0.0156 1*7 

Moments by bands (for square panel) : 





Direct band at column head at discontinuous edge 

-M 

Ft.-lb. 

0. 28 Mo 

0. 0181*7 

Direct band at center 

AM 

Ft.-lb. 

0 . 24kM» 

0.01561*7 

Diagonal bands at column head at discontinuous edge. . 

-M 

Ft.-lb. 

O.lbMo 

0.0101*7 

Diagonal bands at center 

AM 

Ft.-lb. 

0. 17Afo 

0.0111*7 

Top band (across middle of direct) at discontinuous edge. 

-M 

Ft.-lb. 

O.ObMo 

0.0031*7 

Four-way system without dropped panels, moments by 
strips: 





Column strip, negative moment at discontinuous edge. . 

-M 

Ft.-lb. 

QA5Mo 

0.0291*7 

Column strip, positive moment 

+M 

Ft.-lb. 

0.25 M 0 

0.0163 1*7 

Middle strip, negative moment at discontinuous edge . . . 

-M 

Ft.-lb. 

0,062 Mo 

0.004 1*7 

Middle strip, positive moment 

AM 

Ft.-lb. 

0.25Mo 

0,0161*7 

Moments by bands (for square panel) : 





Direct band at column head at discontinuous edge 

- M 

Ft.-lb. 

0.27 Mo 

0. 0171*7 

Direct band at center 

AM 

Ft.-lb. 

0.25 Mo 

0.0161*7 

Diagonal bands at column head at discontinuous edge. . 

-M 

Ft.-lb. 

0A3Mo 

0.00841*7 

Diagonal bands at center 

AM 

Ft.-lb. 

0.1 BMo 

0.dll71*7 

Top band (across middle of direct) at discontinuous edge. 

-M 

Ft.-lb. 

O.O 6 M 0 

0.0041*7 
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1000. Panels with Marginal Beams or Reinforced Bearing Walls. 

1006. Limitations (Applicable to Tables 2 , 3 and 4 ). — (a) Any of the above moments 
may be varied by not more than 6 per cent, provided the total numerical sum of the positive 
and negative moments on the principal design sections is not reduced. 

(6) The ratio of reinforcement considered in any strip shall not exceed the value of (p) 
calculated for balanced reinforcement by Secs. 305, 306. The ratio of reinforcement in 
any strip shall not be less than 0.0025. Bars shall not be spaced farther apart than 
times the slab thickness for the full width of the bands. 

(c) Moments for the four-way system are shown in Table 3 by strips and, for con- 
venience, also by bands. 

(d) Slabs supported by marginal beams on opposite edges Bhall bo designed as solid 
one- or two-way slabs to carry the entire panel load. 

Table 4. — Moments to Be Used in Design of Panels with Marginal Beams or 
Reinforced Bearing Walls 

Marginal beams with depth greater Marginal beams with depth l}£ times the 
than 1 Vi times the slab thickness; or slab thickness or less 
reinforced bearing wall 


(a) Load to be carried by marginal Loads directly superimposed upon it Loads directly superimposed upon it exclusive 
beam or wall plus a uniform load equal to one- of any panel load 

quarter of the total live and dead 
panel load 


Two-way Four-way Two-way Four-way 

system system system system 


With Without With Without With Without With Without 

drop drop drop drop drop drop drop drop 

(6) Moment to be used in the Neg. l).125Af 0 0.115M„ O.VibMo 0.125M,, Neg. 0 25 Mo 0.23Af o 0 27 Mo 0.25M* 

design of half column 

strip adjacent and paral- Pos. 0.05 Mo 0. 055 Mo 0.04 75 M 0 0 05M o Pos. 0.10 Mo 0.11 Mo 0.095AL O.lOAf, 

lei to marginal beam or 

wall 

(c) Negative moment to be Neg. 0.195Af„ 0.208Hfo 0.104Af o 0.13M o Neg. 0.15M„ O.lOAfo 0.08Af* O.lOMo 

used in design of middle 
strip continuous over 
beam or wall 

1007. Length of Bars and Points of Bend. — The positive moment reinforcement per- 
pendicular to the discontinuous edge shall extend to this edge and have an embedment of 
at least 6 in. in spandrel beams or columns. All negative moment reinforcement shall be 
bent or hooked at spandrel beams or columns to provide adequate bond resistance. Length 
of bars and points of bend shall be as given in Table 5. 

1008. Arrangement of Reinforcement. — (a) The slab reinforcement shall be accurately 
placed so as to resist not only the moments at the critical sections but also the moments at 
intermediate sections and shall be secured and supported by concrete or metal chairs 
and spacers. 

1009. Brackets. — (a) Brackets extending the full width of the column may be sub- 
stituted for column capitals at exterior oolumns, provided the sloping face of the bracket 
makes an angle not more than 45 deg. with the face of the column, projected upward. 

% (6) The value of c where brackets are used is twice the distance from the oenter of the 
column to a point where the bracket is 1 in. thick. 
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Table 5. — Length of Bars and Points of Bend 


Design sections 

With drop 

Without drop 

General case 

c - 0.225/ 

General case 

e - 0.225/ 

Two-way flat slab, column 
strip: 

Length of straight bars (not 
less than 0.4 of total band 
steel) 

l - b + (2' or 40d) 

0.65/ 4- (2' or 40d) 

0.75/ 

0.75/ 

Length of bent bars (not less 
than 0.4 total band steel) . 

1.5/ + 0.6c* 

1.635/* 

1.44/ 4- 0.66c* 

1.59/* 

Length of additional cti night 
bars over column head (if 
required) 

0.5/ + 0.0c 

0.635/ 

0.44/ 4- 0.66c | 

0.59/ 

Point of top bend in bent , 
bars (from column center) 

0.25 / 

0.25/ 

0.25/ 

0.25/ 

Middle strip : 

Length of straight ’»ars (not 
moro than 0.5 total band 
steel) 

0.65/ 

0.65/ 

0.7/ 

0.7/ 

Length of bent bars (not 
less than 0.5 total band 
Steel) 

1.5/* 

1.5/* 

1.5/* 

1.5/* 

Point of top bend in bent 
bars (from column cen- 
ters) 

0.175/ 

0.175/ 

0.15/ 

0.15/ 

Four-way flat slab, column 
strip: 

Length of straight bars (not 
less than 0.4 total band 
steel) 

/ - 6 + (2' or 40d) 

0.65/4- (2' or 40d) 

0.75/ 

| 0.75/ 

Length of bent bars (not 
less than 0.4 total band 
steel) 

1.5/ 4- 0.6c* 

1.635/* 

1.44/ 4- 0.60c* 

1 . 59/* 

Length of additional straight 
bars over column head (if 
required) 

0.5/ + 0.6c 

0.635/ 

0.44/ + O.GOc 

0.59/ 

Point of bend for bent bars 
(from column centers) . . . 

0.2/ 

0.2/ 

0.2/ 

0.2/ 

Diagonal band: 

Length of straight bars (not 
more than 0.6 total band 
steel area) 

/ - 6 + (2' or 40d) 

0.65/ 4- (2' or 40d) 

0.75/ 

0.75/ 

Length of bent bars (not less 
than 0.4 total band steel 
area) 

2.21/* 

2.21/* 

2.21/* 

2.21/* 

Point of bend for bent bars 
(from column centers) . . . 

0.33/ 

0.33/ 

0.33/ 

0.33/ 

Length of additional straight 
bars over column head (if 
required) — 

0.8 / 

0.8/ 

0.8 / 

0.8/ 

Top band across middle of 
direot band (length of 
straight bars) 

0.5/ 

0.5/ 

0.5 / 

0.5/ 


* To these lengths proper allowance to be added for bends. 
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1010. Columns without Capitals or Brackets. — (a) Brackets and column capitals may 
be omitted altogether, provided the slab thickness is sufficient to resist fully the moments 
and shears at the column-head section. 

(b) The value of c where brackets and column capitals are omitted is the width of the 
column in the direction in which moments are considered, except that when a beam of 
greater depth than the thickness of the slab or dropped panel extends into the column in 
the direction in which moments are considered, the value of c may be taken as the width of 
the column plus twice the projection of the beam below the slab or dropped panel. 

807. Shearing Stress in Flat Slabs. — (a) In flat slabs, the shearing unit stress on a 
vertical section that lies at a distance t\ — 1 H in. beyond the edge of the column capital 
and parallel with it shall not exceed the following values when computed by Formula (14) * 
(in which d shall be taken as t\ — 1 J ^ in.) : 

(1) 0.03 /'«, when at least 50 per cent of the total negative reinforcement passes directly 
over the column capital. 

(2) 0.025 /'«, when 25 per cent of the total negative reinforcement passes directly over the 
column capital. 

(3) For intermediate percentages, intermediate values of the shearing unit stress shall be 
used. 


(6) In flat slabs, the shearing unit stress on a vertical section which lies at a distance 
of U — lH hi. beyond the edge of the dropped panel and parallel with it shall not exceed 
0.03 f'e when computed by Formula (14) (in which d shall be taken as U — lH in.). At 
least 50 per cent of the cross-sectional area of the negative reinforcement in the column 
strip must be within the width of strip directly above the dropped panel. 


40. Assumption as to Tensile Stress in Concrete. — One of the assumptions 
commonly underlying the design of reinforced concrete is that the tensile stress 
which admittedly exists in the concrete shall be neglected. This assumption is 
reasonable in the case of beams and girders in which large percentages of steel 
are crowded into small stems, and its use greatly simplifies the design formulas. 
When, however, the percentage of reinforcing steel is low and distributed widely, 
as is practically always the case in flat slabs, the tensile resistance becomes impor- 
tant and dependable. To take account of this tensile resistance and still use 
the simple formulas, the moment coefficients in flat slab design have been reduced. 

( 2c \ 2 
1 — Tyj the 

A.C.I. specification calls for a design total moment of M a = 0.09 Wl (l — • 


Thus the concrete has been credited with approximately 28 per cent of the entire 
tensile resistance.This reduction is based on extensive studies of actual load tests. 
To be consistent, this moment coefficient, reduced on account of tension in the 
concrete, should not be applied to the concrete in compression. The presence 
of the drop undoubtedly largely reduces the variation in compressive stress 
across the column strip. 

41. Steps to Be Taken in Design. — For design purposes a flat slab floor panel 
is divided into two strips (in each direction) called the column strip and the middle 
strip. The column strip is bounded by two lines parallel to the panel edge and 
distant HI on either side of it, while the middle strip comprises the slab between 
the column strips on either side. Figure 14 illustrates these design strips and, 
together with Fig. 13, much of the notation of the design formulas. On each 
v 




Design strips at right angles are similarly located. 

Fig. 14. — Principal design sections in accordance with 1940 J.C. and A.C.I. specifications. 

Next, the moment factors for the various critical design sections may be deter- 
mined by usin g Tables 2 and 3 of the 1936 A.C.I. code. Knowing the bending 
moments at the critical sections, we may assign a value of d and compute the 
amount of steel required at any and all design sections. Where two or more 
bands of steel cross, the direction in which the maximum moment prevails is 
generally computed first and assigned the maximum allowable d. To determine 
d, we may subtract from the total depth of section the depth of protective cover, 
which is a minimum of H in. and is generally commercially assumed to be 1 in., 
and in addition we may subtract one-half of the diameter of the steel that is 
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anticipated to be used. Where bands of steel cross, they are usually tied one on 
top of the other and other values of d may be figured accordingly. 

After determining the steel requirements, there remains only the problem of 
determining whether or not the shearing stresses in the slab fall within the allow- 
able values. The 1936 A.C.I. code specifies two critical design sections for 
shear. These sections are defined in Art. 39 and are at a distance ti — 1)4 iu. 
beyond the edge of the column capital and U — 1 H in. beyond the edge of the 
dropped panel. The total shear V is computed as the total load on one panel 
exclusive of that portion which is inside the periphery of the critical section for 
shear. The area over which it acts and from which we get unit shear v is com- 
puted as bjd, in which b is the peripheral length of the critical shear section 
completely around the column capital or dropped panel; j is usually taken as 
although a more exact value may be used if desired. Should either of these 
values exceed the allowable, the situation may be remedied by an increase in 
depth; or in the case of the section just outside the dropped panel, the side 
dimensions of the dropped panel may be increased. 

42. Floor Loads Coming on Lintel Beams. — Where walls of sill height occur 
at the boundaries of flat slab floors, it is generally possible to design a beam of no 
greater depth than the combined drop and slab thickness and, if this is done, no 
floor load need be figured as coming upon this lintel beam (some city ordinances 
do not agree with this). If, however, the wall is a solid brick wall for the story 
height, the beam must be deeper and will be so stiff as to take a portion of the 
load and weight of the floor. 

43. Interior Beams. — Where fire walls occur on interior column center lines, 
the beams must carry the wall plus a portion of the floor load on each adjacent 
panel. For other beams the designer must make similar allowances for floor 
load unless their depth can be kept within the combined thickness of slab and 
drop. 

44. Diameter of Column Capital. — The column capital diameter, c, may be 
varied by the designer, between the values 0.20 1 and 0.25Z, with 0.225 1 being the 
value usually chosen. Very large column capitals should not be used upon small 
columns. The diameter of the column capital should not in any case exceed 
three times the column diameter. Bending in the columns due to unbalanced 
floor loading must always be taken into account in design. 

45. Size of Drop. — The drop should be not less than 0.35/ in width. The 
combined thickness of slab and drop must not exceed one and one-half or be 
less than one and one-quarter times the slab thickness alone. The diagonal 
tension along the edge of the drop will commonly determine the minimum drop 
size. Very large drops are objectionable since they cut up the forms badly. In 
rectangular panels the drop is also made rectangular. 

46. Slab Thickness without Drop. — When no drop is used, the slab thickness 
is determined by the compressive unit stress at the column capital (the width of 
beam being taken as the full width of the column strip) or by the shearing unit 
stress along the periphery of the column capital. This shearing stress should 
be determined. The total load causing shear will be 

V = W-\w’[c + 2(^^)]*, 
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and the shearing unit stress will be 

V 

V irj(t i - \M)[\2 c + 2«x - 1J*)] 

where c is in feet, h is in inches, w ' is in pounds per square foot, and W is total 
panel load. It should further agree with Bee. 807 of the 1936 A.C J. code as to 
maximum allowable values. 

47. Tile Fillers. — Tile fillers should not be permitted within the area com- 
monly covered by the drop and where the shearing stresses are increasing rapidly. 
In general the ends of rows of tile should be not less turn 0.2 L from the column 
center lines to which the rows are perpendicular. 

48. Details of Design. — Bteel detailing jf flat slab design has been badly 
abused in many cases m the past and unsatisfactory results can be traced to this 
fault in some instances Flat slab bars should not be lap-spliced at sections of 
maximum moment. When any splicing at such sections is necessary, each bar 
end should be carried to the quarter point of the adjoining span and the lap 
counted as two full bars in tension. The 193G A.C.I. code definitely prescribes 
the lengths of bars, points of bends, grouping of reinforcement, etc., in Table 5, 
Art. 39. 

Radial head bars or column bars bent out into the slab were common features 
of certain designs but have been shown by test to be inefficient reinforcement and 
are no longer used. Circumferential bars (rings or spiral) were also formerly 
used under the slab steel at the column. They are now placed on top if used at 
all, but their effectiveness as tension reinforcement is largely offset by the weak- 
ness they cause. Such bars tend to form continuous circular cracks following 
the bar extending deep into the slab and tending to precipitate a shear failure. 
Further, the concrete under the exceedingly high local compression against the 
bar yields plastically, with the result that these circular cracks tend constantly 
to increase in size, and deflections are increased. The recovery from deflection 
with circular reinforcement is much less than with the usual bands of small rods. 

49. Compression Reinforcement in Place of Drop. — Compression reinforce- 
ment in the bottom of a flat slab across the column has been used in some cases 
in place of a drop. It is far from economical. Further, the shearing stresses are 
greatly increased and it is very difficult to reinforce a flat slab against high 
diagonal tension stresses. Such web reinforcement must be very small to be 
effective on so small a depth and the labor of placing it is excessive. 

50. Use of Wire Mesh. — Wire mesh has been frequently proposed and occa- 
sionally used for flat slab reinforcement. If provided with closely-spaced welded 
intersections, it is especially adapted to this use and somewhat higher tensile 
unit stresses may properly be permitted. 

51. Rectangular Panels. — The A.C.I. moment formula is so expressed as to 
apply directly to rectangular panels and is recommended for use wherever pos- 
sible. Using the A.C.I. specifications, the procedure is exactly the same as with 
square panels, the value of l interchanging in the two directions. The computa- 
tions for sections parallel to the longer dimensions of the panel should be made 
first since they determine the drop thickness for both directions. Almost all 
specifications agree that when the ratio of longer side of panel 'to shorter side 
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exceeds four to three the floor should be designed in some beam type of con- 
struction or the design should be based on a complete statical analysis rather 
than on the specifications as set up. 

52. Flat Slabs Supported on Walls. — Flat slabs designed for support on walls 
at one or more edges require special consideration as such support materially 
affects the curvature of the slab and the moments developed. The safe rule is to 
provide column support at the edges of all flat slabs and carry the walls as curtain 
walls on these columns. 

Illustrative Problem. — Given a warehouse whose columns are spaced 20 ft. 0 in. o.c. 
Design an interior panel of a two-way flat slab type using 2,500 lb. concrete. The live 
load is 200 lb. per sq. ft. Make the design to fulfill the requirements of the 1936 A.C.I. 
Building Regulations for Reinforced Concrete using dropped panel type of construction. 


DESIGN SHEET 12 


The column capital is generally assumed 0.20/ to 0.25/, with 0.225/ being the usual 
commercially assumed size. 

Assume column capital, 

c = 0.225/ = 0.225 X 20 ft. - 4.5 ft. 

6i « 0.35/ = 0.35 X 20 ft. = 7.0 ft. 


Total load on 20-ft. square panel (assume U = 7 }£ in. and dropped panel thickness = 2 
in.). 

Dead-load weight of slab = ^ X 20 X 20 X 150 = 37,500 lb. 

Dropped panel = ?l 2 X 7 X 7 X 150 > 1,225 lb. 

38,725 lb. 

Live load - 20 X 20 X 200 = 80,000 lb. 

Total 118,725 lb. 

, 118,725 

w - 20 x 20 ” 297 *”• per sq - ft ' 

■ r— 3 /2l000 

U (minimum) = (0.02/ y/ w' + 1) ^ 2 500 

= (0.02 X 20 \/297 + 1) -^080 
= 7.35 in. (use 7}^j in.) 

ti (minimum) = 1.25/2 = 1.25 X 7} £ = 9.38 in. (say 9j^ in.) 
t\ (maximum) = 1.50/2 = 1.50 X 7^ =11.25 in. (say ll}i in.) 

(4.5) 2 

Panel area (excluding capital area) = 20 X 20 — ir X — = 384 sq. ft. 


Mo 
- Mr 
+M e 
-M m 

From ±M m , 


0.065 IF/ « 0.065 X 297 X 384 X 20 - 148,000 ft.-lb. 
0.0325 IF/ « 0.0325 X 297 X 384 X 20 = 74,300 ft.-lb. 
0.0130 IF/ = 0.0130 X 297 X 384 X 20 - 29,700 ft.-lb. 
0.00975 Wl = 0.00975 X 297 X 384 X 20 - 22,250 ft.-lb. 
0.00975TF/ = 0.00975 X 297 X 384 X 20 - 22,250 ft.-lb. 


M m 22,250 X 12 
f,jd " 20,000 X^ X 6.25 


2.44 sq. in. 


(J assumed * % and d determined from using 1-in. coverage and assuming J^-in. steel.) 

At 2.44 _ 

P “ M “ 10 X 12 X 6.25 ” 0,00326 

k - %/2np + (np)« - np - V (12) (0.00326) + (12 X 0.00326) « - (12) (0.00326) 
>0.243 
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j (revised) 
A, (revised) 


i _ _ _ 1 

i 3 - 1 


= 1 - 0.081 * 0.919 


22,250 X 12 


A. (revised) * / ^ - 20 000 * o.9lT"xT25 = 2,33 8q ’ in * 
Use 22 at in. round = 2.42 sq. in. 

/ _ _2Af 2 X 22,250 X 12 

/0 jkbd* 0.919 X 0.243 X 10 X 12 X 6.25 X 6.25 


From —M c , 


■■ 510 lb. per sq. in. <1,000 lb. per sq. in, O.K. 


a _ ~ M * _ 74,300 X 12 

* f.jd 20,000 X Vs X 8.25 617 8Q ' m ‘ 

6.17 

P - 7 ~^<~12~x~ 8~25 = °- 0030 (dimensions through dropped panel control here) 

k = V 2 np + (np) 2 ■ np = \/2 X 12 X070089 + (12 X 0.0089)*"- 12 X 0.0089 
= 0.368 

k O *3 AS 

} (revised) - 1 - g = 1 - -hj— = 1 - 0.123 - 0.877 • 

. , ... —Me 74,300 

A * (reV186d) = Tjd = 2 0,000 X? T X 8 .25 = 015 

, _ 2W _ 2 X 74,300 X 12 

} ‘ jkbd 1 6.877 X 0.368 X 7 X 12 X 8.25 X 8.25 “ 965 lbl per 8Q ’ m - 

<1,125 lb. per sq. in. O.K. 

From +M C , 

A _ +M e _ 29,700 X 12 _ _ OR . 

4 fjd 20,000 X % X 6.25 326 ® q * m * 

3.26 

p ~ 12 X 10 X 6.25 ” 0 00435 

k = y/2 np + (np) *-np~ y/2 X 12 X 0.00435 + (12 X 0.00435) * -12 X0.00435 
= 0.275 

j (revised) =1—^=1— = 1 — 0.092 = 0.904 

. , . +Mo _ 29,700 X 12 _ 

A ‘ ( revised ) ~ f t j d - 20,000 X 0.904 X 6.25 ” 3,15 sq ‘ m * 

2 M '2 X 29,700 X 12 

fe “ jkbd* ~ 0.904 X 0.275 X 10 X 12 X 6.25 X 6.25 ~ blU lb ‘ per sq * m * 

<1,000 lb. per sq. in. O.K. 


1 - 0.092 = 0.904 


For the column strips we may use sixteen l^-in. round = 3.20 sq. in. for positive steel 
and sixteen 3>^-in. round + twelve J^-in. square = 6.20 sq. in. 

Shear on Panel Perimeter. — Critical shear section is at a distance ti — 1 % in. = 6 in. 
outside dropped panel area. 

Total shear is on a face 6 in. outside perimeter of dropped panel (8 ft. width of shear 
face). 

V = (400 - 8 X 8)297 = 99,800 lb. 

v — ~ = 49.5 lb. per sq. in. < 0.03 f f e 

bjd 8 X 4 X 12 X % X 6.0 P ' 

which equals 75 lb. per sq. in. d in this case is to be taken as — 1 V£ in. 

Shear on Column Perimeter. — Critical shear section is at a distance ti — 1 % in. ** 8 in. 
outside capital perimeter. 

v - ^400 - t(4,S + \ x 0,67)i ] 297 - 110,8701b. 
y 

v « (where d * ti — 1 in. «* 8 in.) 

— = 72 lb. per sq. in. 

ir X 5.83 X 12 X H X 8 

< 0.03 X 2,500 lb. * 75 lb. per sq. in. O.K. 
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Illustrative Problem. — Design a four-way slab interior panel 18 by 22 ft. for a super- 
imposed live load of 250 lb. per sq. ft. and a wood finish floor weighing 22 lb. per sq. ft. 
Use 1936 A.C.I. specifications with/, «= 20,000 lb. per sq. in. and/' c * 2,500 lb. per sq. in. 


DESIGN SHEET 13 


Assume column capital, c — 0.225/ = 0.225 X 22 ■» 4.95 ft. (use 5 ft. 0 in.). 
Minimum side of dropped panel b » 0.35/ 1. 

b * 0.35 X 22 — 7.7 ft. (say 7 ft. 9 in.) in direction of 18-ft. span. 
b * 0.35 X 18 = 6.3 ft. (say 6 ft. 4 in.) in direction of 22-ft. span. 

Assume 9-in. slab and 2}^-in. dropped panel. 

Dead load: slab = Y X2 X 150 X 18 X 22 - 44,500 lb. 

Dropped panel - — X 150 X 7.75 X 6.33 = 1,480 lb. 


45,980 lb. 

Live load - 18 X 22 X 250 = 99,00 0 lb. 

/ 144,980 lb. 

144 980 

w' - - X g~ = 360 per sq * 

U = (0.021 y/wi + 1) \l^~- = (0.02 X 22 V360 + 1) a / 2 ' 000 
\ / c \ 2,500 

- 8.74 in. (use 9-in. slab) 


Minimum ti = 1.25/2 = 1.25 X 9 = 11.25 in. 

Maximum t\ — 1.50/2 — 1.50 X 9 - 13.50 in. 

Use tt = 11.5 in. 

Minimum h or /» = 0.375/ = 0.375 X 22 = 8.25 in. 

Panel area (excluding column capital) = 18 X 22 — £ X (5) 2 — 396 — 19.6 = 376.4 sq.ft. 
Test for shear: 

One critical section is at a distance h — 1 1 2 in. outside dropped panel area = 9 
in. — l}' 2 in. =»7^ in. 

Total shear is on a face 7 ) 2 in* outside dropped panel. 


*7 7R 1 33 

Width of shear area = — — + 2 X’-pj- - 8.29 ft. (average) 

V = [(18 X 22) - (7.75 + ^) ] 366 = (396 - 58.1)366 = 123,700 lb. 
V 128,700 

• " Vd = 8l9-x1^12lO?ir7T5 (d a88Umed) 

= 46 lb. per sq. in. < .03/' c = 75 lb. per sq. in. O.K. 


The other critical section for shear is at a distance h — 1 in. outside the perimeter of 
the column capital = llj^ — l l 2 *=10 in. 

V - [ (18 X 22) - J (5.0 + 2 X ™) *] 366 - 132,000 lb. 

132,000 

1 " ir~X~6. 67~X~ 1 2 X ~ ^"X T0.25 (d a88Umed) 

* 58.5 lb. per sq. in. < 0.03/' c * 75 lb. per sq. in. O.K. 

Moments: 

AT. = 0.09171 (l - !?)’ - 0.09 X 18 X 22 X 366 X 18 (l - |-i£it )* 

** 152,700 ft.-lb. «■ 1,832,000 in.-lb. (short span) 

- 0.09 X 18 X 22 X 366 X 22 (l - 

- 202,500 ft.-lb. - 2,425,000 in.-lb. (long span) 
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-M - 0.307 Mo = 0.307 X 1,832,000 * 562,000 in.-lb. (short span) 

- 0-307 X 2,425,000 - 745,000 m.-lb. (long span) 

+M - 0.19 X 1,832,000 - 348,000 in.-lb. (short span) 

= 0.19 X 2,425,000 * 461,000 in.-lb. (long span) 

Diagonal bands: 

The diagonal band moments are contributed to by the M 0 factors in both directions 
and in this case we may use a weighted average for M 0 . 


Mo 

-M 

+M 


22 X 2,435,000 + 18 X 1,832,000 0 tflA 

2,160,000 m.-lb. 

0.16 SM 0 - 0.168 X 2,160,000 = 362,' 00 in.-lb. 
0.134A/ o * 0.134 X 2,160,000 = 289,000 in.-lb. 


Cross band: 


-M = 0.08 Af o = 0 08 X 1,832,000 - 1^6,500 in.-lb. (short span) 

« 0.08 X 2,425,000 - 194,000 in.-lb. (long span) 

Width of direct and cross bands = 0.4 X 22 = 8.8 ft. (short span) 

— 0.4 X 18 = 7.2 ft. (long span) 

Width of diagonal band = L+Jl - - 8.0 ft. 

5 5 

Steel : 

Note: It is assumed that all steel in this slab will be in., and all d's are figured on this 
basis. 

Direct and negative: 

Long span: 


K 


M_ 

bd 2 


745,000 

7.2 X 12 X 10.25 X 10.25 


82 (from Table 3) 


f c < 650 lb. per sq. in. < 0.40/' c O.K. 


Allowable f e (1936) was 0.40/' c 
AT 


A, 


745,000 


f„jd 20,000 X % X 10.25 


= 4.15 in. in 7.2-ft. band 


. 4.15 
7.2 


= 0.58 sq. in. per foot width 


Short span: 


K 


A - JL 
f tod 


_ M _ 562,000 

= bd 2 * 8.8 X 12 X 9.75 X 9.75 
f e < 650 lb. per Bq. in. < 0.40/' c 
562,000 


■ 56 


20,000 X M X 9.75 
= 0.37 sq. in. per foot width 

Direct band, positive: 

Long span: 

- M _ 461,000 

K " bd 2 


= 3.29 sq. in. in 8.8 ft. band 


At * 


7.2 X 12 X 7.75 X 7.75 
f e < 650 lb. per sq. in. < 0.40/' c 
M 461,000 


89 (from Table 3) 
O.K. 


ftfd 20,000 X % X 7.75 
0.47 sq. in. per foot width 


3.4 sq. in. in 7.2-ft. band 


K 


Af * 


bd* 


348,000 

8.8 X 12 X 7.75 X 7.75 
f c < 650 < 0.40/' c 


~ 55 (from Table 3) 
O.K. 


Short span: 
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A, 


M 348,000 

! fjd “ 20,000 X % X 7.75 
■ 0.29 eq. in. per foot width 


• 2.57 in. in 8.8-ft. band 


Cross band: 
Long span: 


M_ 

bd * 


194,000 


- 37 


A 9 


p = bd 


7.2 X 12 X 7.75 X 7.76 
ft < 650 lb. per sq. in. < 0.40/' e O.K. 
M 194,000 

' fjd “ 20,000 X % X 7.75 
= 0.20 sq. in. per foot width 
At 0.20 


1.43 sq. in. in 7.2-ft. band 


12 X 7.75 


0.00215 


>0.002 for deformed bars 
<0.0025 for plain bars 

Therefore if plain bars are to be used, p must be increased to 0.0025. p has not been 
checked before, as it can be seen that when K > 44, p > .0025. 

K = p/J = 0.0025 X 20,000 X % =44 

Strnrt span: 

K can be seen from the computations for the long-span cross band that the smaller 
moment and wider band in the short-span cross band will give p less than the minimum 
allowable; therefore we may determine the amount of steel required as 

A B «* pbd — 0.0025 X 12 X 7.75 ** 0.23 sq. in. per foot width for plain bars 
« 0.0020 X 12 X 7.75 — 0.19 sq. in. per foot width for deformed bars 

Diagonal band: 

Negative steel: 

Note: This steel also comes in at an angle from adjacent panels and must be in two 
layers. It is assumed here that the two layers will be placed alternately over and under 
each other to determine d. 

M 362,000 

K " fed 2 " 8 X 12 X 9.25 X 9.25 “ 44 
fe < 650 lb. per sq. in. < 0.40/' c O.K. 

M 362,000 

' fjd 


Ab 


2.24 sq. in. in 8-ft. band 


V - 


20,000 X 7 A X 9.25 
0.28 sq. in. per foot width 

U ” 12 xfe 25 ” 0 00263 > 0 -°° 20 for deformed bam 
< 0.0025 for plain bars 


Positive steel: 


K 


M 
1 6d 2 


289,000 


- 53.5 


8 X 12 X 7.50 X 7.50 
f e < 650 lb. per sq. in. < 0.40/' c O.K. (from Table 3) 
289,000 


Amm JL 

‘ fjd 


20,000 X J4 X 7.50 
0.28 in. per foot width 


■ 2.20 sq. in. in 8-ft. band 


Note: It has been assumed that these crossing diagonal positive steel bands have been 
alternated with the negative steel. 


Illustrative Problem. — Design a two-way flat-slab exterior panel with dropped panels 
for a superimposed load, including floor finish, of 125 lb. per sq. ft. The panel dimensions 
are 18 ft. center to oenter columns perpendicular to the wall and 20 ft. center to center 
columns parallel to the wall. Assume, exterior edge resting on bearing wall and spans 
continuous in both directions parallel to the wall. Use 1936 A.C .1. code with f t — 20,000 
lb. per sq. in. and f’ c «* 2,500 lb, per sq. in. 
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DESIGN SHEET 14 


Assume column capital, c = 0.225 X 20 * 4.5 ft. 
and side of dropped panel, bi * 0.35 X 20 * 7.0 ft. (use square panel). 
Assume 7-Hj-in. slab and 2-in. dropped panel. 

Dead load: 


7 5 

Weight of slab « 18 X 20 X ^ X 150 
Weight of dropped panel = 7 X7 X ?{ 2 XI 50 


Live load « 18 X 20 X 125 


79,970 


222 lb. per sq. ft. 


3 /2,006 


18 X 20 

(0.02* v^' +1)^-27500 

(0.02 X 20 V222 + 1)0.93 


= 6.5 in. 


33,750 lb. 
1,220 lb. 

34.970 lb. 
45,000 

79.970 


but 


U ''minimum) = 0.375Z = 0.375 X 20 = 7j£ in. 
h (minimum) = 1.25(2 = 1.25 X 7.5 = 9.4 in. (use 9*^ in.) 

Panel *irea (excluding capital area) *= 20 X 18 — % X 4.5 X 4.5 

= 344 sq. ft. 

Me = 0.09 (1 = 0.09 X 344 X 222 X 20 (l - ? ^jj) * = 99,800 ft.-lb. 

(long span) 

= 0.09 X 344 X 222 X 18 (l - ? 3 * 4 J3 ) ' “ 85.800 ft.-ll>. (short span) 


Moments perpendicular to wall (short span) : 


—M c = 0.45M„ = 0.45 X 85,800 X 12 = 464,000 in.-lb. (at wall) 

= 0.50 Mo = 0.50 X 85,800 X 12 = 515,000 in.-lb. (interior edge) 
+M C = 0.25 Mo = 0.25 X 85,800 X 12 - 258,000 in.-lb. 

-M m = 0.10 Mo = 0.10 X 85,800 X 12 - 103,000 in.-lb. (at wall) 

= 0.15 Mo = 0.15 X 85,800 X 12 = 154,000 in.-lb. (interior edge) 

+ M m = 0.1 9M 0 = 0.19 X 85,800 X 12 = 196,000 in.-lb. 

Moments parallel to wall (long span), column strip adjacent to wall: 

-Me « 0.125 Mo = 0.125 X 99,800 X 12 - 150,000 in.-lb. 

+M C = 0.05 Af 0 - 0.05 X 99,800 X 12 = 60,000 in.-lb. 


Interior column strip: 

-M c - 0.50M o « 0.50 X 99,800 X 12 - 599,000 in.-lb. 
+Mc ~ 0.20 Mo = 0.20 X 99,800 X 12 - 240,000 in.-lb 


Middle strip: 


- M m = 0.15M o - 0.15 X 99,800 X 12 - 180 000 in.-lb. 

-f M m « 0.15Mo = 0.15 X 99,800 X 12 «. 180,000 in.-lb. 

Steel requirements: 

None: It is assumed that all steel in this design will be M in. Varying steel sizes give 
only slight adjustments in d. 

Column strip negative steel over exterior columns: 

M 464,000 , . . . , m 

* - 535 - 10 X 12 X 8.25 xO fi (P^Pendrcular to wall) 

« 57 
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d above is assumed based on 1-in. cover on steel 


fa < 650 lb. per sq. in. < 0.40/'„ (from Table 3) 
464,000 


A 

* f,jd 20,000 X % X 8.25 


3.23 sq. in. in 10-ft. width 


3.23 
! 10 


M 

" bd* 


0.32 sq. in. per foot width 
150,000 


46 (parallel to wall) 


A, 


1.11 sq. in. in 4.5-ft. width 


4.5 X 12 X 7.75 X 7.75 

f'e < 650 lb. per sq. in. < 0.40/' c (from Table 3) 

M 150,000 

S f,jd 20,000 X% X 7.75 

! “1*3" “ 0.25 sq. in. per foot width 

! - -z = 0.0025 > 0.002 for deformed bars 

Od, 12 X 0.20 

= 0.0025 for plain bars 


Column strip negative steel over interior columns: 

M 599,000 


K = 


82 (long span) 


A 8 


K - 


“ 12 X 9 X 8.25 X 8.25 
f e < 650 lb. per sq. in. < 0.40/' c (from Table 3) 
M 599,000 

f H jd “ 20,000 X % X 8.25 
4.15 
9 

M 


4.15 sq. in. in 9-ft. width 


= 0.46 sq. in. per foot width 
515,000 


As — 


id* - 10X12 X 7.75 X 7775 “ 72 (8hort Span) 
f c < 650 lb. per sq. in. < 0.40/' r (from Table 3) 
M 515,000 


fsjd 20,000 X V* X 7.75 
3.80 


3.80 sq. in. in 10-ft. width 


10 

Middle strip positive steel : 

K 


■ 0.38 sq. in. per foot width 


M_ 

bd* 


196,000 


42 (short span) 


As 


10 X 12 X 6.25 X 6.25 
f e < 650 lb. per sq. in. < 0.40/' c (from Table 3) 
M 196,000 

fsjd * 20,000 X % X 6.25 
1.79 
10 


1.79 sq. in. in 10-ft. width 


0.18 sq. in. per foot width 


A, 

" bd 


0.18 


> 0.0024 


<0.0025 for plain bars 


12 X 6.25 v * v/v *'-* >0.0020 for deformed bars 

The above is O.K. if deformed bars are used, but p will have to be increased to 0.0025 
if plain bars are used. 

180,000 


M 

K " " 9 X 12 X 5.75 X 5.75 


50 (long span) 


1.79 sq. in. in 9-ft. width 


fc < 650 lb. per sq. in. < 0.40/' c (from Table 3) 

, M 180,000 

Am " fsjd “ 20,000 X J4 X 5.75 
1 79 

«* — » 0.20 sq. in. per foot width 

At 0.20 >0.0025 for plain bars 

p “ bd “ 12 X 5.75 “ 0 0029 >0.0020 for deformed bare 
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Middle strip negative steel: 
Over wall: 


A. 


V 


K _J£ 103,000 

bd* 10 X 12 X 6.25 X 6.25 ** 

fc < 650 lb. per aq. in. < 0.40/', (from Table 3) 

M 103,000 

~J7d “ 2 o 7 ooo x % x 6.25 " °- 94 sq ‘ in ‘ in 10 - ft - width 

0.94 

03 “Yq~ * 0.094 sq. in. per foot width 

= ~ = Mgi nnm9 , <0.0020 for Reformed bars 
bd 12 X 6 25 ** U * UU1Z& <0.0025 for ,dain bars 


Therefore steel ratio must be increased to meet the minimum requirements for the type 
of bars used. 

Perpendicular to wall at first interior column line: 

It can be seen by inspection that f c is far below allowable maximum. 


. M 154,000 , 

2 0 : 600 X % X 6.25 “ 141 Bq - “• ln 1<Wt - Wldth 

1.41 

-= ~Yq" * 0.14 sq. in. per foot width 

A» 0.14 <0.0020 for deformed bars 

P m bd ~ 12 X 6.25 ~ °- 0U187 < 0.0025 for plain bars 


Therefore steel ratio must be increased. 
Parallel to wall: 

It can be seen by inspection that f t is O.K. 


A 

' I.jd 


180,000 


20,000 X % X 6.25 


= 1.64 sq. in. in 9-ft. width 


_ 1J54 
~ 9 

At 0.18 

: bd “ 12 X 6.25 


0.18 sq. in. per foot width 

>0.0020 for deformed bars 


0.0024 


<0.0025 for plain bars 


Column strip positive steel: 

column strip parallel and adjacent to wall: 
It can be seen by inspection that f e is O.K. 


At 


V 


M 

ftjd 

0.55 
4.5” 
A, 
bd s 


60,000 

20,000 X 7 /i X 6.25 


0.55 sq. in. in 4.5-ft. width 


=* 0.122 sq. in. per foot width 

0.122 n nmco <0.0020 for deformed bars 
12 X 6.25 — ’ <0.0025 for plain bars 


Therefore steel must be increased. 

Column strip parallel to wall and over first interior column line: 
It can be seen by inspection that f c is O.K. 


At 


M 240,000 

^fjd = 20,000 X H X 6.25 


2.20 sq. in. in 9-ft. width 


2.20 

9 


0.244 sq. in. per foot width 


Column strip perpendicular to wall: 

It can be seen that f e is O.K. 

M 258,000 

At m ftjd m 20,000 X H X 6.25 
■■ 0.236 sq. in. per foot width 


2.36 sq. in. in 10-ft. width 
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Shear on panel perimeter: 

Critical section is at a distance h — 1 in. — 6 in. outside panel face. 

V rn (18 X 20 - 8 X 8)222 - 65,700 lb. 

# - 53 “ 8X4 X 6 l 5 2X^ X6. b = 32 6 lb ' P6r 8Q - ln - < ° 03A “ 76 ^ PW ^ *“■ °- K - 

d above to be taken as t% — lH in. 

Shear on column perimeter: 

Critical section is at t\ — l 1 2 in. * 8 in. outside capital perimeter 


V - [l8 X 20 - 1 (4.52 X 0.67) 2 J 222 - 74,000 lb. 

W “ x X 5.83 irSVft X 8 - 48 lb ' Per Bq ' iP - < 0 -° 3/, ‘ 

= 75 lb. per sq. in. O.K. 


MEMBERS SUBJECT TO DIRECT AXIAL COMPRESSION 


There are cases in design where concrete and reinforced concrete members 
receive direct axial load only. There are many more cases where they are 
wrongly considered to receive such load by neglecting the eccentricity. Most 
building columns come in this latter class, the justification being, presumably, 
that present factors of safety are based on this practice. While this matter has 
no bearing on the design of structural members, it is perhaps worth while to 
remember that in actual buildings a column under true axial compression is more 
rare even than a simple beam. 

63. Formulas. — The symbols used in the formulas that follow are as given in 
Appendix A with the following additions: 

A ' = loaded portion of area of member (considered as surrounded by unloaded 
portions). 

A e = core area, out to out of spiral. 

A ff = gross area, concrete section. 


V 9 


percentage of spiral reinforcement — 0.45 



P f = total safe load on long column or strut. 

P 0 = load on concrete of composite column. 
r a = permissible compressive stress on area A'. 

R — least radius of gyration of net section of member or of structural steel 
or cast iron core section in composite members. 

The commonly used formulas for designing compression members are: For 
plain concrete piers, caissons, or walls 


P/A — f c — 0.25/' c (42) 

For columns or struts reinforced with 1 to 4 per cent vertical rods tied with 
not less than H-in. round rods, spaced not over 16 bar diameters, 48 tie diameters 
or the least cross-sectional dimension of the column, and with an unsupported 
length h of ten times the least cross-sectional dimension or less, 

Chicago Code, 1937: 


P - 0.2QM, + 0.9M 


(«) 
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New York Code, 1938: 


P = 0.25/'JU + 7,5004. 

(441 

1940 J.C. and 1941 A.C.I. Building Regulations: 


P = OASf'cA, + 0.84./. 

(45) 

A.C.I. Code, 1936: 


P = 0.154/' C A„ + 0.7/, A, 

(46) 

For columns or struts where longitudinal bars are 
reinforcement, 

Chicago Code, 1937 : 

supported by spiral 

P - 0.225/',4 r -+ /.A, + 2f,p’A c 

(47) 

New York Code, 1938: 


P = /-(A. + 15A. + 50p'A r ) 

(48) 

1940 J.C. and 1941 A.C.I. Building Regulations: 


P = 0.225/' c A„ + A./, 

(49) 

A.C.I. Code 1936: 


P = A„(0.22/'. 4- /.p,) 

(50) 

where the percentage of spiral reinforcement 


p' = 0A5(R - 1)C' 

J • 

(51) 


where R = ratio of gross area to core area and = 40,000 lb. per sq. in. for 
hot-rolled rod of intermediate grade, 50,000 lb. per sq. in. hard grade, and 60,000 
lb. per sq. in. for cold-drawn wire. 

For composite columns or struts of structural steel or cast iron in concrete 
with both longitudinal and spiral reinforcement, the 1940 J.C. recommends 

P - 0.225 AJ'e + AJ» + frAr (52) 

where A r — cross-sectional area of steel or cast iron core. 

f r — permissible unit stress in metal core: 16,000 lb. per sq. in. for steel 
and 10,000 lb. per sq. in. for cast-iron core. 

For a steel pipe filled with concrete 

P - 0.22 bfcA c +f,Ar (53)* 

where/', = (l8,000 - 70 F, or allowable stress on unencased column. 

h = unsupported length of column. 

K = least radius of gyration of metal-core section. 
p yield point of pipe 
F ~ 45,000 

Where yield point of pipe is not known, use F = 0.5. 
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For long columns and struts, i.e., where the unsupported length exceeds ten 
times the least cross-sectional dimension, both the 1940 J.C. and the A.C.I. 1941 
Building Regulations recommend, 

P' = P (l.3 - 0.03 (54) 

where P = safe load by short-column formulas (43) to (50). 
h = unsupported length. 
d = least cross-sectional dimensions. 

Thus where the load P' to be placed on a long column is known, increase it by 
P' 

an( j ug€ regu ft as P ir a short-column formula. For loading 

(1.3 -0.08 a ) 

over a portion only of the area of a column the compressive unit stress may be 
increased to the value given by the J.C. formula 

r. = P/A' = 0.25/'. y/TfA' (55) 

The radius of gyration of reinforced concrete sections is obtained by consider- 
ing the reinforcement to be of n times its actual area and to act at the same 
centroid. 

In the design of structural members subject to axial compression it is assumed 
that no external bending moment is applied to the member at any point. The 
only flexural stress taken into account is that due to the length of the column and 
its deflection under axial load. The ends of these members are presumed to be 
substantially fixed inasmuch as pin connections are practically unknown in 
reinforced concrete. 

64. Height or Length of Member. — The height or length of a member, h , 
is taken as the distance between those points at either end where lateral support 
is present in at least two directions making an angle of not less than 60 deg. and 
not more than 120 deg. with each other. For columns in flat slab construction, 
h is the distance from the floor to the under side of the column capital. Where 
beams frame into the column the shallower set of beams governs the value of h. 
If beams occur along one center line only, h mtist be taken as the clear distance 
between floor slabs. 

66. General Considerations. — It is always cheapest to use a minimum amount 
of reinforcing, but 1 per cent is the least generally recommended. Tied columns 
with low percentages of vertical steel are generally less expensive than spiral 
columns. The reason for this is that concrete itself is the cheapest column 
reinforcement. There is another designers' axiom that reads, “Cement is the 
cheapest concrete reinforcement,” which means that a richer mix is generally 
♦cheaper than a larger column of the usual mix, or a column of the usual mix more 
heavily reinforced. As against the saving in the first cost of construction the tied 
column occupies more floor space than the spiral column and that is a continuing 
disadvantage that remains “long after the price is forgotten.” 

The relative strength and advantages of tied versus spiral columns has long 
been a matter of rather heated discussion among engineers and equally a matter 
of serious investigation among technical committees. Tied columns have been 
charged with many weaknesses of which they are not guilty and spiral columns 
credited with a reserve strength which is probably not fully available without 
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very serious damage to the supported construction. Most well-informed engi- 
neers would certainly prefer a spiral column to a tied column at the same cost per 
ton of load carried. But the tied columns designed in accordance with Formulas 
(43) to (51) are frequently much cheaper while they unquestionably have an 
adequate factor of safety as compared with the rest of the structural members. 
In many codes and ordinances an insufficient number of ties is permitted. Very 
few concrete buildings have been constructed without tied columns at least in the 
upper stories. A designer should adopt a spiral column type, however, wherever 
the cost comparison is not too heavily against it. 

The Emperger column, combining a cast-iron core vuth a spirally reinforced 
concrete shell, is of particular advantage where ventilating ducts are placed at 
the center of columns. In this combination the cast iron is always under com- 
pression and its great compressive strength is fully utilized. Where very heavy 
loads must be carried on very small columns, a structural steel core is commonly 
used. 

Where concrete columns are supported laterally for their entire height, as is 
the case with caissons, very long members may be designed without reinforce- 
ment. When without lateral support, plain concrete piers are commonly limited 
to a height of three to four times their least breadth. Plain concrete walls are 
built to much greater heights when under very light stress and when protected 
from large temperature changes, but it is better practice to include steel where the 
long dimension exceeds twenty times the least dimension. 

Where load is applied to a small portion only of the area of a member, the 
stress on the loaded area may be larger than when the entire area is loaded. The 
unloaded concrete acts to restrain the portion under load. Where a column rests 
on a much larger pedestal or on top of a caisson, such a condition exists. The 
capacity of the loaded area depends upon the extent of the unloaded area that 
surrounds it and, with a very small proportionate part loaded, compressive 
strengths several times the ultimate strength of the same concrete in fully-loaded 
test cylinders may be realized. The stress r<* under such load concentrations 
may be computed by Formula (55), or be taken from Table 1, page 439. 

66. Design of Plain Concrete Piers. — The simplest compression member is 
the plain concrete pier or caisson. The allowable working compressive stress is 
generally taken as 0.25/' r . To find the area of a circular pier or caisson, divide the 
load (including the estimated weight of the pier but not including the weight 
of the caisson) by 0.25f' e . For this case Formula (50) reduces to 

Diameter = 2.25 (56) 

J c 

For a square pier of side 6, Formula (50) reduces to 



and, for a rectangular pier of dimensions b and d , to 

fed = A = 4 £ (58) 

J c 

57, Design of Tied Columns. — Equations (43) to (53) are acceptable present- 
day short-column formulas, i.e., columns for which the unsupported length is not 
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greater than ten times the least lateral dimension. While they do not give the 
same results, the differences are comparatively slight and fall well within the fac- 
tors of safety from about 4.5 for p = 0.01 to 4.0 for p = 0.04. It will be noted 
by referring to eqs. (45) and (46) that the most recent recommendations of the 
Joint Committee and the A.C.I. 1941 Building Regulations concur and that the 
formula for tied columns is merely that for spirally wound columns multiplied 
by 0.8. A glance at the formulas shows they are all made up of a part that 
determines the load on the concrete and one that determines the load on the steel. 
There are more ways than one to approach the problem of the selection of the 
proper cross-sectional area of concrete and the proper percentage of steel, but 
that proposed by A.C.I. Committee 31 S, in 1941, is as direct and convenient as 
any known to the writer. Once the load P on the column (including its own 
weight) is known along with the specifications as to the ultimate strength, /' r , 
of the concrete and the allowable working stress in the steel, one proceeds as 
indicated in the illustrative problem shown on Design Sheet 15, where Table 13, 
p. 538, based on J.C. 1940 code is made use of. 

Had the solution been used on A.C.I. 1936 code, Table 14, p. 539, would have 
been used and a 16- by 16-in. section could have been chosen sustaining 118,000 
lb., leaving 52,000 lb. to be carried by the steel. This value falls between the 
minimum of 29,000 and maximum of 115,000 lb. which is prescribed for the steel. 
By referring to Part 2 of Table 14, it is found that six 1-in. round bars will provide 
53,000 lb. of support which, added to the 118,000 lb. carried by the steel, provides 
a total P of 171,000 lb. It will be noted that the latter solution calls for more 
steel than the former, which is to be expected when the formulas are compared ; 
for either the column section had to be increased as well as possibly the amount of 
steel, or the column section be allowed to remain as it came out by Design Sheet 
13 and the steel be increased considerably. 

Had the New York 1938 Code been chosen as a basis for the design, Table 16, 
p. 541, would have been entered at the column headed “ Maximum load on 
column” for f c = 3,000. It will be noted that f — 151,000 lb. is not enough; 
hence a 12-in. square column will not provide a value of P = 180,000 unless the 
specification for steel percentage is exceeded. To get a square column, if such is 
required, a 14- by 14-in. must be chosen, which, with a maximum amount of 
steel, will give P = 206,000 lb. and with a minimum amount will give a value to 
P of 154,000 lb. But under “Load on concrete only” where f e = 3,000, we find 
that the concrete takes only 147,000 lb., leaving 23,000 lb. to be taken by the 
steel. Then, by going to Part 2 of the same table, it is found that four 1-in. 
round bars provide 24,000 lb. (23,600 lb., to be exact). 

New York’s 1938 Code calls for lateral ties at least in. in diameter, spaced 
at vertical intervals of not more than fifteen times the diameter of the vertical 
reinforcement and with a maximum of 12 in. The total cross-sectional area of 
lateral and cross ties per foot length of column shall be at least one-fifteenth the 
area of the vertical reinforcement. With four 1-in. round bars foe vertical 
reinforcement and an area of 3.14 sq. in., one complete loop of J- 4 -in. round tie 
gives an area of 0.20 sq. in., or practically one-fifteenth of 3.14 sq. in. Hence, a 
tie of K-in. round steel is chosen. 

58. Design of Spiral Columns. — The spiral-column formulas proposed by the 
1940 J.C. and by Committee 318 A.C.I. are shown by eq. (49) and may be 
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obtained by multiplying the tied-column formula (45) by 1 %. That relation- 
ship between the A.C.I. Code 1936 tied column and the spiral column does not 
hold, but the general form of the A.C.I. Code 1936 spiral-column formula is like 
that of the 1940 J.C. proposed formula. 

As in the case of the tied column, I\ and the allowable /* must be known. 
Then to solve for cross-section and amount of steel, proceed as in Design Sheet 
16. Had the A.C.I. Code 1 936 been specified, the procedure would have been the 
same as shown on Design Sheet 16, with the substitution of Table 19 for 18. 

Had the problem called for the use of the New York Code 1938, we find that 
instead of A g in the formula, it contains A n or core are. ; hence Table 23 is based 
on core area and area of the steel. We further find that for f' c = 3,000, f e = 750. 
Then, the required sum of the core area plus transformed steel area of longi- 
tudinal bars is 800,000 -s- 750 — 1,065 sq. in. Assume core diameter of 26 in.; 
then A r = 531 sq. in., 3,065 — 531 = 534 sq. in. remaining and to be taken by 
the reinforcement. Reference to Part 3 of Table 23 calls for a transformed area 
of from 80 to 424 sq. in. for a 30-in. outside-diameter column, and from Part 5 
the transformed area of K-in. round, 3) 2 -in. pitch spiral reinforcement is 233 
sq. in. for a 26-in. diameter core. Subtracting 233 from 534 leaves 301 sq. in. 
to be taken by the longitudinal steel, which amount falls within the 80 to 424 
sq. in. of transformed area referred to above as the lower and upper limits of 
transformed area of bars for a 30-in. outside-diameter column. Looking at 
Part 4 of the table under 26-in.-diameter core, we find that we may put eighteen 
1-in. square bars in the outer 26-in. circle of bars, which by Part 2 provides 
270 sq. in. of the 301 needed — leaving a shortage of 31 transformed square inches. 
Instead of adding an inner ring of bars, this shortage of 31 sq. in. of transformed 
area can be taken care of best by changing the spiral reinforcement to a 3-in. 
pitch, which provides 272 transformed square inches instead of 233 as noted 
above. 

The same problem under the Chicago 1937 Code would have called for the 
following procedure. Enter Table 24, p. 555, Part 1, for a core diameter of 
26 in. (assuming outside diameter of 30 in.) ; finding that for 3,000 lb. per sq. in. 
concrete a load of 358,000 lb. will be taken by the core. This leaves 442,000 lb. to 
be taken by the reinforcement, part of which is longitudinal and part spiral. 
Several combinations may be had. If we take K-in. round hot-rolled spiral from 
Part 2 of Table 25, with a pitch of 2>£ in., we find that it takes 196,000 lb., 
leaving 246,000 lb. for the longitudinal steel. From Part 3 of Table 24 we find 
that twenty-one 1-in. round bars will take 249,000 lb., and from Part 4 we find 
that it is permissible as far as space is concerned to use up to twenty-five 1-in. 
round bars in a 26-in. core diameter. 

The lower and upper limits of steel recommended by the 1936 report of the 
A.C.I. and of the 1940 J.C. for vertical reinforcement are 1 and 8 per cent, respec- 
tively. The minimum diameter of bars is % in., and the maximum number is 
six. Spacing is to be 2M times the diameter for round bars and 3 times the side 
diameter for square bars. The clear spacing between bars shall not be less than 
\\i in., or IK times the maximum size of the coarse aggregate used. The same 
spacing rules apply to adjacent bars at a lapped splice. 

Where lapped splices are used, both the J.C. and A.C.I. recommend the 
following minimum amount of lap* 
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For deformed bars, with concrete having a strength of 3,000 lb. per sq. in. or 
more, 24 diameters of bar of intermediate-grade steel and 30 diameters of bar of 
hard-grade steel. For bars of higher yield point, the amount of lap should be 
increased in proportion to the nominal working stress. When the concrete 
strengths are le^s than 3,000 lb. per sq. in., the amount of lap should be one-third 
greater than the values given. 

For plain bars, the minimum amount of lap should be 25 per cent greater than 
that specified for deformed bars. 

Where changes in the cross-section of a column occur, the longitudinal bars 
should be sloped for the full length of the column or offset in a region where 
lateral support is afforded by concrete capital, floor slab, metal ties, or reinforcing 
spirals. Where bars are offset, the slope of the inclined portion from the axis 
of the column should not exceed 1 in 6 and the bars on each side of the offset 
should be parallel to the axis of the column. 

Welded splices or other positive connections may be used instead of lapped 
splices and are to be preferred where the bar diameter exceeds 1 in. 

59. Columns with Structural Steel or Cast-Iron Core. — To design a concrete 
column reinforced by a structural .steel or cast-iron core the total load P including 
an assumed column weight must be determined. In such design the maximum 
dimension of the column is commonly fixed by architectural limitations so that 
A can be assumed very closely. The total load carried by the concrete is the first 
term of Formula (52), P e = 0.225A,./' C . That carried by the longitudinal steel 
and spiral reinforcement is assumed to be AJ, and that by the steel or cast-iron 
core frA r [see Formulas (52) and (53)]. 

60. Pipe Columns. — Formula (53) for columns made of steel pipe filled with 
concrete gives more conservative results than those formulas generally given in 
the catalogues of commercial concerns selling steel pipe for the special purpose of 
their being used in columns. With 2,500-lb. concrete it gives a working stress 
in the concrete of 562 lb. per sq. in. and not over 12,000 lb. per sq. in. stress in the 
steel. In general these values are not out of line with good practice in columns. 

61. Load Applied on Part of Area Only. — Where one compression member 
rests upon another, as a column upon a caisson or pier, the top of the lower mem- 
ber must frequently be designed for a heavy load concentration over a small 
area. In such design, the concentrated load is known and no dead weight need be 
added. The allowable bearing stress may be computed by Formula (55). If 
P/A' exceeds 0.25/'« y/A/A' the caisson top must be enlarged or reinforced. 
For a reinforced top, Formula (55) becomes 

P/A r « s y/TJT (59) 

in which x = the safe loa # d upon the whole area A as reinforced (but considered 
to be without the benefit of restraint of any surrounding unloaded concrete). 
Either ties and longitudinal rods or spiral and longitudinal rods may be used. 
Top reinforcement for a caisson is best provided by carrying the column vertical 
and lateral reinforcement down into the caisson. The verticals should extend a 
sufficient distance to deliver their compression to the concrete at safe bond values. 
The spiral or ties should extend to a distance, a (see Fig. 15), such that the load, 
x f computed for an extended base of diameter, by Formula (59), shall not exceed 
0.25/' c . The top of the caisson may be made of richer concrete to increase the 
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value of f' e . If this is done, the richer concrete should extend for a depth not less 
than the difference in diameter of the caisson and the supported column, and the 
vertical bars should extend into the caisson a proper length to transmit their load 
by bond. The extension of the verticals is commonly effected by using separate 
dowels extending up into the column and down into the caisson, while the spiral 
in the caisson is generally separate from the column spiral. Recommendations 
of the J.G. and A.C.I. are as follows: 

(a) The compressive stress in the longitudinal reinforcement at the base of the 
column should be transferred to a pedestal or to a footing by extending the bars 
into the pedestal or footing or by the use of dowels. 

There should be at least one dowel for each col- 
umn bar, and the total sectional area of the dowels 
should be not less than the sectional area of the longi- 
tudinal reinforcement in the column. The dowels or 
column bars should extend into the column and into 
the pedestal or footing the distance required to trans- 
fer to the concrete, by allowable bond stresses, their 
full working strength. Hooks should not be con- 
sidered as adding to bond resistance in compression. 

In addition to the provision for the transference of 
load by dowels there should be provided at the 
top of the footing or pedestal an area A which is 
equal to or greater than that given by the following formula: 



where /& = allowable unit compressive stress on top of pedestal or footing directly 
under the column. 

A' = area of the column. 

f' e = ultimate compressive strength of the concrete in the supporting 
member. 

In all cases the concrete in the supporting member should be of such quality that 
the ratio of f,, to 0.25/'r does not exceed 1 

(6) In sloped or stepped footings, A may be taken as the area of the upper- 
most horizontal surface of the footing or as the area of the lower base of the largest 
frustum of a pyramid or cone contained wholly within the footing and having for 
its upper base the loaded area A' and having side slopes of 1 vertical to 2 horizontal. 

(c) Formula (60) may be applied to determine the area required at the top 
of the footing or pedestal under a metal base. In this case fi is to be taken as the 
actual bearing stress over the loaded area, and the limitation given in (a) for 
the quality of concrete should apply. h 

62. Concentrically Loaded Pedestals and Pedestal Footings. Plain 
Concrete. — (a) The compressive stress on the gross area of a pedestal or the 
upper surface of a pedestal footing should not exceed 0.25/' c unless reinforcement 
is provided and the member is designed as a reinforced concrete column. 

(6) The depth and width of a pedestal or pedestal footing should be deter- 
mined by consideration of shear and bending stresses as outlined under plain 
concrete footings (Table 1). The pedestal footing supported directly on piles 
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should have a mat of reinf.orcing of cross-sectional area not less than 0.20 sq. in. 
per ft. in each direction, placed 3 in. above the top of the piles. 

63. Design of Plain Concrete Walls. — Plain concrete walls are designed the 
same as plain concrete piers using the formula 

P/A = 0.2 f e (61) 

A section of wall 1 ft. long is commonly taken as the designing unit. 

The J.C. report of 1940 does not recommend any concrete wall to be wholly 
without reinforcement; the allowable working stress in bearing walls with a 
minimum of reinforcement as outlined below is 0.2/', for walls having a height-to- 
thickness ratio of 10 or less, which amount is reduced on the basis of Formula (54) 
to O.ll/'c for walls where the height-to-thickness ratio is 25. When reinforcement 
in bearing walls is designed, placed, and anchored in position as for tied columns, 
the working stress shall be on the basis of Formulas (54) and (45) as for columns. 
In the case of concentrated loads the length of wall to be considered as effective 
for each shall not exceed the center-to-center distance between loads, nor shall it 
exceed the width of the bearing plus four times the wall thickness. The ratio of 
vertical steel area to the gross wall area shall not exceed 0.04. 

The monolithic wall shall be reinforced with an area of steel in each direction, 
both vertical and horizontal, at least equal to 0.0025 times the cross-sectional area 
of the wall, if of bars, or 0.0018 times the cross-sectional area if of electrically 
welded wire fabric. The wire of the welded fabric shall be of not less than 
No. 10 W. and M. gage. Walls more than 8 in. in thickness shall have the 
reinforcement for each direction placed in two layers parallel with the faces of 
the wall. One layer consisting of not less than one-half and not more than two- 
thirds of the total required shall be placed not less than 2 in. or more than one- 
third the thickness of the wall from the exterior surface. The other layer, 
comprising the balance of the required reinforcement, shall be placed not less 
than % in. and not more than one-third the thickness of the wall from the interior 
surface. Bars, if used, shall not be less than the equivalent of ?£-in. round bars, 
nor shall they be spaced more than 18 in. on centers. Welded wire reinforcement 
shall be in the flat sheet form. 

The foregoing recommendations of reinforcement do not constitute reinforce- 
ment for taking the load. Such reinforcement is for the general purpose of 
distributing shrinkage and temperature stresses. Walls so reinforced are, as far 
as the steel carrying any of the load is concerned, plain concrete walls. 

When the load on walls including their own weight is more than 0.2/' r , vertical 
reinforcement is required and may be computed by Formulas (43) to (51). The 
minimum percentage is 1 per cent. No other vertical steel is needed, but 
horizontal steel in conformity with the foregoing values of 0.0025 or 0.0018 times 
the cross-sectional area of the wall should not be omitted. 

64. Reinforcement Details. — Column vertical bars must possess some stiff- 
ness, as a bent or bowed bar under compression would throw tension into the 
concrete. Experience indicates that a %-in. round bar is the smallest that should 
ever be used for a column vertical bar and that this size is permissible only in 
spiral columns where such tension is provided for. For tied columns the mini- 
mum size is ihrin. and the minimum reinforcement in any single member is four 
%-in. round bars. These bars are held in alignment during construction and the 
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effect of any unavoidable slight bowing is neutralized by ties placed at 16 bar 
diameters or 48 tie diameters, or the least dimension of the column apart. Ties 
are always H-in. round or larger. Where there are more than four vertical bars, 
additional ties should be provided. Ties should be so detailed as to afford support 
against outward bending for every vertical bar. Figure 16 shows proper details 
for (a) a 4-bar column, ( b ) a 6-bar column, ( c ) an 8-bar column, ( d ) a 10-bar 
column and (e) a 12-bar column. In a spiral column not less than six vertical 
bars should be used. 
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Fig. If). — Column tie bending details. 

Spiral details have become standardized by long experience. The maximum 
pitch is almost universally specified as 3 in. but not to exceed one-sixth of the core 
diameter. The minimum clear spacing is set at 1 3 6 or in. by the manu- 
facturing process and by the practical requirement that the concrete must flow 
from the core into the shell when the column is placed. Every spiral 16 in. or 
more in diameter should have at least three spacers to insure the even spacing 
of the coils at all points. Several extraordinarily severe fires have removed the 
shells of concrete columns to such an extent as to show clearly that two spacers 
do not insure an even spacing of the wire. For spirals 30 in. or over in diameter 
four spacers are recommended. Each end of each spiral should be provided with 
an extra 1 1 £ turns thoroughly wired or otherwise held securely against slipping. 
Where the wire must be spliced in the length of a spiral, each end of the wire at 
the splice should be carried half around the spiral and bent with a 6-in. hook 
around the spacing bar. The spiral length should be approximately 2 in. less 
than the clear height between floor slabs (counting the drop as a part of the floor 
slab in flat slab construction). Sizes of spiral wire are commonly stated in frac- 
tions of an inch although the actual cold drawn wire largely used in spiral manu- 
facture provides sectional areas slightly less than these nominal sizes. Table 26 
gives the percentage and weight of various sizes of column spirals for core diam- 
eter of from 10 to 30 in. To this weight must be added % to 1 lb. per ft. to cover 
the weight of spacers and to the length of spiral 3 to 4 in. must be added to cover 
weight of extra turns, etc., at each end. 

Composite columns with structural steel or cast-iron cores must in general be 
detailed so as to provide effective means of getting the load into the metal section. 
Bond stress, which is effective on ordinary column bars, becomes unreliable in 
character and insufficient in amount in the case of large areas of flat or rounding 
metal surfaces. Each story of metal core should be provided with brackets or 
lugs of sufficient bearing area to take up at least that proportion of the load incre- 
ment in the story that the last term in Formula (52) or (53) bears to the total 
value of P/A . Column splices are made in the same way as in ordinary steel or 
cast-iron design. Cast-iron cores must be cast in a vertical position. 

Illustrative Problem. — To design a tied column to support an axial load of 170,000 lb. 
using f'c * 3,000 lb. per sq. in. and /« * 16,000 lb, per sq. in. For solution, see Design 
Sheet 15. Joint Committee Code 1940. 
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DESIGN SHEET 15 

From Part 1, Table 13, note that for f f e =* 3,000 and a 16 X 16 in. square column, the 
concrete takes 138,000 lb. and for the minimum of 1 per cent of steel, the load on the steel 
- 33,000 lb. • 

Concrete « 138,000 lb. 

Steel « 33,000 lb. 

Total = 171,000 lb. 

From Part 2, Table 13, for f„ — 16,000, choose eight ?£-in. round bars, which gives an 
amount slightly less than the minimum percentage as shown by Part 1 of the table but 
gives 32,000 lb.; this added to the load taken by the concrete *= 170,000 lb. 

From the 1940 J.C. and 1941 A.C.I. recommendations, the maximum spacing of J^~in. 
round ties is 48 times tie diameter *12 in. 


Illustrative Problem. — To design a spiral column to support an axial load of 800,000 lb. 
f'e ** 3,000 lb. per sq. in. and/* — 16,000 lb. per sq. in. Outside dimensions not to exceed 
30 in. diameter. Use 1940 J.C. Code. 


DESIGN SHEET 16 

Assume 30 in. diameter. Use Table 18. 

Column load P — 800,000 lb. 

Load on concrete = 477,000 lb. 

Carried by longitudinal bars = 323,000 lb. 

From Table 20, choose sixteen 1 in. square bars, which will take 325,000 lb. 

From lower part of same table it is found that a maximum of sixteen l)«-in. square bars 
could be put in a core diameter of 26 in., which leaves a 2-in. cover From Table 21, 
choose hot-rolled spiral steel with 2?^-in. pitch. 


Illustrative Problem. — To design a composite column at the center of which is a C.I. 
core with 8-in. ventilating duct. The superimposed load is 700,000 lb. Make the design 
in accordance with the 1940 J.C. Formula (52), using 3,000-lb. concrete. The height of 
the column is 10 ft. 

For solution see Design Sheet 17. 


DESIGN SHEET 17 

From (52) P =* 0.225 f f c A e + A a f a + f r A r . Inside diameter C.I. core * 8-in. Let 
outside diameter C.I. core * Dj, that of concrete * D e . 

700,000 - (675)|[(D.)« - (D/) s ] - 675 A. + 16.000A, + (10,000) \ [(£>,)’ - (8)»] 

= (631)[(D.)* - (.D,) 1 ] + 15.325A, + (7,850) (D,) s - 502,500 
1,202,500 - (531) (De)* + 15.325A, + 7,319(D,)» 

2,265 - (D*)« + 28.9A. + 13.76(D,) S 

Try D, “ 10 in. and twelve 1-in. square bars. Then 

2,265 - (28.9) (12) - (13.76) (100) - D«, - 2,265 - 347 - 1,376 
D\ - 642 and D„ - 23.3" . 

Check: A c — 346 sq. in., A r ■* 28.25 sq. in. 

P - (0.225) (3,000) (346) + (16,000)(12) + (10,000)28.25 - 708,0001b. 

Spiral: Make D« — 24 in.; from Table 21, use }•{- in. round at 3%-in. pitch. 
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Illustrative Problem. — To design the top of a caisson, 5 ft. in diameter, to carry a 
column 38-in. in diameter and carrying a load of 1,000,000 lb. The column vertical rein- 
forcement consists of twelve 1 3^ -in. square bars. The caisson is made of 2,000-lb. concrete. 
Tor solution see Design Sheet 18. 


DESIGN SHEET 13 


Caisson diameter 
Column diameter 

From (55), A 


5 ft. 0 in., area 
» 3 ft. 2 in., area 
P \ 3 


2,827 sq. in. 

: A' » 1,134 sq. in. 



f 1,000,000 X 3 

< (1,134) (500)/ 


1,134 *•- 6,200 sq. in. 


Hence A is an area requiring a diameter of 89 in. = 7 ft. 35 in. 

Caisson will have to be at least 7 ft. 5 in. in diameter. 

Bond stress for embedment of longitudinal column reinforcement or equivalent area 
of dowel steel = 80 lb. per sq. in. 


(16.000) 

(4) 0)4) (80) 


62.5 in. required embedment 


Illustrative Problem. — To design the basement story (9 ft. high in the clear) of an ele- 
vator shaft, 12- X 18-ft. inside dimensions, carrying a load of 70,000 lb. per ft. on the 18-ft. 
walls just below the first floor slab. Use Formula (45) and 2,000-lb. concrete. Assume 
that the temperature range in the basement is so small as to be negligible. 

For solution see Design Sheet 19. 


DESIGN SHEET 10 

Assume 13-in. wall. Effective thickness — 12 in. 

P = 70,000 + (162) (9) - 71,460 lb = load per foot length 
P 71 460 

A - (12) (12) - 144 sq. in. j - - 495 lb. per sq. in. 

From Table 13, Part 1, load on the concrete = 52,000 lb. 

Remainder of load = 19,460 lb. 

From Table 13, Part 2, select four J^-in. round bars, or four %-in. round bars, which 
will take 16,000 lb. and 23,000 lb., respectively. 

Place 34-ih* ties across the wall every 12 in. vertically. 

Horizontal steel area * (144) (0.0025) *» 0.36 sq. ft. per ft. 
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Table 13. — Tied Columns; Joint Committee Code, 1940 1 
Part 1. P (kips) - (0.18/' e A, + 0.8/.A,) 4- 1,000 


Load on oon crete 
0.18 f'cAg + 1,000 
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Table 14. — Tied Columns; American Concrete Institute Code, 1936 1 
Part 1. P (kips) - (0.154/' C A, + 0.7/.A.) -5- 1,000 



— I — I 1,000 


140 560 


224 

280 

244 

305 

264 

330 

286 

356 

266 

333 

288 

360 

310 

388 

312 

390 

336 

420 

362 

415 

473 

534 

4 

5 

5 

6 

53 

20 

91 

68 

462 

578 


Part 2. Load on Bars (kips) 


Number of bars 


0.7 fsA a -5- 1,000 


16 1$ | 20 22 


Rail or hard grade: f , - 20,000 
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Table 15. — Tied Columns; American Concrete Institute Code, 1928 1 
Part 1. P (kips) - [0.225/U, + (6,750 - 0.225/'«)A.] + 1,000 


Load on concrete only: 
0.225/VAa -i- 1,000 


2,000 2,500 3,000 3,750 2,000 2,50013,000 3,750 


96 





99 

115 

138 

65 

81 

97 

122 

115 

134 

162 

76 

95 

113 

142 

132 

153 

185 

86 

108 

130 

162 

148 

172 

208 

97 

122 

146 

182 

165 

191 

231 

108 

135 

162 

203 




324 156 
360 173 
396 191 
432 208 
468 225 


190 226 

209 248 


192 229 
214 254 
235 279 
256 305 


224 147 
252 166 
279 184 
307 203 
335 221 


283 187 
314 207 
346 228 
377 249 
409 269 


176 204 
198 229 
220 255 
242 280 


222 258 
247 287 
272 315 
297 344 
321 372 


246 115 
277 130 
308 144 
339 158 
369 173 


312 146 
346 162 
381 178 
415 194 
450 211 


173 216 
194 243 
216 270 
238 297 


219 273 
243 304 
267 334 
292 365 


270 338 

297 371 



Part 2. Load on Bars (kips) — (6,750 — 0.225/' c )A 


Number of bars 
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Table 16. — Tied Columns; New York Code, 1938 1 
Part 1. P (kips) - (0.25/V4, + 7,5004.) 1,000 



Part 2. Load on Bars (kips) =* 7,5004, ■+• 1,000 
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Table 17. — Tied Columns; Chicago Code, 1937 1 


Part 1. P (kips) — (0.20 f c A g .*+- 0.9 f a A a ) -s- 1,000 


Column 

size 

Gross 

area 

Ag 

Load on bars 

Min. 0.009/.A* - 1,000 

Max 0 036/*.A ff - 1,000 

n • 

Load on concrete 

0.2Q fcA 0 - 1,000 

/. - 

16,000 

| f» = 18,000* 

f'e 

Min 

Max. 

Mm 

Max. 

2,000 

2,500 

3,000 

3,750 

5,000 


12 

120 

16 

65 

19 

78 

48 

60 

72 

90 

120 


14 

140 

19 

76 

23 

91 

56 

70 

84 

105 

140 


16 

160 

22 

86 

26 

104 

64 

80 

96 

120 

100 


18 

180 

24 

97 

29 

117 

72 

90 

108 

135 

180 


12 

144 

19 

78 

23 

93 

58 

72 

86 

108 

144 


14 

168 

23 

91 

27 

109 

67 

84 

101 

126 

108 

12 

16 

192 

26 

104 

31 

124 

77 

96 

115 

144 

192 


18 

216 

29 

117 

35 

140 

86 

108 

130 

162 

216 


20 

240 

32 

130 

39 

156 

96 

120 

M4 

180 

240 


14 

196 

26 

106 

32 

127 

78 

98 

118 

147 

196 


16 

224 

30 

121 

36 

145 

90 

112 

lo4 

168 

224 

14 

18 

252 

34 

136 

41 

163 

101 

126 

151 

189 

252 


20 

280 

38 

151 

45 

181 

112 

140 

168 

210 

280 


22 

308 

42 

166 

50 

200 

123 

154 

185 

231 

308 


16 

256 

35 

138 

41 

166 

102 

128 

154 

192 

266 

, x 

, 18 

288 

39 

156 

47 

187 

115 

144 

173 

216 

288 

10 

' 20 

320 

43 

173 

52 

207 

128 

160 

192 

240 

320 


22 

352 

48 

190 

57 

228 

141 

176 

211 

264 

352 


24 

384 

52 

207 

62 

249 

154 

192 

230 

288 

384 


18 

326 

44 

175 

52 

210 

130 

163 

196 

245 

326 


20 

360 

49 

194 

58 

233 

144 

180 

216 

270 

360 

18 

22 

396 

53 

214 

64 

257 

158 

198 

238 

297 

390 


24 

432 

58 

233 

70 

280 

173 

216 

259 

324 

432 


26 

468 

83 

253 

76 

303 

187 

234 

281 

351 

468 


20 

400 

54 

216 

65 

259 

160 

200 

240 

300 

400 


22 

440 

59 

238 

71 

285 

176 

220 

264 

330 

440 

20 

24 

480 

65 

259 

78 

311 

192 

240 

288 

360 

480 


26 

520 

70 

281 

84 

337 

208 

260 

312 

390 

520 


28 

560 

76 

302 

91 

363 

224 

280 

336 

420 

500 


22 

484 

65 

261 

78 

314 

194 

242 

200 

363 

484 

4)0 

24 

528 

71 

285 

86 

342 

211 

264 

317 

396 

528 

ZZ 

26 

572 

77 

309 

93 

371 

229 

286 

343 

429 

572 


28 

616 

83 

333 

100 

399 

246 

308 

370 

462 

616 


24 

676 

78 

311 

93 

373 

230 

288 

346 

432 

576 

24 

26 

624 

84 

337 

101 

404 

250 

312 

374 

468 

024 


28 

672 

91 

363 

109 

435 

269 

336 

403 

504 

672 

26 

26 

676 

91 

365 

110 

438 

270 

338 

406 

507 

076 


28 

728 

98 

393 

118 

472 

291 

364 

437 

546 

728 

28 

28 

784 

106 

423 

127 

508 

314 

392 

470 

588 

784 

30 

30 

900 

122 

486 

146 

583 

360 

450 

540 

675 

900 

32 

32 

1,024 

138 

553 

166 

664 

410 

512 

614 

768 

1,024 

34 

34 

1,156 

156 

624 

187 

749 

462 

578 

694 

867 

1,156 



1,000 

135 

540 

162 

648 

400 

500 

600 

750 

1,000 


Part 2. Load on Bars (kips) = 0.9 fiA, -5- 1,000 






Number of 

aars 




Number of bars 

Bar 

size 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 






r. - 

15,000 







/ 

- 18,000* 




K* 

24 

36 

48 

59 

71 

83 

95 

107 

119 

131 

29 

43 

57 

71 

86 

100 

114 

128 

143 

157 


32 

49 

65 

SI 

97 

113 

130 

146 

162 

178 

39 

58 

78 

97 

117 

130 

156 

175 

194 

214 

1* 

43 

64 

85 

107 

128 

149 

171 

192 

213 

235 

51 

77 

102 

128 

154 

179 

205 

230 

266 

282 

ID 

54 

81 

108 

135 

162! 

189 

216 

243 

270 

297 

65 

97 

130 

162 

194 

227 

259 

292 

324 

356 

IHD 

60 

103 

137 

172 

206 

240 

274 

309 

343 

377 

82 

123! 

165 

206 

247 

2 '8 

329 

370 

411 

453 

IHQ 

84 

126 

169 

211 

253 

j 

295 

337 

379 

421 

■ 

464 

101 

152 

202 

253 

303 

354 

404 

455 

505 

556 


1 By permission, American Concrete Institute. 

* Allowed for steel with yield point of 50,000 lb. per sq. in., provided material is identified by marking 
rolled into the surface during manufacture. 
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.<2 


•~0 
ai w 

fc d 
S O 

§■3 

S3 


oo 


9 

3 


Hound columns 

s i 

1 3 

it 

< 

5,000 

SS838 sgiil 9SS31 3SS3S 

3,750 

130 

149 

170 

192 

215 

239 

265 

292 

321 

350 

382 

414 

448 

483 

519 

557 

596 

637 

678 

722 

3,000 

104 

119 

136 

153 

172 

191 

212 

234 

257 

280 

305 

331 

358 

387 

416 

446 
477 
510 
543 
j 577 


© 

CM 

CM 

© 

2,500 

W 28 *2 © b- »0 ^ ^ <0 05 CM CD N » Tf N H 

00 05 *■* CM ■ef N Cl H CO © l> © CM Tf N O N >C OO 

f-i T4 H h rt w N N N (N CO CO CO W ^ 'C* 


2,000 

69 

80 

91 

102 

114 

128 

141 

156 

171 

187 

204 

221 

239 

258 

277 

297 
318 
340 
362 
| 385 

j Load on bars 

© 

CM 

1! 

< 

©' 

"s 

*H- 

M 

«3 

152 

187 

187 

218 

250 

250 

281 

281 

312 

343 

343 

37' 

406 

406 

437 

437 

468 

499 

499 

531 

* 

i 

a 

in O © -< N CO J2 CO CO O 00 © >0 CO N H H h H 

CO CO T >0 10 © © 00 05 © © CM 

+7 

d 

a 

122 

150 

150 

175 

200 

200 

225 

225 

250 

275 

275 

300 

324 

324 

349 

349 

374 

399 

399 

424 

* 

.2 

a 

I0OOCMCDH © © »0 *-i © CM © © CM GO (D M H ® N 

N CM W CO M* ^ O 0 ® tO b- GO © © 5 H N N CO 

rH r-< rH r-t r-( 

Gross I 

area 

A g 

154 

177 

201 

227 

254 

284 

314 

346 

380 

415 

452 

491 

531 

573 

616 

661 

707 

755 

804 

855 

Square columns 

on concrete 

r c A e -s- 1,000 

< 

5,000 

221 

253 

288 

325 

365 

406 

450 

496 

544 

595 

648 

703 

760 

820 

882 

946 

1,013 

1,081 

1,151 

1,225 

I 

3,750 

© O © -f C0 10 CM 00 © © t>. © © -« C Q ^ 'f O) 

© » H S ©COt^O’tf 00 IN N H « r-i © ;-( © 

i-trHCMCMCM MiOWf <*©©©© b* b- GO 00 © 

3,000 

132 

152 

173 

195 

219 

244 

270 

298 

327 

357 

389 

422 

456 

492 

529 

567 

608 

648 

691 

735 

T3 

J 

© 

CM 

CM 

©* 

2,500 

110 

127 

144 

163 

182 

203 

225 

248 

272 

298 

324 

352 

380 

410 

441 

473 

506 

540 

576 

613 


2,000 

00 -* © O © CM Q 00 00 00 © H 00 M 00 © P0 O 

ooohco'* © 5o © h w © oo o cm © o m © © 

H h rt h H h rt N N CM CM CO CO CO CO ^ 

Load on bars 

I 

II 

< 

4- 

9 

a 

1 

152 

187 

187 

218 

250 

250 

281 

281 

312 

343 

343 

374 

406 

406 

437 

437 

468 

499 

499 

531 

* 

.2 

a 

39 

45 

51 

58 

65 

72 

80 

88 

97 

106 

115 

125 

135 

146 

157 

168 

180 

192 

205 

218 

© 

II 

< 

+- 

K 

flS 

a 

( 

122 

150 

150 

175 

200 

200 

225 

225 

250 

275 

275 

300 

324 

324 

349 

349 

374 

399 

399 

424 

* 

B 

a 

1 

31 

36 

41 

46 

52 

58 

64 

71 

77 

85 

92 

100 

108 

117 

125 

135 

144 

154 

164 

174 

Gross 

area 

A#r 

196 

225 

256 

289 

324 

361 

400 

441 

484 

529 

576 

625 

676 

729 

784 

841 

900 

961 

1,024 

1,089 

Column 

size 

SSSSS SSSSiSS S3858S? 


1 By permission, American Concrete Institute. 

* Minimum area of reinforcement 0.01 A g . 

t With 1 J£-in. concrete protection and maximum number of maximum size bars arranged in one outer ring. 
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1 By permission, American Concrete Institute. 

* Minimum area of reinforcement 0 01 A g . 

f With lJ4«m concrete protection and maximum number of maximum size bars arranged m one outer rin g . 
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Table 20. Spiral Columns ; 1 Joint Committee Code, 1940 and American 
Concrete Institute Code, 1936 — -Load on Bars* * 

Bart 1. Load on Bars, A a (kips) - f,A, + 1,000 (Max. A, - 0.08A,) 


Bar 

Number of bars 

size 























6 

7 

8 

9 

g 1 

11 

12 

13 

14 

15 

18 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 



H4 

30 

35 

40 

45 

50 

55 

00 

64 

69 

74 

79 

84 

89 

94 

99 

Hfl 

109 

114 

119 

124 

129 


42 

49 

$6 

63 

70 

77 

84 

92 

99 

106 

113 

120 

127 

134 

141 

148 

155 

102 

169 

176 

183 

{h 

58 

07 

n 

80 

90 

106 

115 

125 

134 

144 

154 

163 

173 

182 

192 

mm 

211 

221 

230 

PTTo 

250 

H 

76 

88 

iqi 

114 

126 

139 

152 

164 

177 

Bun 

vm 

215 

228 

240 

2*13 

206 

278 

291 

Wm 

316 

329 

ID 

90 

112 

128 

144 

100 

170 

192 

208 

224 

240 

256 

272 

288 

304 

3‘0 

336 

352 

368 

384 

mm 

416 

i^n 

122 

142 

103 

183 


224 

244 

264 

285 

305 

EEm 

346 

306 

386 

406 

427 

447 

407 

488 


528 

1H □ 

150 

175 

Hi 

225 

1| 

275 


324,349 

1 

374 

399 

424 

449 

474 

499 

524 

549 

574 

599 

624 

649 









Rail or hard grade: ft 

= 20,000 







%4> 

37 

43 

50 

50 

62 

68 

74 

81 

87 

93 

99 

105 

112 

118 

124 

130 

136 

143 

149 

155 

101 


53 

02 

70 

79 

88 

97 

100 

114 

123 

132 

141 

150 

158 

167 

176 

185 

194 

202 

211 

220 

229 


72 

84 

90 

108 

120 

132 

144 

156 

168 

180 

192 

204 

210 

228 

240 

252 

264 

276 

288 

300 

312 

u> 

95 

111 

120 

142 

158 

174 

190 

205 

221 

237 

253 

269 

284 

300 

310 

332 

348 

364 

379 

395 

411 

ID 

120 

140 

160 

180 

200 

220 

240 

260 

280 

.300 

320 

340 

360 

380 

400 

420 

440 

460 

480 

500 

520 

1 HO 

152 

178 

203 

229 

254 

279 

305 

330 

356 

381 

406 

432 

457 

483 

508 

534 

559 

584 

610 

635 

660 

l^D 

187 

218 

250 

281 

312 

343 

374 

406 

437 

468 

499 

531 

562 

593 

624 

655 

686 

718 

749 

780 

811 


Part 2. Maximum Number of Bars in Outer Ring 0 and in Inner Ring I 


d, diameter of core 


size 

tung 

M 

B 

B 

B 

B 

B 

B 

B 

B 

B 

B 

21 

22 

23 

24 

25 

20 

27 

28 

29 

30 

K* 

O 

9 

10 

11 

13 

14 

15 

16 

17 

18 

19 

21 

22 

23 

24 

25 

20 

27 

29 

30 

31 

32 

I 

4 

5 

7 

8 

9 

10 

11 

12 

13 

15 

16 

17 

18 

19 

20 

21 

23 

24 

25 

26 

27 

H* 

0 

8 

9 

10 

11 

12 

13 

14 

10 

17 

18 

i'9 

20 

21 

22 

23 

24 

25 

20 

27 

28 

29 

I 


5 

6 


8 

9 

10 

11 

12 

13 

14 

15 

10 

17 

18 

19 

20 

21 

22 

23 

24 

H* 

0 

7 

8 

s 


D 

ME 

■E3 

■r 


■u 

BM 

18 

19 

20 

21 

22 

23 

24 

25 

20 

2/ 

I 


4 

K 


Bn 

m 

m 

Be 

Bn 

Bn 

Is 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

H 

0 

~T 

8 

m 

9 

10 

li 

12 

13 

14 

15 

16 

17 

18 

18 

19 

20 

21 

22 

23 

24 

25 

I 



4 

5 

6 

7 

8 

8 

9 

10 

11 

12 

13 

14 

15 

10 

17 

17 

18 

19 

20 

ID 

0 

6 

7 

7 

8 

9 

10 

11 

11 

12 

13 

14 

14 

15 

16 

17 

18 

18 

19 

20 

21 

22 

I 





m 

5 

6 

7 

7 

8 

9 

10 

11 

11 

12 

13 

14 

14 

15 

16 

17 

XX o 

~~0~ 



■TV 

Wt/i 

m 

9 

9 

10 

11 

11 

12 

13 

13 

14 

15 

16 

16 

17 

18 

18 

19 

J 


H 


H 

m 

4 

5 

5 

0 

7 

7 

8 

9 

9 

as 

11 

11 

12 

13 

14 

14 

1 HO 

~0~ 


M 


1 

7 

8 

8 

9 

9 

10 

11 

11 

12 

13 

13 

14 

14 

15 

16 

16 

17 

I 


■ 

9 

■ 



4 

5 

5 

6 

7 

7 

8 

8 

9 

10 

10 

11 

12 

12 


i Design spiral columns as round columhs, but build as Bquare with the same nominal concrete 
dimensions. The spirals in Table 21 conform to the requirement that p f ^ 0.0075 for cold drawn rods 
and jp' s£ 0.0112 for not rolled rods. These limits were lowered in the Joint Committee Code 1940 after 
Table 21 went to press. Spirals in Table 21 are in some cases heavier than required by J.C. Code 
1940. 

8 By permission, American Concrete Institute. 













546 STRUCTURAL MEMBERS AND CONNECTIONS [Sec. 6-64 


T able 21. — Spiral Columns; Joint Committee Code, 1940, and American 
Concrete Institute Code, 1936 — Size and Pitch op Spirals 1 


Column 

Core 

Square columns 

Round columns 













size 

eter 













2,000 

2,500 

3,000 

3,750 

5,000 

2,000 

2,500 

3,000 

3,750 

5,000 

Hot-rolled, I^-in. concrete protection 

14 

11 

* 

* 

* 

+ 

* 

x—i H 

H—m 

x—m 

* 

* 

15 

12 

X—2 

x —2 

* 

* 

* 

H— 2 

*»— 2 

X— ix 

X—2 

x— 2 

16 

13 

X - 2 

X—2 

* 

, * 

* 

X—2 

X~2 

X—m 

X—2 

X — 2 

17 

14 

X-2X 

X-2X 

* 

* 

* 

X—2X 

X—2X 

x—m 

X—2X 

X—2 

18 

15 

x- 2 x 

X-2X 

H—2H 

X— 2)i 

* 

X—2X 

X—‘~X 

X- IX 

X-2X 

X—2 

19 

16 

X— 2M 

X—2X 

X—2X 

X—2X 

* 

H—2H 

x —2 x 

X—lX 

X — 2X 

X—2 

20 

17 

H— 2X 

X—2 

X—2X 

X—2X 

* 

X—2X 

X—2X 

x —2 

H—2 H 

X—2 

21 

18 

X— 2K 

X—2 

H—2X 

X—2 

★ 

H—2 

x —2 

H— 2 

x —2 H 

X—2 

22 

19 

X—2X 

X—2 

X—2X 

X—2 

* 

X—2 

x —2 

X—2 

X—2X 

X 2 

23 

20 

X—2X 

X—2 

X—2X 

X—2 

* 

X-1X 

X—1X 

x—ix 

X-2X 

X—2 

24 

21 

X—2X 

X—2 

X—2X 

?8~ 2 

* 

H—3H 

H— 3K 

X—3X 

X—2X 

X—2 

25 

22 

X—2X 

X—2 

X-2X 

X—2 

* 

X—3X 

X—3X 

X—3X 

H—2 H 

X-2 

26 

23 

X-2X 

X — 3 

X—2X 

X—2 

* 

H—3 

X—3 

X—3 

X—2 H 

x —2 

27 

24 

X-2X 

X—3 

X—2X 

X—2 

* 

X—2H 

H — 2% 

X—2X 

X—2X 

X — 2 

28 

25 

X — 2X 

X—2X 

X—2X 

* 

* 

X—2% 

X—2X 

X—2X 

X-2 H 

X—2 

29 

26 

X—2 X 

X—2X 

X—2X 

* 

* 

X—2 H 

x —2 H 

X-2X 

X-2X 

X—2 

30 

27 

X—2X 

X—2X 

X—2X 

* 

* 

X—2X 

X—2X 

X—2X 

X—2X 

X—2X 

31 

28 

X—2X 

X—2 H 

x—2 x 

* 

* 

X—2X 

X—2X 

X—2X 

X-2X 

X—2X 

32 

29 

X—2 

X—2X 

X—2X 

* 

* 

X—2X 

X—2X 

X—2X 

X—2X 

X—2X 

33 

30 

X—2 

X—2X 

X—2X 

* 

* 

X-2X 

X—2X 

X—2X 

X-2X 

X — 2X 


Cold drawn, lJ-j-in. concrete protection 


14 

11 

H— m 

X—m 

* 

* 

* 

X—ix 

x—i X 

X 1?4 

x—m 

* 

15 

12 

X—2 

H—m 

x —2 

X—2 

* 

x—m 

H—2 

X—2 

H—2 

x—ix 

16 

13 

H— 2 

H— m 

H—2 

X—2 

* 

x —2 

X—2 

X—2 

X—2 

H—m 

17 

14 

x —2 H 

X—m 

X—2X 

H— 2« 

* 

x—ix 

H— 2H 

X—2X 

X—2X 

H—m 

18 

15 

x —2 H 

X—m 

X—2X 

X—2 H 

X—2X 

X—m 

H— 2H 

X—2H 

H— 2U 

H—iH 

19 

16 

X—2X 

X — i X 

H—2 H 

X—2 

X—2X 

H— 2H 

H— 2H 

H— 2H 

H—2U 

X—m 

20 

17 

H—2H 

X- ix 

H— 2H 

H—2 

X—2X 

H—2 H 

H—2H 

X—2X 

H— 2H 

H—m 

21 

18 

X—2 

H—iH 

X—2X 

X—2 

H—2H 

x—3 

X—3 

H—3 

H—2'A 

x—m 

22 

19 

H—2 

H—m 

X—2X 

H—2 

X—2X 

x—3 

X—3 

X—3 

H—2H 

H—m 

23 

20 

H— 2 

X — 3 

X—2X 

H—2 

H—2H 

x —2 H 

H—2H 

H—2H 

H—2H 

H—3H 

24 

21 

X—2 

X—3 

H— 2H 

X—2 

X—2X 

H—2H 

X—2X 

H—2H 

H— 2H 

X—3X 

25 

22 

x —2 

X—3 

H—2H 

X—2 

X—2X 

H— 2H 

X—2X 

H— 2H 

H—2H 

X—3X 

26 

23 

X—2 

X—2 X 

H— 2H 

X — 3 

X—2X 

H— 2H 

X—2X 

H-2H 

H— 2H 

X—3X 

27 

24 

X—2 

X—2X 

H—2H 

X—3 

x —2 H 

H—2H 

X—2X 

H—2H 

H— 2H 

X—3X 

28 

25 

X-3X 

X-2X 

H— 2H 

X—2X 

X—2 

H — 2H 

X—2X 

H—2H 

H— 2H 

\X-3X 

29 

26 

X — 3X 

x —2 H 

H—2H 

X—2X 

X—2 

H — 2H 

X—2X 

H— 2H 

H—2H 

X—3X 

30 

27 

X-3X 

X—2H 

H— 2H 

X-2H 

X—2 

H—2 

X-2 

H—2 

H—2 

X-3X 

31 

28 

X-3X 

X—2X 

H—2H 

X—2X 

X—2 

H—2 

X—2 

H—2 

H—2 

X-3X 

32 

&9 

X—3X 

X—2X 

H—2 

x -2 H 

X—2 

H—2 

X—2 

H—2 

H—2 

X—3X 

33 

30 

X-3H 

X-2X 

H—2 

X-2X 

X—2 

H—3 H 

X—3X 

H— 3H 

H—3 H 

X—3X 
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Table 21. — Spiral Columns; Joint Committee Code, 1940, and American 
Concrete Institute Code, 1936 — Size and Pitch of Spirals 1 . — ( Continued ) 


Column 

Core 

Square columns 

Round columns 

size 

eter 


I 



\ 

l 

i i 

i i 





mm 


3,000 

3,750 





3,750 

5,000 

Ilot rolled, 2-in. concrete protection 

14 

10 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

15 

11 

* 

* 

* 

* 

★ 

H— W 

* 

* 

* 

* 

16 

12 

H—2 

* 


* 

* 

H—2 

1 £ 2 

H-2 

>2 — 2 

* 

17 

13 

>2—2 

* 

* 

* 

* 

H—2 

>2—2 

H—2 

H—2 

* 

18 

14 

H—2 H 

* 

* 

* 

* 

h—2 

H—2H 

H—2H 

H—2 

* 

19 

15 

M—m 

H—2 H 

H—2A 

* 

* 

H—2 

H-2H 

H—2H 

H—2 

H—2K 

20 

16 

H — 2>* 

H—2H 

h -2>4 

* 

* 

H—2 

H—2H 

H—2H 

H—2 

H—2H 

21 

17 

H— 2 

H—2H 

H—2H 

* 

* 

H—2 

H-2 H 

H—2H 

H—2 

H—2H 

22 

18 

H—2 

H 2>«j 

H—2H 

* 

★ 

H—2 

>»—3 

H—2H 

H—2 

H—2H 

23 

19 

H-2 

H—2h 

H—2 

* 

* 

H—2 

H— 3 

H—2H 

H—2 

H—2H 

24 

20 

H—2 

H—2H 

H-2 

* 

* 

H—3H 

»c\ 

1 

CO 

H—2H 

h— 3>i 

H—2H 

25 

21 

H-2 

H-2H 

H-2 

* 

* 

H—3A 

H—3H 

H—2H 

H—3H 

t 

to 

& 

26 

22 

H—2 

H— 2H 

H-2 

* 

* 

H 3>4 

H—3>i 

H—2H 

H—3H 

H—2H 

27 

23 

H—2 

H— 2H 

h—2 

* 

* 

>5—3 

H — 3 

H—2H 

H-3H 

H—2H 

28 

24 

} 2 -2 

H-2H 

h—2 

* 

* 

H—2H 

H—2H 

H-2H 

H-3H 

H-2H 


25 

H—2 

H—2H 

h-2 

* 

* 

'A-2H 

h—2H 

H-2% 

H—3H 

H—2H 

30 

26 

H — 3 

H—2 A 

h—2 

* 

* 

H—2H 

H-2H 

H-2H 

H—3H 

H—2H 

31 

27 

H — 3 

h—2A 

h—2 

* 

* 

H—2H 

H—2H 

H-2H\ 

H-3H 

H—2H 

32 

28 

H—2 H 

H—2H 

* 

* 

♦ 

H—2H 

H—2H 

H—2H\ 

H-3H 

H—2H 

33 

29 

H—2H 

H—2H 

* 

* 

* 

H-2A 

H—2H 

H—2'A 

H—2H 

H—2H 


Cold drawn, 2-in. concrete piotection 


14 

10 

* 

* 

* 

* 

* 

★ 

* 

* 

* 

* 

15 

11 

h-iH 

* 

* 

* 

* 

H— m 

h—ih 

H—lH 

* 

* 

16 

12 

h—m 

H—2 

n—2 

* 

* 

H—2 

H—2 

H—2 

H—2 

H—2 

17 

13 

H—iH 

H—2 

H—2 

* 

* 

H—2 

H—2 

H—2 

H—2 

H—2 

18 

14 

H—m 

H—2'A 

H—2 A 

* 

* 

H—2H 

H—2H 

H—2 

H—2H, 

H—2H 

19 

15 

H — l H 

H—2H 

H—2H 

H—2H 

H—2 

H—2H 

H—2H 

H—2 

H—2H 

H— 2H 

20 

16 

H—iH 

H—2} 2 

H—2H 

H-2H 

H—2 

H—2H 

H—2H 

H—2 

H—2H 

H—2H 

21 

17 

H—m 

H—2H 

H—2 

H—2H 

£•8 — 2 

H — 2H 

H—2H 

H—2 

H-2H 

H—2H 

22 

18 

%—m 

l 

to 

H—2 

H—2H 

H—2 

H—3 

H—2 H 

H—2 

H—3 

H-2H 

23 

19 

H—iH 

H—2H 

H—2 

H—2H 

H—2 

H — 3 

H—2H 

H—2 

H—3 

H-2H 

24 

20 

H— 1H 

H—2H 

H-2 

H—2H 

* 

H—2H 

H—2H 

H—2 

H—3H 

H—2Hfi 

25 

21 

H — 3 

H—2H 

H—2 

H—2H 

* 

H-2H 

H—2H 

H—2H 

H—3H 

H-2H 

26 

22 

H— 3 

H—2H 

H-2 

H—2H 

* 

H—2H 

H—2H 

H—2X 

H—3H 

H-2YI 

27 

23 

H—3 

H—2 A 

h—3 

H—2H 

* 

H—2H 

H—2H 

H—2X 

H-3H 

H-2Y4. 

28 

24 

>2 3 

H—2H 

H—3 

H—2H 

* 

H-2H 

H—2H 

H—2H 

H-%y+ 

H—2H 

29 

25 

H — 3 

H—2H 

h—3 

H—2H 

* 

H—2H 

H—2H 

H—2H 

H—3H 

H—2H 

30 

26 

H—2H 

H—2H 

H—3 

H—2H 

* 

H—2H 

H—2H 

H—2H 

H-3H 

H-2H 

31 

27 

H-2H 

H—2H 

H—3 

H—2H 

* 

H—2 

H-2 

H—2 

H—3H 

M-2K 

32 

28 

H—2H 

H—2H 

H—2H 

H—2H 

* 

H—2 

H-2 

H—2 

H-9H 

H-2H. 

33 

29 

H—2H 

H— 2H 

H—2H 

H—2H 

* 

H—2 

H—2 

H—2 

H—8H 

H-2H 


* No spiral oolumn available. Design column with ties. 

1 By permission, American Concrete Institute. See footnote 1 to Table 20. 
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HHHNN (N«Mt|i^idiO(d®NN(»©0)dH 


MO©OiOQOM«OiiCO<OCOCi»©^OOC)D 

HrtHciei«»«^^^io>oooN(JOfl(j©© 


^ ® © h ^ N h ^ « to O W OS I ^ OS a> to 

h h h w « ei « w » ^ « d to d d d n oo 



1 By permission American Concrete Institute. 

p 

* Compute 2/ From upper part of table, select lOOp (percentage of bar reinforcement). From lower part of table, select A* «= pAt and 100p' (percentage of 
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Number of bars 

26 

5.2 

6.5 

8.1 

11.4 
15.6 

20.5 
26.0 
33.0 

40.6 

25 

OWOOOOOOOOOO 

WONHIOOIOH© 

rtHrtNWW 

24 

OOO-VO^OO'O^ 

23 

4.6 

5.8 

7.1 

10.1 

13.8 
18.2 
23.0 
29.2 

35.9 

zz 

^KSOONN^OOlM 

^•ocDoieor^Nt^^ 

H H N n n 

o5 

4.2 

5.3 
6.5 
9.2 

12.6 

16.6 

21.0 

26.7 

32.8 

20 

4.0 

5.0 
6.2 
8.8 

12.0 

15.8 

20.0 

25.4 

31.2 

o 

3.8 
4 8 

5.9 
8.4 

11.4 

15.0 

19.0 

24.1 

29.6 

00 

«iOt09QOMOO)H 

eo'ftoisd^cocjoo 

H H H N « 

N. 

^ W CO H5 M ^ o CD »0 

W'fWJNOnNrttD 

H H H C) N 

CO 

3.2 

4.0 

5.0 

7.0 
9.6 

12.6 

16.0 

20.3 

25.0 

. 

O#N«O0)OH^ 

MW^ooiHi^oin 
«H iH N 


2.8 

3.5 

4.3 
6.2 

8.4 
11.1 
14.0 

17.8 

21.8 

CO 

2.6 

3.3 

4.0 

5.7 

7.8 

10.3 
13.0 
16.5 

20.3 

<N 

tONp)«>00«N 

N n M 115 N,fll N IO 00 

a 

Cj»i«®NOON 
<N <N eo CO 00 r-j 

o 

2.0 
2.5 
-3. 1 
4.4 
6.0 
7.9 
10.0 
12.7 
15.6 

o 

1.8 

2.3 
2.8 

4.0 

5.4 

7.1 
9.0 

11.4 

14.0 

00 

®OWOOO«ON«5 

^Noieo^cooooei 


^dONHNiOOO® 

HHMCOItiljhOOO 

(0 

N«o>e(Ot<oo^ 

1 

1 

■* D ♦ * ♦ O □ 

H H H H 


t 
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ro 


OS rH 
CO D» 

eo 2 

00 >44 
<N ^ 

»D C4 
C4 rH 

82 

os os 

b- 00 

8 

43 

23 

00 © 
CO N 

32 

16 

27 

14 

44 C4 
<N rH 

S2 

oo os 

pH 

CD b 


Ey 

HI 

P|| 

|FB 

■ 


21 

00 00 
pH 


£ 

EE 

Hrl 

. 'E3 
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os OS 
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5 
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<N 

$8 
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eo *-h 

82 

<N rH 

CN rH 

OS OS 

b. 00 

»0 b- 

CO CD 

CO 

<N 

CO b- 

eo ^ 

82 

•O <N 
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«N CD 

CO *H 

28 

14 

4< -4 
CSJ rH 

8 01 

b. 00 

f-4 

‘0 b- 
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i By permission, American Concrete Institute. 
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Table 23. — Spiral Columns; New York Code, 1938* 
= A e + ISA, + SOp'A,* 


f'e 

2,000 

2,500 

3,000 

8,400 

fe 

500 

625 

750 

850 


Part 1. Area of Core 


d, diameter of core 


m 




I 

i 

i 


g 

| 

1 

| 



| 

B 

m 

i 

3 




m 










| 

1 






1 

| 





Part. 2. Transformed Area of Bars =* 15A, 


Number of bars 


size 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 


20 

21 

22 

23 

24 

25 

26 

H* 

28 

33 

37 

42 

47 

51 

56 

60 

65 

70 

74 

79 

84 

88 

93 

08 

102 

107 

112 

116 

121 

H* 

40 

46 

53 

59 

66 

73 

79 

86 

92 

99 

106 

112 

119 

125 

132 

139 

145 

152 

158 

165 

172 

7 M 

54 

63 

72 

81 

90 

99 

108 

117 

126 

135 

144 

153 

162 

171 

180 

189 

198 

207 

216 

226 

234 

1* 

71 

83 

95 

107 

119 

130 

142 

154 

166 

178 

190 

201 

213 

225 

237 

240 

261 

273 

284 

296 

308 

in 

90 

105 

120 

135 

150 

165 

180 

195 

210 

225 

240 

255 

270 

285 

800 

315 

330 

345 

360 

375 

390 

mn 

114 

133 

152 

171 

191 

210 

229 

248 

267 

286 

305 

324 

343 

362 

381 

400 

419 

438 

457 

476 

495 

mu j 

140 

164 

187 

211 

234 

257 

281 

304 

328 

351 

374 

398 

421 

445 

468 

491 

515 

538 

562 

685 

608 


T . , o ( Minimum Transformed Area of 1 

’ars 


15 X 0.0075A, 





( Maximum Transformed Area of Bars = 

15 X 0.04A, 





Outside dimension of square columns 


14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

Min. 

22 

25 

29 

33 

36 

41 

45 

50 

54 

60 

65 

70 

76 

82 

88 

95 

101 

108 

115 

123 

130 

Max. 

118 

135 

154 

173 

| 

194 

217 

240 

265 

2C0 

317 

348 

375 

406 

437 

470 

505 

540 

577 

614 

653 

694 


Outside diameter of round columns 


14 

IS 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

Min. 

17 

■ 

23 

26 

29 

32 

35 

39 

43 

47 

51 

55 

B 

64 

69 

74 

■ 

85 

B 

96 


Max. 

92 

106 

121 

136 

153 


189 

■ 

228 

249 

271 

294 

319 

344 

369 

396 

a 

453 

483 

513 

544 


i By permission, American Concrete Institute. 
1 P 

* A 0 to be not less than ^ j* 
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Table 23.— ^Spiral Columns; New York Code, 1938. 3 — ( Continued ) 
Part 4. Maximum Number of Bars in Outer Ring 0 and in Inner Ring I 


Bar 


d, diameter of core 

sise 


m 

11 

12 

13 

14 

15 

16 


18 




22 

23 

24 

25 

26 

27 

28 

29 

30 

H* 

0 

Ti 

13 

14 

~15 

17 

18 

n 

m 

22 




28 

29 

31 

32 

34 

35 

36 

38 

39 


J 

7 

S 

9 

11 

12 

14 

15 

10 

m 




23 

25 

2 b 

28 

29 

30 


33 

35 

H4> 

0 

6 

11 

12 

13 

14 

15 

17 

18 





24 

25 

26 

27 

29 

30 


32 

33 


i 

5 

6 

7 

8 

mm 

11 

12 

13 

15 

“ 

17 

18 


21 

22 

23 

24 

25 


28 

29 

7 M 

0 

8 

9 

10 

11 

12 

13 

14 

15 

16 


18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 


i 

— 

4 

5 

6 

7 

8 

10 

11 

□ 


14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

H 

o'" 

7 

8 

8 

9 

10 

11 

12 

13 

14 


16 

17 

17 

18 

19 

20 

21 

22 


24 

25 


i 

— 

— 

4 

5 

6 

L 

8 

9 

9 

10 

11 

12 

13 

14 

15 

16 

17 

17 


JL 


ID j 

0 

6 

7 

** 7 

8 

9 

10 

11 

11 

12 

13 

14 

14 

15 

Te 

17 

~18 

18 

19 


21 

22 


/ 1 

— 

— 

— ! 

— 

4 

5 

6 

7 

7 

m 

Jig 

10 

11 

11 

12 

13 

14 

14 


16 

17 

lytn 

0 

— 

6 

6 

7 

8 

9 

~T 

IcT 

11 

m 

J 

13 

13 

11 

*15 

16** 

16 

1*7 ’ 

18 

~18 

10 


I 

— 

— 

— 

— 

— 

4 

4 

5 

6 

n 

n 

8 

n 

9 

E9 

m 

11 

12 

13 

14 

14 

mu 

0 

— 

— 

6 

6 

7 

T 

8 

IT 

9 

IQ 

R| 

"Ti 

12 

13 

13 

14 

~14 

*15 

16 

16* 

17 


I 

— 


— 

— 

— 

— 

— 

4 

5 

HI 

mm 

7 

7 

8 

8 

9 

10 

10 

El 

12 

12 


Part 5. Transformed Area of Spirals = 50 p'A c t 

Values of 50.X of _ S pjr « tl , rod)(eorc Jia.neter) or 

Ditch 


Rod 


d, diameter of core 

sise 


10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


m 

63 

69 

75 

82 

88 

94 

101 

107 

113 

119 

126 

132 

138 

144 

151 

157 

163 

170 

176 

182 

188 


ih 

52 

58 

63 

68 

73 

79 

84 

89 

94 

100 

105 

110 

115 

120 

126 

131 

136 






m 

45 

49 

54 

58 

63 

67 

72 

76 

81 

85 

90 

94 

99 









n<t> 

2 

39 

43 

47 

51 

55 

59 

63 

67 

71 

75 

79 












2H 

35 

38 

42 

45 

49 

52 

56 

59 
















31 

35 

36 

41 

44 

47 

60 
















2H 

29 

31 

84 

37 

40 


















3 

26 

29 

81 

34 



















m 

79 

95 

113 

133 

154 

173 

184 

196 

207 

219 

230 

242 

253 

265 

276 

288 

300 

311 

323 

334 

346 


i% 

T9 

95 

113 

128 

138 

148 

158 

168 

178 

188 

198 

207 

217 

227 

237 

247 

257 

267 

277 

286 

296 

f 

2 

79 

95 

104 

112 

121 

130 

138 

147 

150 

164 

173 

182 

190 

199 

207 

21b 

225 

233 

242 

251 

259 

•H* 

2}4 

77 

65 

92 

100 

108 

115 

123 

131 

138 

146 

154 

161 

169 

177 

184 

U2 

200 

207 

215 

223 

230 


2\i 

69 

76 

83 

90 

97 

104 

111 

118 

124 

131 

138 

145 

152 

159 

106 

173 

180 

187 

194 

200 

207 


2H 

63 

69 

76 

82 

88 

94 

101 

107 

113 

119 

126 

132 

138 

145 

151 

157 

163 

170 

176 

182 

189 


3 

56 

63 

69 

75 

81 

86 

92 

98 

104 

109 

115 

121 

127 

132 

138 

144 

150 

156 

161 

167 



3H 

53 

58 

64 

69 

74 

80 

85 

M 

M 

101 

106 

113 

117 

122 

128 

133 

138 

144 





IH 



113 

133 

154 

177 

201 

227 

254 

284 

314 

346 

380 

415 

452 

491 

531 

566 

586 

607 

628 


m 



113 

133 

154 

177 

201 

227 

254 

284 

314 

346 

380 

413 

431 

449 

467 

484; 

502 

620 

539 


2 



113 

133 

154 

177 

201 

227 

254 

284 

314 

330 

346 

361 

377 

393 

408 

424 

440 

456 

471 


2 H 



US 

133 

154 

177 

201 

227 

251 

265 

279 

293 

307 

321 

335 

349 

363 

377 

391 

405 

419 

Yri 

2h 



118 

133 

154 

177 

201 

214 

226 

239 

251 

264 

277 

289 

302 

314 

327 

339 

352 

354 

377 


2 H 



113 

183 

154 

171 

188 

194 

206 

217 

229 

240 

251 

263 

274 

286 

297 

309 

320 

331 

343 


3 



116 

183 

147 

157 

168 

178 

188 

199 

209 

220 

230 

241 

251 

262 

272 

283 

293 

304 

314 


3J4 



118 

126 

165 

145 

155 

164 

174 

184 

193 

203 

213 

222 

232 

242 

251 

261 

271 

280 

290 


3 ^ 



108 

117 

J2S 

135 

144 

153 

162 

m 

179 

188 

197 

206 

215 

224 

233 

242 

251 

260 

269 


2 






177 

201 

227 

254 

j 284 

314 

346 

380 

415 

452 

491 

531 

573 

616 

661 

707 


254 


j . . 




177 

201 

227 

254 

284 

314 

346 

380 

415 

452 

491 

631 

573 

606 

628 

6&0 


254 

. 

• 


• . , 


177 

201 

227 

254 

284 

314 

346 

380 

415 

452 

487 

506 

526 

546 

565 

584 

:>* 

254 






177 

201 

i 227 

2C4 

284 

314 

346 

380 

408 

425 

443 

461 

478 

496 

514 

532 


3 






177 

201 

227 

254 

284 

314 

341 

357 

373 

• 390 

406 

422 

438 

455 

471 

487 


354 






177 

291 

227 

254 

234 

300 

315 

330 

346 

360 

375 

390 

405 

420 

435 

450 


3:4 






177 

291 

227 

259 

264 

278 

292 

306 

320 

334 

348 

362 

376 

390 

404 

418 


1 By permission, American Concrete Institute. 1 * * 4 

t But not lees than five-sixths of transformed area of bars. 

Figures in bold type are for spirals with pitch greater than one-sixth of the core diameter, but the New York Code has no 
such limit. 

Minimum core diameter has been taken as 12 in. for H-in. round bars and 15 in. for %-in. round bars for all codes. 
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Table 24. — Spiral Columns; Chicago Code, 1937 1 
P (kips) - <0.225 f'A r +f.A, + 2 :f.p'A c ) -i- 1,000 
Part 1. Load on Core (kips) - 0.225/' e A„ + 1,000 


d, diameter of core 


J e 

H 

11 

12 

13 

14 

15 

16 

17 

18 

19 

o 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 


35 

43 

61 

60 

69 

80 

91 

102 

114 

' 128 

141 

156 

171 

187 

m 

221 

239 

258 

277 

297 

318 

2,500 

44 

53 

64 

76 

87 

99 

113 

128 

143 

159 

177 

195 

214 

234 

254 

276 

299 

322 

346 

372 

398 


53 

K2 

76 

90 

104 

119 

136 

153 

172 

191 

212 

234 

257 

280 

E3 

331 

358 

387 

416 

446 

477 

3,750 

66 

80 

95 

112 

130 

149 

170 

192 

215 

239 

265 

292 1 

321 

350 

382 

414 

448 

483 

519 

557 

596 

i.mnif 

88 

107 

127 

149 

173 

199 

226 

255 

286 

319 

354 

390 

428 

467 

509 

552 

597 

644 

mm 

743 

795 


'Minimum Load on Bars (kips) = /, X 0.01 A c 1,000 

J or/, X 6 X 0.44 -4- 1,000 

) Maximum Load on Bars (kips) = /, X 0.06A C -4- 1,000 
v when stresses are transferred by bond 



| d, diameter of core 


1 io | 

l n 1 

12 | 13 | 

im 

1 15 | 

oo 

§ 

o> 

21 | 22 | 

1 23 | 

24 | 

| 25 | 

l 1 

| 27 | 28 | 

I 29 | 

| 30 










}.= 


■ 

■ 

■ 

■ 



■ 



■ 

Min. 

40 

1 40 1 

1 40 

1 40 

1 40 

40 

40: 

40 

1 40 

43 : 

47 

52 

57 1 

62 

68 

74 

80 

86 

92 

99 

I 106 

Max. 

71 

1 

102 

| 120| 

[ 139 

159 

| 181 

204 

| 2291 

255 

283 

312 

342 

374 

407 

442 

478 

515 

554 

594 

| 636 










/.= 

■ 18,000 











Min. 

48 

48 

48 

48 

48 

48 

48 

48 

48 

51 

57 

62 

68 

751 

81 

Ml 

f 

103 

111 

119 

I 127 

Max. 

85 

103 

1^2 

143 

166 

lfll 

217 

245 

275 

306 

339 

374 

411 

449 

489 

E3 

1 573| 

618 

665 

713 

[m 





Part 3. 

Load on Bars (kips) 


IbA, or 184, 








Bar 

j Number of bars 

J * 

size 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 1 

19 

20 

21 

22 

23 

24 

26 

26 


>4 0 

1 40 

46 

53 

59 

b6 

73 

79 

86 

92 

99 

106 

112 

119 

125 

132 

139 

145 

152 

158 

165 

172 



54 

63 

72 

81 

90 

09 

108 

117 

126 

135 

144 

153 

162 

171 

180 

189 

198 

207 

216 

225 

234 

15,000 

H 

71 

83 

95 

107 

119 

130 

142 

154 

166 

178 

190 

201 

213 

225 

237 

249 

261 

273 

284 

296 

308 

in 

90 

105 

120 

135 

150 

165 

180 

195 

210 

225 

240 

255 

270 

285 

300 

315 

330 

345 

860 

375 

390 


mn 

114 

133 

152 

171 

191 

210 

229 

248 

267 

286 

305 

324 

343 

362 

381 

400 

419 

438 

457 

476 

495 


1 Y\U 

140 

164 

187 

211 

234 

257 

281 

304 

328 

351 

374 

398 

421 

445 

468 

491 

515 

538 

562 

585 

608 


¥*4> 

48 

55 

63 

71 

79 

87 

95 

103 

111 

119 

127 

135 

143 

150 

158 

166 

174 

182 

190 

198 

206 



65 

76 

86 

97 

108 

119 

130 

140 

151 

162 

173 
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194 

205 

216 

227 

238 

248 

259 

270 

281 

1 Q AAA* 

H 

85 

100 

114 

128 

142 

156 

171 

185 

199 

213 

228 

242 

256 

270 

284 

299 

313 

327 

341 

356 

370 

18,000 

la 

108 

126 

144 

162 

180 

198 

216 

234 

252 

270 

288 

306 

324 

342 

360 

378 

396 

414 

432 

450 

468 


mo 

137 

160 

183 

206 

229 

251 

274 

297 

320 

343 

366 

389 

411 

434 

457 

480 

503 

526 

549 

572 

594 


\H □ 

168 

197 

225 

253 

281 

309 

337 

365 

393 

421 

449 

477 

505 

534 

562 

590 

618 

646 

674 

702 

730 


* Allowed for steel with yield point of 50,000 lb. per sq. in., provided material is identified by marking rolled into the sur- 
face during manufacture. 

Part 4. Maximum Number of Bars in Outer King 0 and in Inner Ring I 


Bar size 

Ring 

0~ 

I 

d, diameter of core 

10 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 


21 

22 

25 

16 

23 

24 

25 

29 

19 

1 

27 

31 

22 

28 

29 

34 

24 

11 

%<t> 

11 

12 

14 

4 

15 

6 

16 

7 

17 

8 

19 

9 

i 

21 

12 

22 

13 

24 

14 

26 

17 

28 

18 

33 

23 

35 

26 

7 M 

0 

I 

9 

10 

11 

12 

13 

5 

15 

6 

16 

7 

17 

8 

18 

9 

19 

10 

u 

21 

13 

19 

11 

23 

14 

24 

15 

22~ 

13 

25 

16 

26 

17 

27 

18 

25 

16 

28 

19 

| 

31 

22 

32 

23 

29 

20 

26 

18 

22 

15 

1* 

0 

I 

8 

9 

10 

11 

12 

4 

13 

5 

14 
. 6 

15 

7 

16 

8 

17 

9 

1 

20 

12 

23 

14 

24 

15 

26 

17 


28 

19 

ID 

0 

I 

7 

8 

8 

9 

10 

11 

12 

5 

13 

_6_ 

14 

7 

15 

8 

16 

8 

17 

9 

17 

10 

18 

11 

19 

12 

i 

21 

14 

22 j 
15 

24 

17 

mu 

0 

I 

~~6 

~7 

~ 

~8 

“T 

10 

11 

4 

11 

5 

12 

6 

13 

6 

14 

7 

16 

8 

15 

9 

16 

10 

17 

10 

18 

11 

19 

12 

I 

| 

mn 

0 

I 

■ 

E 

! ~7 

~7 

8 

T 

9 

10 

4 

11 

5 

12 

5 

12 

6 

13 

7 

14 

8 

14 

8 

15 

9 

16 

10 

1 

1 

I 

1 

19 

13 


1 By permission, American Concrete Institute. 
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Table 25 1 

Part 1. Minimum Load on Spirals (kips) 



Part 2. Load on Spirals (kips) 

tr i (area of spiral rod) (core diameter) v . /# 

Values of 2* - ” pitch X 1^66 

or ird*f. -s- 100,000 for p' & 0.02 








Sec. 6-64] 
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Table 26. — Percentage and Weight of Coiumn Spirals. 1 — ( Continued ) 

d, diameter of core 
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MEMBERS SUBJECT TO DIRECT AXIAL TENSION 

In reinforced concrete members subject to direct tension the stress will be 
uniform over the section and the tensile strength of the concrete may not be 
counted as a dependable design factor. The section may and probably will 
be cracked entirely through when the full design load comes upon the mem- 
ber. All the stress must therefore be considered as taken by the longitudinal 
reinforcement. 

65. Formula. — The only formula necessary for the design of such members is 

/, = P/A, (62) 

in which P = tension or load on member. 

A a = area of longitudinal reinforcement. 
f, = tensile unit stress in longitudinal reinforcement. 

66. Design of Tension Members. — The design of such members is extremely 
simple and needs little explanation. The steel stress in such members is com- 
monly limited to 12,000 lb. per sq. in. The cracks in the concrete should be 
distributed at such frequent intervals that each will be of very small size. The 
simplest way to insure this result is to use deformed bars of small diameter. Not 
all deformed bars have merit for this purpose and a properly designed bar should 
be specified and none other accepted. The cracks may be made fine and well 
distributed by placing wire mesh with welded or integral intersections just under the 
fireproofing shell of the member. This has value also in case of a severe fire in 
holding this shell together and its use is recommended in the general case even 
though deformed bars are also used. 

Most designers feel that reinforced concrete tension members should be very 
conservatively designed. They are used in trusses and for hangers generally 
and it is not uncommon, in stair hangers for instance, to find designed stresses 
of only 4,000 to 5,000 lb. per sq. in. in the steel, thus assuring safety under extreme 
fire conditions or after very extensive corrosion has taken place. With such low 
stresses the corrosion would cause noticeable spalling of the concrete long before 
any danger of collapse was present. 

The critical points in the design of most tension members lie at their extremi- 
ties where they receive or deliver their load. For ordinary stair hangers a detail 
is commonly used making provision that the bent ends bear upon steel cross rods 
which in turn must engage a large volume of concrete. In column hangers struc- 
tural steel is generally used in all cases where these hangers are attached to steel 
trusses at the top. Bond on straight bars should never be the sole nor even the 
main reliance for the end anchorage of tension members, but a positive mechan- 
ical anchorage should invariably be provided. 

MEMBERS SUBJECT TO BENDING AND DIRECT COMPRESSION 

It has previously been pointed out that very few columns are subject to axial 
compression only. A wall column in a reinforced concrete building is practically 
always subject to bending as well as compression, and while members should be so 
arranged as to minimize this bending it cannot be entirely avoided. Certainly in 
the usual beam-and-slab type of building and in ail flat slab buildings, columns 
should be designed as members subject to bending and direct compression. It 
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is also true that beams and slabs very commonly take direct stress as well as 
bending. In stair slabs it is always true. The wind load is responsible for direct 
compression in other members. Too little attention has been paid to the actual 
condition of beams, slabs, and columns in this respect and we may expect to see 
less dependence (to an undetermined degree) on factor of safety and more careful 
design in the future. In arch rings and rigid-frame construction where the 
design takes account of such facts as these, the designer is certainly entitled to 
reduce his factor of safety on the working stresses below what would be proper 
in much present-day building design. In general, the direct stress is compression, 
for, except in certain members of concrete trusses, the framing of concrete 
structures is arranged so as to avoid direct tension in the members. The follow- 
ing discussion will be confined to cases of bending and compression. Formulas 
for cases in which the direct stress is tension may be derived in the same general 
manner as for cases where the direct stress is compression. 

67. Design of Plain Concrete Piers for Eccentric Loading. — To design a plain 
concrete pier or caisson for eccentric loading, it is first necessary to assume the 
dead weight of the pier and find the total load and also the change in the point of 
application of the resultant due to the addition of the weight of the pier. If the 
resultant is inclined to the axis of the member, the component N parallel to the 
axis must also be determined. Next determine the distance c of the point of 
application of the resultant from the gravity axis or the assumed section. The 
maximum fiber stress, / c , in the concrete is determined by the usual formula for 
homogeneous material, Formula (63). 1 If the point of application of the resultant 
lies inside the “core” of the section, i.e., if c is less than t/ 6 , no other figures 
are necessary. If it does not so lie, there will be tension on the section. In plain 
concrete construction a greater tension than 0.025/',., or a maximum of 50 lb. per 
sq. in., should not be allowed. When this stress is exceeded, a reinforced concrete 
member must be used. The formula for computing the extreme fiber stresses is: 


fr_ l _ N +Nte 
f" c > A -2Ie 


( 63 ) 


68. Bending and Compression on Reinforced Concrete Sections. — Stresses 
due to bending and compression on reinforced concrete sections may be deter- 
mined by the methods of flexure for concrete beams modified to fit the conditions 
of the problem under consideration. Rectangular and round sections will be 
considered. 

69. Notation. — The formulas for determining stresses in reinforced concrete 
members subject to bending and direct compression require certain additional 
symbols as follows: 

A g = bt , t 2 or 7 tt 2 = area of concrete section. 

A r = area of steel near face of member most highly stressed in com- 
pression. 

A» ** area of steel near face of member least highly stressed in com- 
pression. 

A 0 «* A\ + A* * total steel area, with symmetrically placed reinforce- 
ment. 

1 See also See. 1. p. 141. 
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At = area of transformed section. 

e' = distance from point of application of N to the center of the tension 
steel, or to the gravity axis. 

f" e — compressive stress in extreme fiber of concrete at opposite face of 
member from f e . 

Ci — distance from gravity axis to face most highly stressed in com- 
pression. 

c 2 = distance from gravity axis to face least highly stressed in com- 
pression. 

d' = distance from c.g. of steel area A i to n* arest face of beam. 

d 2 — distance from c.g. of steel area A 2 to nearest face of beam. 

f * = stress in steel near face of member least highly stressed in com- 
pression 

/'« = stress in steel near face of member most highly stressed in com- 
pression. 

g = factor used in design of members subject to bending and compres- 
sion with symmetrical reinforcement. 

It = moment of inertia of transformed section. 

Ic — moment of inertia of concrete section about gravity axis. 

Is = moment of inertia of steel section about gravity axis. 

M = Ne ' — moment on section. 

N — component of R normal to section. 

N c = total compression in concrete. 

Q and L = expressions reduced to tabular values to reduce labor of computa- 
tion, see eqs. (94), (95), (103), and (104). 

A' 

p' = jr = steel ratio in face most highly stressed in compression. 


p = -j- = steel ratio in face least highly stressed in compression. 


p 0 — ratio of the sum of A % and A ' to bt. 

r = distance from c.g. of steel area A' to gravity axis with sym- 
metrically placed reinforcement, 
r = radius of circular section to center of reinforcement. 

R = resultant force at any section. 

Figures 17 to 28 inclusive illustrate some of the above symbols. 

70. Bending and Direct Compression — Rectangular Sections. — Three general 
cases of bending and direct compression will be discussed. They are: Case I — 
Compression over the entire section, reinforcement on both faces of section; 
Case II — Tension on a portion of the section, reinforcement on both faces of 
section; Case III — Tension on a portion of the section, reinforcement on tension 
face only. 

70a. Case I. Compression over the Entire Section — Unsyxnmetrical 
Reinforcement. — Figure 17a shows a rectangular section of a member and its 
reinforcement. The fiber stresses in concrete and steel in this section may be 
determined by reducing the steel area to an equivalent concrete area, which is 
assumed as applied in the plane of the reinforcing steel. This new section is 
known as a transformed section . Figure 176 shows the transformed section for 
Fig. 17a. 
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When the shape of the transformed section has been determined, the properties 
of the section, such as its area, position of the gravity axis, the moment of inertia 
of the section, and the distances to the extreme-fibers may be calculated. Sub- 



Betfm Section Section V&rfatfori in Fiber Stress 

fr) (b) (c) 

Fig. 17. — Stress distribution under bending and direct stress — Case I. 

stituting these values in eq. (63), p. 560, for the conditions shown in Fig. 17, 
the stresses in concrete and steel are as follows : 


, N , Mci 

= A, + IT 

(64) 

N Men 

J ’ “ A, ~ I, 

(65) 

/ N M{c\ — d’)\ 

/ - = M U + U ) 

(66) 

> 

II 

hV 

i 

5 

- i 
s- 

(67) 


where A t and h are respectively the area and the moment of inertia of the trans- 
formed section and M — Ne' is the moment on the section. Note that the steel 
stresses in eqs. (66) and (67) are n times the concrete stresses in the plane of the 
steel. 

In making calculations of fiber stress on any given section, it is generally 
more convenient to express the properties of the section directly in terms of the 
concrete and steel areas. Thus if A t denotes the area of section including con- 
crete area equivalent to the steel area, we have 

At — bt 4 n(A r 4 A,) (68) 

Strictly speaking (n — 1) should be used in place of w, but the approximate 
formula has been used here for convenience. Formula (68) reduces to 

A t - bt[ 1 4 n(p' + p)] (69) 


The distance from the face most highly stressed to the center of gravity of the 
transformed section is (by moments about the top of section, Fig. 176) 


bt | 4 nA'd ' 4- nA,d | 4 np'd' 4 npd 
bt 4 n(A' 4 A,) ~ 1 4 n(p' 4 p) 


(70) 
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area equivalent to the steel area, taken about the gravity axis of the section is 

I = Ic + nl. (71) 

when Ic = moment of inertia of concrete area and I, = moment of inertia of steel 
area. Expressed in terms of the dimensions shown on Fig. 17, 

I c = \ bci* + | bc.fi = | ( Cl ! + c 2 3 ) (72) 

and 

nh = A'n(c i - d') 2 + nA e (cz - d 2 ) 2 (73) 

Therefore 

It = \ (ci 3 + c 2 3 ) + n[A'(ci - d') 2 + A 2K c 2 - d 2 ) 2 ] (74) 


Formulas for fiber stress may be derived by substituting in eqs. (64) to (67) 
inclusive values of It, A t , ciand c 2 as found 
above. However, these formulas are cumber- 
some, and it will generally be found simplest to 
determine the properties of the section from 
eqs. (68) to (74) inclusive, and substitute 
these values in (64) to (67). 


Illustrative Problem. — Determine the fiber stresses 
in steel and concrete for the conditions shown in Fig. 

18. Assume n = 15. 

From eq. (68) 

At = (12) (25) + 15(3 + 2) = 375 sq. in. 

The steel ratios arc: 

A f 3 A» 2 

*>' = U = (12) (25) = 100 per cent and P “ w “ (12) (25) “ °- 667 *** °® nt 

From eq. (70) 

_ 12.5 + 15[ (0.0100) ( 2) 4- ( 0.00 667) (22)] 

Cl ~ 14 15(070100 4- 0.00667) “ 1 V 

and 

Ci = t - c = 25 - 12.0 = 13.0 in. 


.-e“ 


f 

i94f.roHs 

“X "'isL. 
• 

i 

es" — 

J Orw 

A >T~~ 

itjAxl. 

F7 

c,*/e 


e r b" 

t 


\5* 2-fin.94f.noHs 

Fig. 18. 


From eq. (74) 

/ - i? [(12) 8 + (13)*] + 15[3.00(12 - 2)« + 2.00(13 - 3) J ] - 23,200 in.* 


Since ci = 12.0 in., the eccentricity of application of the load is 12.00 — 8.00 ■■ 4.00 in. f 
and M = Ne' — (120,000) (4.00) = 480,000 in.-lb. The concrete and steel stresses are as 
follows: 

Concrete at top of section; by eq. (64) 


, 120,000 (480,000) (12.00) 

1° ~ 375 + 23,200 


568 lb. per sq in. 


Steel near top of section; by eq. (66) 

_ r 120,000 . (480,000) (10.00) 
t- " 16 I.-375 - + 23^00 


7,900 lb. per sq. in 


Steel near bottom of section; by eq. (67) 




_ r 120,000 

J6 Lrw 


(480,000)(10.00) 

23,200 


] 


—1,695 lb. per sq. in. 
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Concrete at bottom of section; by ©q. (65) 


„ „ 120,000 

fe “ 375 


(480,000) (13.00) 
23,200 


« 51 lb. per sq. in. 


Reinforcement Symmetrical , — When the steel areas on the two faces of the 
section are equal and are placed at equal distances from the faces of the section, 
comparatively simple formulas may be derived for fiber stresses in concrete and 
steel. Figure 19a shows the section under consideration. Let Ao be the total 
steel area in the section, equally divided between the two faces of the beam and 
placed at a distance d' from each face. For the given conditions the gravity 
axis is at the center of the section, as shown. Other properties of the section 
which may readily be derived from Fig. 19a are as follows: 

A t = bt(l + npo) (75) 

ht 3 ht 

It - Ic + nl 8 = + nA 0 r 2 = y 2 (* 2 + 12 np 0 r 2 ) (76) 

Ci * c 2 = ^ and r = (ci — d') = (c 2 - d 2 ) = Q - d (77) 



(*) (b) 

Fig. 19. — Stress distribution — Case I — symmetrical reinforcement. 


After eq. (63), p. 560, we may write 


Since M *= Ne', 



(78) 


On substituting proper values in eq. (78), the extreme fiber stresses in the 
concrete are found to be 

, t 




+ 


+ np 0 ) bt 


12 


(t* + 12 rap 0 r 2 ) 


) 


which may be written 


4 

J° ht 


l \ 

bt ( 1 + npo " r t 

N / 1 1 1 

1 + np 0 t 




6 


fc ~ bt l 


1 + 12np 0 
6 


©■) 


1 + 12npo 


©■) 


(79) 


and 


(80) 
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The stresses in the steel, in terms of the concrete stresses, axe 

r. -»[/.- f (/.-/".)] (8D 

/• = *[/".+ f(/c -/".)] ( 82 ) 

By referring to Fig. 196 it can be seen that the stress in the steel is always 
less than nf c . Thus if f c is within its allowable value, then also will the steel be 
safely stressed. 

In deriving the formulas given in this case, it was assumed that the stress over 
the entire section is compressive. The variation in stress across the section, 
however, depends upon the eccentricity of the load N. For the case under con- 
sideration, the limiting condition will occur when f'\ of Fig. 196 is zero. The 
value of e' for f" e = 0 may be determined by equating the right-hand member of 
eq. (80) to aero and solving for e', from which 

, _ 1 + 12w ?° & t 
e (1 + np 0 ) 6 

From this equation, the limiting ratio of eccentricity to width of section for which 
compression exists over the entire section is 

t~ 6(1 + npo) ' * 

If in any case the existing eccentric ratio e'/t is less than the value given by eq. (83) 
the problem may be solved by the formulas for Case I. If the existing eccentric 
ratio exceeds the value given by eq. (83) the formulas of Case II are more theo- 
retically correct. 

e' 

Table 27 gives values of the limiting eccentric ratio j for n — 12 and 15 for 
various values of steel embedment. 


Table 27. — Values of ~ for Symmetrical Reinforcement 


n 

g* 

d'/t 

Values of p 0 



IS 






0.025 

15 

0.9 


0.183 

0.191 

0.198 

0.204 

fill 

jpl 

Si 

0.227 

0.232f 


0.8 


0.177 

0.182 

0.186 

0.190 



Spy! 

■HmiM 

0 208 


0.7 


0.172 

0.175 

0.177 

0.179 


R 


0 187 

0.188 


0.6 


0.168 

0.168 

0.168 

0.169 


QQ 

SB| 


0.1706 

12 

0.9 

0.05 


0.186 

0 192 




Sp 

0.218 

0.222 


0.8 

0.10 

0.175 

0.179 

0.183 

0 187 


0.194 


■instil] 

0.202 



0.15 

0.171 

0.173 

0.175 

EXEZ 


0.181 

sws 

0.184 

0.185 



0.20 

0.167 

0.168 

0.168 

is 

SB 

0.169 





*gt » distance between symmetrical reinforcement (see Art. 70*). 
t For higher values of y (Case II) problems may be solved by diagrams 2, 3. and 4. 
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If the existing eccentric ratio is less than the value in Table 27, the problem comes 
. , r under Case I, and if greater than given in the table, 

Case II will be used. 


OrJl/tyAxi 


I i tti 


W" i-/ in9tf.rt>0h 


Illustrative Problem. — Determine the fiber stresses 
in concrete and steel for the conditions shown in Fig. 20. 
Assume n = 15. 

Since j = ^ =0.16 is less than the value given in 
Table 27 for the given conditions, the problem may be 
solved by the formulas for Case I. The steel ratio is po = 

(12) (25) " °' 02, 


From eq. (79) 

160,000 r 1 4,0 6 1 

J ‘ (12) (25) Ll + (15) (0.02) T 25 1 + (12) (15) (0.02K0.40) S J 

Also, from eq. (80) 

/" c - 600(0.769 - 0.610) = 79.6 lb. per sq. in. 

The steel stresses are 
by eq. (81) 

- 15 [690 - ~ (690 - 79.5)] = 9,430 lb. per sq. in. 

by eq. (82) 

/. - 15 [79.5 + ~ (690 - 79.5)] « 2,110 lb. per sq. in. 


] = 690 lb. per sq. in. 


Before going further with the application of eqs. (04) to (83), analyzing for 
stresses and dimensions under bending and axial compression without tension, 
equations for Case II will be shown in Art. 706. Then the modification of these 
formulas will be shown in Art. 70c, from which the A.C.I. diagrams and tables 

were developed for Case I and for Case II, up to values for y of 1.8. 

706. Case II. Tension on Part of Section — Reinforcement on Both 
Faces of Section. — When the tension on the extreme fibers of the section is within 
the safe strength of the concrete, the method and formulas of Case I may be 



Beam Section Variation in Fiber Street 

to) (b) 

Fio. 21. — Stress distribution under bending and direct stress — Case II. 


employed. When the safe tensile strength of the concrete is exceeded, a method 
of analysis based on the theory of flexure for concrete beams must be used. In 
this analysis it is assumed that all tension is taken by steel, no reliance being 
placed on concrete in carrying tension. 

Umymmetrical Reinforcement . — Figure 21a shows a rectangular section and 
its reinforcement. The assumed variation in fiber stress is shown in Fig. 216. 
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From Fig. 216 it can be seen that there are four unknowns which must be deter- 
mined. These are the fiber stresses / e , f 9 , and and kt, the distance from the 
compression face of the beam to the neutral axis. 

From Fig. 216 it can readily be seen that 

/'* ~ n f° 0 - s) («) 

and 

f‘ ~ (ju ~ *) ( g 5) 

These equations are derived from a consideration of similar triangles. Since 
forces on the section are in equilibrium, the summation of fiber stresses times the 
area on which they act must be equal to N, the resultant thrust on the section. 
Then 

N « HfMt + f/A' - f,A, (86) 

Also, the moments about any point must be zero for equilibrium. Taking 
moments about 0, Fig. 216, we have 

M = (h - |) + A’f . Q - d') - A,f, (d - ^ (87) 

Equations (84) to (87) inclusive give four independent condition equations, 
which, when solved as a group of simultaneous equations, will give the desired 
values of fiber stresses and distance to the neutral axis. It is possible, of course, 
to derive formulas for these unknowns. However, these formulas are cumber- 
some and difficult to use when obtained. It will generally be found best to 
substitute known quantities, as far as possible, in eqs. (84) to (87) and solve 
the resulting equations. 

The solution for the desired unknowns may be expedited by reducing the 
number of unknowns. This can be done by substituting values of f\ and /, 
from eqs. (84) and (85) in eqs. (86) and (87). From eq. (86) we have 

N = {yibkn* + nkt{A’ + A,) - n(A'd' - AJ)j (88) 

and from (87) 

m = + y* wh + nM [ A> (it - d ) ~ 

A ‘ ( d - |)] - n [ A ' d> (| “ d ' ) ~ A ' d ( d ~ s)]) (89) 

On substituting known quantities as far as possible, the 
simultaneous solution of these equations will result in a 
cubic equation in k } from which the value of k may 
be determined. Substituting this value of k in eq. (88), 
the value of f e is readily determined. Having f c and k , 
eqs. (84) and (85) may be solved for and All un- 
knowns may thus be completely determined. 

Illustrative Problem. — Determine the fiber stresses in steel and 
concrete for the section shown in Fig. 22 for M « 600,000 in.-lb. and N ** 60,0001b. Assume 
n - 16. 



Fig. 22. 
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For the conditions shown in Fig. 22, t « 25 in., 6 - 12 in., A' «* 2 sq. in., A, «* 3 sq. in., 
d' «• 2.5 in., and d — 22.5 in. From eq. (88) 

60,000 - (3,750** + 1,875* - 1,087.5) 

and from eq. (89) 

600,000 = jg ( —31,250** + 46,875** - 3,750* + 9,375) 

On equating those equations and reducing, we have the cubic equation 
k 3 - 0.30/k 2 + 0.72 k - 0.65 - 0 


Solving this equation by the method explained on p. r 69, we have k — 0.67. Substituting 
this value of k and t ** 25, in eq. (88) in the form given above, we have 


from which 

From eqs. (84) and (85) 


60,000 = (06^25) ( 1 ' S8 ° + ll25ii ~ 1.087.6) 
Sc = 546 lb. per sq. in. 


/'. - (15) (546) [ 1 - (0 - ^- ) 5 (25 ) -] - 6,990 lb. per sq. in. 

and 

/. = (15) (546) [ To -|^5) - 1 ] = 2 ’ 780 lb - in ‘ 


Reinforcement Symmetrical . — Figure 23 shows a beam section with equal steel 
areas embedded at the same distances from the surfaces of the section. For 
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M (b) 

Fia. 23. — Stress distribution — Case II — Symmetrical reinforcement. 

symmetrical sections, eqs. (84) and (85) remain unchanged, but all other equa- 
tions become much simpler. With distances as shown on Fig. 23, eqs. (88) and 
(89) become 

Nm fM^±2n^ L -np 2 ^ (90) 

M = fM> [T°(r) 2 + B (3 - 2 ^] 

To determine the value of Jc f solve eqs. (90) and (91) for f c and equate the 
resulting expressions. Noting that M = Ne\ we have the cubic equation 

*» - 3 (| - j) t» + 6np 0 j k- 3np 0 [~ + 2 (0’] (92) 

The solution of this cubic equation for the value of k is given in textbooks on 
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higher algebra. A solution by cut and try methods is given in the illustrative 
problems at the end of this article. 

When k has been determined from eq. (92), the value of/, may be determined 
from either eq. (90) or (91). Generally, eq. (91) is preferable, from which 



ie fiber stresses in steel are given by eqs. (84) and (85), 
bh values of k and/, as given by eqs. (92) and (93). 

Illustrative Problem. — Determine the stresses iv* steel and rou- 
te for the section shown in Fig. 24 for M = 600,000 in.-lb. and N 
60,0001b. Assume n — 15. 

For the conditions shown in Fig. 24, t = 25 in.; 6 = 12 in., 
= A a - 2 sq. in., D ' = 2.5 in., d - 22.5 in., and r = 10 in. There- 



Fig. 24. 


r _ 10 _ 600,000 

t “ 25 “ ° e " eotfxxf 


10 in., 


10 

25 


0.4, po = t 


300 


0.0133 


Substituting values in eq. (92), we have the cubic equation 

A; 3 - 0.30H + 0.48* - 0.432 = 0 


This cubic equation may be solved by the method given below. 

Cubic equations resulting from substitution in eq. (92) will generally be found to 
contain one real root whose value lies between 0 and 1, and two imaginary roots. An exact 
solution for these roots is generally difficult and beyond the reach of the ordinary engineer. 
Since we are concerned only with the value of the real root, which from the conditions of 
the problem must lie between 0 and 1, the following cut and try solution may be used. 
This solution is based on the fact that the substitution in an equation of one of its roots 
gives that equation a zero value. Hence by assuming values of k, it is possible finally to 
find that value of k which will give the above cubic equation a zero value. 

Assume first that k - 0.5. For * = 0.5 the value of the above equation is found to be 
—0.142. Since a negative value was obtained by this substitution, it is evident that the 
assumed value of k was too small, for the positive quantity produced by the first three 
terms was not great enough to neutralize the negative quantity indicated by the last term 
of the equation. Therefore, the desired root must lie between 0.5 and 1. On trying 
k * 0.7, the value of the equation was found to be +0.10. Hence the desired root is 
between 0.5 and 0.7. By this process it was found that k — 0.629 gave a zero value and 
was therefore the desired root. 

A simple method of evaluating equations is given in textbooks on mathematics. The 
substitutions for k * 0.5 and k - 0.629 are given below: 


A* 

k 

Absolute term 


-0.30 

+0.48 

-0.432 

+0.5 

+0.50 

+0.10 

+0.290 


+0.20 

+0.58 

-0.142 


-0.300 

+0.480 

-0.432 

+0.629 


+0.629 

+0.207 

+0.432 

+0.329 

+0.687 

0 


The process is as follows: Write out the coefficients of the several terms in order. Under 
the coefficient of k 2 place the assumed value of k. Add the terms algebraically. Multiply 
this sum by the assumed value of k (thus 0.329 X 0.629 *= 0.207) and place the product 
under the coefficient of k. Repeat the operation as shown above. The sum which appears 
under the absolute term is the value of the equation for the assumed k. Thus for k = 0.5, 
the value is —0.142, and for k * 0.620, the value is zero. With a little practice cubic 
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equations of this type may be solved rapidly and accurately. Generally two places in 
the result are sufficient. 

This method may be applied to any cubic equation for the solution of the real roots. 
The explanation given above applies for the determination of the real positive root which 
lies between 0 and 1. Cubic equations resulting from substitution in eq. (92) or in eqs. 
(88) and (89) are of this form. 

r 

Substituting k * 0.629 and j = 0.4 in eq. (93) we have 

^ 600.000 600,000 
f * ~ (15) (0.0133) (0.4)* , 3(0.629) - 2(0.629) 2 "] “ (12) (25) *(0.142) 

< 12 >< 25 H 0^29 + ~ 12 J 

from which 


f e = 560 lb. per sq. in. 


From eqs. (84) and (85) 

/'. - (15) (560) [l - ( o;629K25j ] = 7,080 lb> por 8q ‘ in ‘ 


and 

[ 22.5 t 

(07629K25) “ *] * 3,620 lb ’ Per Sq ‘ in * 


Diagrams . — The solution of problems in bending and compression for symmet- 
rical sections under Case II is greatly expedited by the use of diagrams based on 
eqs. (92) and (93). In eq. (92), if certain values be assumed for n and for the 
steel embedment, there results an equation for k in terms of the steel ratio p 0 

and the eccentric ratio y From this equation, curves may be plotted giving 

e' 

values of k for various values of p 0 * and y Diagrams 2, 3, and 4 (pp. 584-589) 

inclusive give values of k and Q for np 0 — 0 to 0.6; gt = (?) t — 0.9 to 0.6; and 

e 

for various values of po and j- 

Equation (93) for /<■ may be placed in the form 


M 1,000 N e' 1,000# 

fc ~ bt 2 L ~ bt ’ tL “ bt Q 

where 

«-z - 


(94) 

(95) 


and N is in kips. 

The method or procedure in solving problems under Case II by means of the 
diagrams will be shown in Art. 70c. The illustrative problem which follows gives 
the calculations in detail. 

Illustrative Problem. — Determine the stresses in steel and concrete for the section shown 
in Fig. 24 for M = 600,000 in.-lb. and N - 60,000 lb. Assume n « 15 and solve the 
problem by means of diagrams. 

As before, 

4 r 600,000 

2)0 “ 300 " °- 0133 * e “ 60,000 " 10 xn * 

* np on diagrams 2, 3 and 4 -» npo as po is defined in Art. 69. 
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c; _ 10 

t “ 25 


= 0.4 


From Diagram 2 with (7 =0.8, npo 


0.2 and ■ 


0.4, Q 


2.8 and 


k = 0.629 

From (94), f e = (j2) (25) ~ ^60 lb. per sq. in. 

Since the steel stresses are determined by the same formulas as in the preceding problem, 
the substitutions will not be given here. 

Equations (G4) to (95), by Hool and Kinne, form an excellent general founda- 
tion to the understanding of the problem of bending and compression in reinforced 
concrete members where there is reinforcement on both sides of the gravity axis 
of the section and where the bending either does or does not produce tension on 
one face. The proper use of these equations will bring about the correct design 
for members subject to compression and to bending, whether they be members 
bent by transverse loads or by longitudinal loads or forces eccentrically applied 
or by axially applied loads and moments from girders or beams. 

With the ever-growing tendency toward considering a rigid frame as a con- 
tinuous structure, it is only natural that the column — which formerly was designed 
as, but seldom was, an axially loaded member — should receive the attention of the 
research engineer in an attempt by him to reshape the formulas and to provide for 
bending and to construct diagrams or tables from them for the purpose of saving 
time and labor in the design and investigation of such members. To be most 
useful the diagrams and tables should cover the range recommended by the 1940 
J.C. and the 1941 A.C.I. Building Regulations for Reinforced Concrete. 

As far as is known by the writers, the most up-to-date diagrams and tables for 
the design and investigation of eccentrically loaded columns are those published 
in 1940 by Committee 317 of the American Concrete Institute, 1 with A. J. Boase 
as author-chairman. These diagrams and tables may also be used for beams, 

e' 

where the axial load is compressive, where y does not exceed 1.8 for the rectan- 
gular beam; and provided the beam is reinforced for compression in an amount 
equal to that for tension. 

In order that students and designers may better understand the diagrams and 
tables used by permission in this treatise, the following somewhat more general 
equations, most of them taken from the A.C.I. “Reinforced Concrete Design 
Handbook,” are added to eq. (78). Since the tables and diagrams are based on 
kips and feet instead of pounds and inches, it is necessary to substitute 1,000 A 
for A, as previously used. Also put back (n —1) for n, removed in cq. (69), and 
note that for symmetrical reinforcement po - p. Other additions or changes 
to the notation will be made as needed. The stress in the concrete due to axial 
load equals 

1,000A _ 1,000A 1 

A t A g 1 + (n — 1 )p 


i Similar diagrams may be found in “ Design of Concrete Structures” by Urquhart and O'Rourke. 
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The stress due to bending moment 1,000 A r e' equals 

l,000iVe'5 l.OOOATe'l 

* U 1 P7+ am - i)p]R* 

lfiOONe' | 

= 1 ,4„[1 + (n - lW 2 


The minus sign shown in these equations is limited to reducing the compression 
on one side of the column to zero. 

Adding these two equations, we have the stress in the extreme fiber of the 
concrete 


1 


1,000 A 

A a 1 + (n - l)p 

l,000A r 1 


l,0007Vc' ^ 


A g [ 1 + (» - 1 )p]R* 


( ^ 


A a 1 + (n — l)p 

t t* 

Multiply numerator and denominator of last term by and let /) = then 


fr = 


1,000 Y _ 1 
A u 1 + (w - l)p 



(90) 


Three types of column sections are in general use, and it thus becomes neces- 

t 2 

sary to develop equations for D = ^2 tor each of them in terms of n, p, and g. 

The three types of section are : 

1. The rectangle with reinforcing along two opposite sides. 

2. The square. 

3. The round section, each with circular arrangement of reinforcing. 

For the rectangular section with symmetrically disposed reinforcing, where 
gt = 2 r in Fig. 19, 1 


D 


U + (n - l)ptt 

2 R 2 h 2 _L 5^3 _|_ _ Dp"®* 


Dividing numerator and denominator by W s , 


< 8 1 + (re - l)p = 1 + (w - l)p 

2 i < 8 (n - l)p (f )* l + Y 2 (» - W 


(97) 


For a square section with reinforcing equidistantly spaced within a spiral, 
1 < 2 . . A, + (w - l)p<* 


2) = ^x— - = — X — 
2 A 2*7, 


2 t 4 1 . 
12 + 2 (n 


l)(P< s )(f) J 


Dividing numerator and denominator by t A 

1 |r may be substituted for r in (80) and (83). 
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D = 


1 + (n - 1 )p 


(98) 


K + K(n- l)pg* 

For a round section with reinforcement equidistantly spaced within a spiral 


D 


<! X JL 

2 x fe 2 


2 X 


At t* 4 <2 + (n 




/« 


2 ' +5<» - DPI*’ (f)’ 


64 1 


7r 

Dividing numerator and denominator by y 2 4 


n = 1 + (re - l)p 

H + H(n - l)pg* 


(99) 


De' 


By using + or y ' n eq. (96), the maximum or minimum compressive 

stress in the concrete is obtained; and if —D~ is greater than — 1, the equation 

at once indicates that the minimum compressive stress has passed through 0 
and has become tension. By entering Table 28 with g and (n — 1 )p, the value 

\ p/ 

of D is obtained and jj = y = the limiting ratio between Case I and Case II. for 

the particular values of g , n, and p being used. 

Thus eq. (78) becomes eq. (96) ; and in order to make it applicable to any one 
of the three common types of column section, values of D from eq. (97), (98), 
or (99) may be substituted and/ c found, where N, A ff , n, p, g, e', and t are known. 
Where A 0 has been approximated by trial, assuming an axially loaded column, or 
otherwise found, t and g can be set. 

However, the formula is still cumbersome in spite of the fact that Table 28 is 
arranged for easily obtaining D where g and (n — l)p are known. It is of value 
in making investigation of the stresses where the load and eccentricity are known 
and where A a , n, and p have been approximated or assumed. 

A further simplification of eq. (96) results from letting 


hi T p( 1 ±d i)-“ 


1 + (n 

keeping in mind that D can be had in terms of n, p, and g for any column section 
with symmetrically disposed reinforcement. Formula (96) then becomes 

/..«(») 

in Q of which are hidden the quantities p and D. But since D can be expressed 
in terms of p and with a relatively small amount of work g and t may be had 
from A 0y what was once an involved formula is made comparatively simple by 

use of Diagrams 2 to 4, from which Q may be taken if y and np are known. 

The algebraic value of Q for any type of column section is found by substitut- 
ing the proper expression for D in the latter part of eq. (96), namely, 

1 A . r,e\ 
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For the rectangular section, eq. (97) 


D 


hence 


Q = 


1 


1 + (w - 1 )p 

H + >*(»- i )pg t 
l l + (» 


( 100 ) 


1 + (» - l)p 
1 


± f i 


Dp 


1 + (n - l)p + l i( n ~ DPff ! l 

d 


1 + (n - l)p ” ] 6 + * 2 ^ - 1)P0 2 


placing (n — 1) = n, 


± rr 


t 


( 101 ) 


From Fig. 196, 


and 


1 + np ~ + npg 2 

— — — l . -- i (f J /" ) 

At ~ A 0 1 + (np) 2 Uci ; 


1 


r - 2~ - 

1 c ~ * A e 1 + (np) 


( 102 ) 


for compression over the entire section. 

Equation (102) applies to the square and round section as well as to the 
rectangular. 

On approaching the point where practical application of the formula is to be 
made, it is justifiable to substitute n for (n — 1); for, owing to shrinkage of the 
concrete in an actual column with steel reinforcement in it, the compressive stress 
in the steel is increased and the compressive stress in the concrete is decreased 
from the values given by the formulas. The value of n, arrived at by inde- 
pendently testing steel for E a and concrete for E cy is too low. 

In a manner similar to the foregoing, Q for the square section, with reinforce- 
ment equidistantly spaced within a spiral, is found to be 


Q 


t 


1 + np + }sj>npg 2 


(103) 


for compression over the entire cross section. 

Q for the round section, with reinforcement equidistantly spaced within a 
spiral is 




*T 


1 + np + Mnpg 2 


(104) 


for compression over the entire cross-section. 

Strictly speaking, the preceding formulas for Q for compression on the entire 
section are applicable only over a narrow range between concentric or axial load- 

mg and where -Dj » -1. In Diagrams 2 to 4 (based on compression over 
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part of the section only), that range shows up at the left for small values of ~ 

t 

below the k = 1 line. In this zone k is greater than 1, which signifies compression 
over the entire section. 

It should be understood that the y in eq. (83) is exactly the same as that in 
eqs. (101) to (104), each being based on compression over the whole section. 
However, Richart and Olsen 1 drew curves for — and Q for both Cases I and II 

t 

e' 

in which they show that should one use the eqs. (83) or (100) to (104) for y or a 

e r 1 

diagram based on any of these equations, for a alues up to — = ^ the error relative 

t z 

to Case II is only about 8 per cent on the unsafe side for 5 per cent steel and 23 
per cent when 2 per cent steel is u. 5 ed. They also showed that for values below 

e f i e ' 

y = both Case I and Case II curves for steel percentage, with y as ordinates 

and Q as abscissae, do, for all practical purposes, coincide for values of p = 0.03 
and up. Generally speaking, the eccentricity in columns is less than one-half, 
and usually the percentage of steel is 0.03 or more. Hence Diagrams 2 to 4, 
which are based on equations to follow and upon compression over part of the 

cross-section only, may be used for the low values of y for the reasons stated. 


Illustrative Problem. — Determine the fiber stresses in concrete and steel for the condi- 
tions shown in Fig. 20. Use diagrams or tables. Take n = 15, gt = 20, g — 0.8, np = 0.3. 

Since — = 0.16, enter Diagram 2, for g = 0.8. The horizontal line through ~ =0.16 

strikes np = 0.3 below k ** 1; hence the neutral axis falls outside the section, and the whole 
area is in compression. Case I. Q ~ 1 .38. From eq. (96) 

fc = (1.38) = (500) (1.35) = 690 lb. per sq. in. 

ouU 

Substitution in eq. (79) or (96) will give the same value where, in the latter case, D from 
Table 28 = 4.9. From (102) 

f". - 2 - x + - 0 ~ 3 - 690 = 768 - 690 - 78 lb. per sq. in. 

For ft and /, see illustrative problem under Fig. 20. 


70c. Diagrams. — In order to convert the general equations in Art. 

706, Case II, into equations that apply to Diagrams 2 to 4, entered by having — 

t 

M 

and np or Q, eq. (91) is divided by (90), t.c., ^ = e'. We then have, for the 
rectangular section symmetrically reinforced as in Fig. 25, 

v m yqp’+B*-*! , 

N fM / k 2 + 2 npk — np \ e 


1 Jour A.C.I., March-April, 1938. 
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from which 

• e- »f?g )' + A«-“>l 

t k 2 + 2 npk — np 

2 knp 2 6& 2 4& 2 

= j UlI. ZJ1 _J2 

A; 2 + 2np& — wp 
— + A: 2 — ?i 2^ 3 

2(& 2 + 2npk — np) 

= ~ H k) +npQ 2 

2k 2 + 2np(2k — 1) 


(105) 


for the rectangular section. Since eqs. (90) and (,91) are based on compression 

. , , 

oyer part of the cross-section only, — in (105) is based on the same premise. 

t 

Consequently the right half of eq. (105) cannot be substituted for j in eq. (101), 

i * t(\A \ u * , M . . , l,000iV/e' 1\ l,000i\T 

but eq. (94) can be converted from f e = into f e « — ^ ^ ^ — Q; 

( j/ 

then by substituting (105) for — and (95) for L, we get 


Q ■ 

17 /i^ , 1,000 N n 

From eq. (100),/, = Q. 


2k 


k 2 — np(2k — 1) 


(106) 


From Fig. 25, 
and 


fj_ 

n 


Sr 

kt 


t- kt - (L_*) 

f- = ^ (4r - 0 


(107) 


In a similar manner the values of ~ and of Q for the square column with rein- 
forcement equidistantly spaced within a spiral are found to be 


and 


e' k*( 1 - %k) + 'Ag^np 

t ~ 2 k 2 + np(2k - 1) 

(108) 

e- 2k 

w A; 2 + np(2k - 1) 

(109) 

(100), jc - ’ p Q t and from Fig. 26 


/. - nf c ( 2k - l) 



Likewise the same quantities for the round column with reinforcement equi- 
distantly spaced are 
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and 


~ = £ ii %9* n P 

t 2y + 2np(2k — 1) 

Q- 2 * 


y ■+■ 2np(2k — 1) 

, . -16fc 8 + 24A* 2 - 2k - 3 _ - 1 

where f$ jrj; — k 2 + ^ arc cos (1 — 2k) 

_ 4& 2 4k -f- 3 /j— - # 9 2k — 1 

7 \k — k 2 H — — arc cos (1 — 2k) 

From eq. (100) and from Fig. 27, 

1,000jV <('+9 A 

U = -^r- <?, /• - nfr {- 2 - k - - 1 j 


( 110 ) 

(111) 


7rr 2 


/V 


N 

1 *1 





Equations (110) and (111) may be derived from eq. (155), “Reinforced Concrete 

t T 

Structures” by Peabody, by substituting e' for e, p for p 0 , ^ * or an( ^ 0 ^ or ^ 
Peabody's formulas. 

The application of eqs. (105) to (111) is greatly expedited by the use of 
Diagrams 2 to 4; for with — and np, Q and k may be found, and by substituting 

t 

the value of Q in eq. (100), f< is found, and with k , f e may be found from eq. (107). 
By referring to any one of Figs. 25, 26, or 27 


and 


h 

nfc 


*-(M) 


«/« ( 


kt 


2k — 1 + g\ 
2k ) 


( 112 ) 


Compare with eq. (84). 

At this point it should be stated that, while Diagrams 2 to 4 appear to be made 
for columns only, they are applicable to the design of beams or arches subject to 
combined bending and axial load. The procedure is the same as for columns 
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except that the allowable stress in the concrete is not controlled by eq. (113), yet 
to be discussed, but rather by the allowable stresses as given in Table 1. For 
instance, the following illustrative problem could be a beam or a column. 


Illustrative Problem. — Determine the stresses in steel and concrete for the section 
shown in Fig. 24 for M = 600,000 in.-lb. and N « 60,000 lb. Assume n =» 16. 

As before, p « Hoo =* 0.0133, pn — 0-2, e' — 10 in. and 


e f 

7 


10 

25 


0.4, 


q = 0.8 


From Diagram 2, Q ** 2.8 and k = 0.63. 

From (100), 

ft = ( 2 -8) = 560 lb. per sq. in. 

From (107), 

f» = (15) (560) — l) = 3,600 lb. per sq. in. tension 

From (112), 

= (15) (560) = 7,050 lb. per sq. in. compression 


Up to this point the illustrative problems have all been of the review or 
investigation type. Before attempting to develop the application of the fore- 
going formulas and the diagrams for the 1940 J.C. requirements, two illustrative 
problems in design will be given. 


Illustrative Problem. — Given M = 105 ft.-kips, N — 115 kips, allowable stress f p 
(according to J.C. and A.C.I. code) in concrete = 1,125 lb. per sq. in., n — 12. 

By referring to the J.C. 1940 Code for tied columns, Table 13, we note that for 2,500 lb. 
concrete (chosen because n = 12), an 18 X 26 column will take a load of 211 kips and for 
the minimum amount of steel at 16,000 lb. per sq. in., 60 kips in addition. We generally 
use more than the minimum amount of steel in eccentrically loaded columns but will try 
the 18 X 26 column, for the M is large in this problem. Use 2^-in. coverage, g = 2 H 6 — 
(12) (105) 1,260 

115 


0.808, e ' 


115 


10.97 


10.97 

26 


= .421 


Q 


Agft 


468 


1,000 A - 116,000 


1,125 = 4.58 


From Diagram 2, np is approximately 0.03; then p =* = 0.0025; less than the 1 per cent 

required for tho ordinary axially loaded column. The column section chosen was too large. 
Trying a 16- by 22-in. rectangular column, with g * 1 " 0.773, 


e' 

Q 


(12) (1 05) 
115 

A,l,125 
115,000 8 


* 10.97 £ 

(352) (1,125) 
115,000 


10.97 

22 


0.498 


From Diagram 2, np « 0.215, p 0.0179, A, «= pA 0 = 0.0179 X 352 *= 6.3 sq. in. From 
Table 7, eight 1-in. round bars =* 6.32 sq. in. 

Illustrative Problem. — Given M — 112 ft.-kips. N = 115 kips, allowable stress in 
concrete, f Pt by J.C. and A.C.I. Code, » 900 lb. per sq. in., n *= 15, coverage « 2j£ in. 
To find amount of steel required and stress in it. 

Try a round section of 25 in. diameter ® 2r — i, g « 5 - 0.8, e ' - llg 

e' 11.68 Aa irr* 492 

« 11.68, 7 - 25 " °* 467 » G * 1,000 A " l,000iV^ " 115,000 000 “ 

0 39 

From Diagram 3, np « 0.39, p * * 0.026, k ** 0.54. 

At m (0.026) (492) — 12.78 sq. in. Use 13-in. square bars. 
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From eq. (107), 

A 

From ©q. (112), 

/'. * 


* 13,500 


/ 1 + 0.8 
V (2) (0.54) 



13,500 


(2) (0.54) - 1 4* 0.8 
(2) (0.54) 


9,000 lb. per Bq. in. 


11,000 lb. per sq. in. 


In the preceding illustrative problems the values of f p were assumed for pur- 
pose of illustrating how to use the diagrams based on the analysis for the maxi- 
mum stress in the concrete. We started with an assumed f p and after a trial 
or two found a satisfactory cross-section and amount of steel, which, with the 
assumed satisfied the requirements of the moment and normal load. 

1940 J.C. and A. (7.7. Building Regulatioi s . — It now becomes necessary to 
explain the method for finding the allowable stress f P) which for the foregoing 
illustrations was just assumed. Quoting from the 1940 J.C. and A.C.I. Building 
Regulations recommendations we find, “For spiral and tied columns eccen- 
trically loaded or otherwise subjected to combined axial compression and flexural 
stress, the maximum allowable compressive fiber stress is given by the formula 
(notation changed to correspond to that of this treatise) 





(1 13) 1 


Where f a — the average allowable stress on an equivalent axially loaded concrete 

0.225/' c + f H p 

column, which for spiral columns = j _] r Jn~Z"i)p ’ an( * 0.8 of this 


for tied columns. 

Accordingly, the designer must go through the preliminary process of finding 
the allowable stress by use of eq. (113). Instead of just taking a value as was 
done in the illustrative problems and considering the result final, he must con- 
sider that operation as a preliminary to the second, which consists of solving 
eq. (113), and then the final operation consists of repeating the preliminary step, 
using the value for f p found in the second step. If, after a check of stresses and 
spacing of bars, the results meet the requirements of the specifications, no further 
operations are required. 

It will be noted that f a equals the average allowable stress on an equivalent 
axially loaded concrete column. Going back to the first of the two preceding 
illustrative problems, we had a 16- by 22-in. rectangular column, with n = 12, 
f' e = 2,500, A , = eight 1-in. round bars. Since it was a tied column, 


(0.225) (2,500) + (16,000) (0.0179) /n ox 
1 + (12 - 1)<0.0179) 

= 568 lb. per sq. in. 


Before proceeding with the final step, the value f a will be found by the tables as 
a check. From Table 13, a 16- by 22-in. rectangular column with eight 1-in. 
round bars will take: 

On the concrete, 158,000 lb. 

On the steel, 81,000 lb. 

Total 239,000 lb. 

1 By dividing eq. (1 13) by the equation for D y at the top of Table 29 is obtained. 
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* 239,000 239,000 tN 

f* = 352 + (11) (6.32) ~ 421.5 “ 567 lb> per sq- ( check ) 

Then from Table 28 for g = 0.773, (n - 1 )p = - 0.196, D = 5.3, 

D y = (5.3)(0.498) = 2.64, y- - — 0.227 and, from Table 29, f, = 890, 

® = I7oofev = 115,000 890 = 2 ' 72 ' 

For y = 0.498, <2 = 2.72, g = 0.773 np = 0.38, from Diagram 2. 

_ (»P)(6 Q _ (0.38X352) _ 

A* ^ “ 11.03 stj. ill. 

From Table 7, 

Choose two 1 H-in. square bars — 2 54 sq. in. 

Choose two 1 J {-in. square bars = 3 12 sq. in. 

Total for one side = 5 00 sq. in. 

1936 American Concrete Institute Code - When the 1930 A.C.I. Code is being 
followed, 

1 +Dj 

fv ~ fa J (114) 


1 + 0.8 D j 




which is the same as eq. (113) except that 0.8 replaces Q-^r' To obtain f p , 

„ . concentric load capacity , . „ _ . , „ , e' 

compute fa from A~~~+ ^n~ —\)A > tako ^ ^ rom Ta * :)le compute jr> 

substitute these values in eq. (114), and with f v solve for A 8 as in the illustrative 
problems. 

1928 American Concrete Institute Code . — Where the 1928 A.C.I. code is being 
followed, 

For spiral columns: 

/„=/« + 0.15/' r (115) 

For tied columns: 

fv = fa O.df'e (116) 

1938 New York Code . — When the 1938 New York Code is being followed, 
For spiral columns: 


s concentric load capacity 

fp “ X 

For tied columns: 

f p = 0,45/' f at floor line; 0.40/'c elsewhere 


(117) 

(118) 


1937 Chicago Code . — Where the 1937 Chicago Code is being followed, 

For spiral columns: 

f 9 - 0.36/' c (119) 

For tied columns: 

fp - 0.32jTc (120) 
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Table 28 . — Coefficients (JD) for Determination of Allowable Stress in 
Eccentrically Loaded Columns 1 


Idas-:* 

a 


r « 

- 

Q 


[- 


= 1 + ( n ~ 1)P 

~ H + H(n ~ 1 )P9 2 

_ 1 + (n — l)p 

3 6 + K(w - 1 )pg 2 

1 + ( n - l)p 

+ ?i(» -iw 


Values of Z) 


in which E 
V 


JL 

2R* 

radius of gyration 


A s 


in which A 0 * gross area of 


concrete section 

All reinforcement is arranged symmetri- 
cally. 

D is used for determination of f P in eccen- 
trically loaded columns.* 


( n - i)p 


0.0 0.05 0.10 0 15 0 . 20 ) 0.25 0 30 0 35 0.40 


l/jw. WUjU. lUj' 


I 


0 45 0.50 0.550 60 0.65 


0.70 


0.75 


0.80 


Rectangular sections with ties 


1.00 

6.0 

1 

5.5 

5.1 

4.8 

4.5 

4 3 

4.1 

4.0 

3.8 

3.7 

1 

3.0 

3.5 

3.4 

3.4 

3.3 

3.2 

3.2 

0.95 

6.0 

5.5 

5.2 

4.9 

4.7 

4 . 5 i 

4.3 

4.2 

4.0 

3.9 

3.8 

3.7 

3.7 

3.0 

3.5 

3.5 

3.4 

0.90 

6.0 

5.6 

5.31 

5.1 

4.8 

4.7 

4.5 

4.4 

4.3 

4.2 

4.1 

4.0 

3.9 

3.8 

3.8 

3.7 

3.7 

0.85 

G.O 

5.7 

5.4 

5.2 

5.0 

4.0 

4.7 

4.6 

4.5 

4.4 

4.3 

4.2 

4.2 

4.1 

4.1 

4.0 

4.0 

0.80 

0.0 

5.7 

5.5 

5.4 

5.2 

5.1 

4.9 

4.8 

4.7 

4.7 

4.0 

4.5 

4.5 

4.4 

4.3 

4.3 

4.3 

0.75 

6 0 

5 8 

5.6 

5.5 

5.4 

5.3 

5.2 

5.1 

5.0 

4.9 

4.9 

4.8 

4.8 

4.7 

4.7 

4.6 

4.6 

0.70 

6.0 

5.9 

5 7 

5.6 

5.6 

5 5 

5 4 

5 3 

5.3 

5.2 

5.2 

5 1 

5.1 

5 1 

5 0 

5.0 

5.0 

0.65 

6.0 

5.9 

5.9 

5.8 

5.7 

5.7 

5.0 

5.0 

5.0 

5.5 

5.5 

5.5 

5.4 

5.4 

5.4 

5.4 

5.4 

0.60 

6 0 

6.0 

6.0 

5.9 

5.9 

5.9 

5.9 

5.9 

5.9 

5.9 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 


Square sections with spirals 


1.00 

6.0 

5.9 

5.7 

5.6 

5.5 

5.5 

5.4 

5.3 

5.3 

5.2 

5 1 

5.1 

5.1 

i 

5.0 

5.0 

4.9 

4.9 

0.95 

6.0 

5.9 

5.8 

5.7 

5.7 

5.6 

5.5 

5.5 

5.5 

5.4 

5 4 

5.3 

5.3 

5.3 

5.2 

5.2 

5.2 

0.90 

6.0 

5.9 

5.9 

5.8 

5.8 

5.7 

5.7 

5.7 

5.7 

5.6 

5.6 

5.6 

5.5 

5.5 

5.5 

5.5 

5.5 

0.86 

6.0 

G.O 

5.9 

5.9 

5.9 

5.9 

5.9 

5.9 

5.9 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 

5.8 

0.80 

6.0 

6.0 

6.0 

6.0 

6.0 

6.0 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

6.1 

0.75 

6.0 

6.0 

6.1 

6.1 

6.2 

6.2 

6.2 

6.3 

6.3 

6.3 

6.3 

6.4 

6.4 

6.4 

6.4 

6.4 

6.4 

0.70 

6.0 

6.1 

6.1 

6.2 

6.3 

6.3 

6 4 

6.4 

6.5 

6.5 

6.0 

6.6 

6.7 

6.7 

6.7 

6.8 

6.8 

0.65 

6.0 

6.1 

6.2 

6.3 

6.4 

6.5 

6.5 

6.6 

6.7 

6.8 

6.8 

6.9 

7.0 

7.0 

7.1 

7.1 

7.2 

0.60 

6.0 

6.1 

6.3 

6.4 

6.5 

1 

6.6 

6.7 

6.8 

6.9 

7.0 

71 

7.2 

7.2 

7.3 

7.4 

7.5 

7.5 

Round sections with spirals 

1.00 

8.0 

7.6 

7.3 

7.1 

6.9 

6.7 

6 5 

6.4 

6.2 

6.1 

6.0 

5.9 

5.8 

5.7 

5.7 

5.6 

5.5 

0.95 

8.0 

7.7 

7.5 

7.2 

7.1 

6.9 

6.7 

6.6 

0.5 

6.4 

6.3 

6.2 

6.1 

6.1 

6.0 

6.0 

5.9 

0.90 

8 0 

7.8 

7.6 

7.4 

7.3 

7.1 

7.0 

6.9 

6.8 

0.7 

6.6 

6.6 

6.5 

6.4 

6.4 

6.3 

6.3 

0.85 

8.0 

7.8 

7.7 

7.0 

7.4 

7.3 

7.3 

7.2 

7.1 

7.0 

7.0 

6.9 

6.9 

6.8 

6.8 

6.7 

6.7 

0.80 

8.0 

7.9 

7.8 

7.7 

7.6 

7.6 

7.5 

7.5 

7.4 

7.4 

7.3 

7.3 

7.2 

7.2 

7.2 

7.1 

7.1 

0.75 

8.0 

7.9 

7.9 

7.9 

7.8 

7.8 

7.8 

7.7 

7.7 

7.7 

7.7 

7.7 

7.6 

7.6 

7.6 

7.6 

7.0 

0.70 

8.0 

8.0 

8.0 

8.0 

8.0 

8.0 

8.0 

8.0 

8.0 

8.0 

8.1 

8.1 

8.1 

8.1 

8.1 

8.1 

8.1 

0.65 

8.0 

8.1 

8.1 

8.2 

8.2 

8.3 

8.3 

8.3 

8.4 

8.4 

8.4 

8.5 

8.5 

8.5 

8.5 

8.6 

8.6 

0.60 

8.0 

8.1 

8.2 

8.3 

8.4 

8.5 

8.6 

8.6 

8.7 

8.8 

8.8 

8.9 

8.9 

9.0 

9.0 

9.1 

9.1 


* The D - values in this table may be used for investigation of uncracked sections of columns as 
follows: 

Maximum fiber stress: /c max - - 1,000 ™ 1 q. “ (n ~ 3T) p 0 + ^ 1") 

Minimum fiber stress: fo mia - * 1,000 ^ j-y 2 l)p ~ ^ t) 

1 By permission, American Concrete Institute, 
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Diagram 2. — Ecoentrically loaded rectangular columns with ties. (By permission, 

American Concrete Institute .) 
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Diagram 3. — Eccentrically loaded square columns with spirals. ( By permission, American 

Concrete Institute.) 
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Diagram 4. — Eccentrically loaded round columns with spirals. 
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70 d. Case HI. Tension over Part of Section— Reinforcement on 
Tension Face Only. — Figure 25 shows the assumed conditions. This case may 
be analyzed by methods similar to those used for Case II. Formulas for fiber 
stresses in steel and concrete and for value of k may be determined from those of 





~ i Sfeet 4rwvV* p£j**4 

Beam Section Variation in fiber Stress 
M (b) 

Fia. 28. — Stress distribution under bending and direct stress — Case III. 

Case II by modifying the conditions to fit Case III. Thus from eqs. (88) and 
(89) with t = d, e 2 ~ e ' y A' — 0, and A» = ybd, we have 

N = ir [? -wp(1 -*>] (121) 

and 

M = Ne = [ - ifr 5 + | k 2 + |np(l - fc)] , (122) 

From eqs. (121) and (122) we have 

k - * + 3 A 2 (| - l) - 6np(l ~k)j = 0 (123) 

Values of k may be determined from eq. (123). From Fig. 28, 


i The stress in the concrete is 

j '*'*¥*, 2Ne' 

frO* Y porfbot of vr*tt Jc ~kjbd 2 K 

i I < — e*ooi tk This expression is obtained from eqs. (121) and 

R | -ft" jf- 0 ~ (122), noting that 

fl* i_ , d 

I J e ~ e ~ 2 

Fig. 29. The stress in the steel, in terms of the concrete 

stress, is from eq. (3) 

w/„ (1 - A:) 

J, ~ k 

Illustrative Problem. — Determine the stresses in steel and concrete on section a-b of 
the retaining wall of Fig. 29. Assume n * 15. 

The normal force, V, on the section is the weight of the vertical wall. With concrete 
at 150 lb. per cu. ft., N = (12) (150) » 1,800 lb. Assuming N as applied at the center of 
the vertical wall and taking moments about the steel, we have 

M * (2,400) (4) (12) + (1,800) (4.5) - 123,000 in.-lb. 


stress, is from eq. (3) 


M 123,100 
N * 1,800 


_ . , s' 68.5 

68.5 in. and j - 
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For the reinforcement shown in Fig. 29, the steel ratio is 


P 


(2X0.442) 


- - 0.00702 


(12)(10.5) 

Substituting these values in eq. (123) we have the following cubic equation for k : 
fc 3 + 16.59& 2 + 4.13fc - 4.13 * 0 
Solving this equation by tho method given on p. 569, wo find 

k - 0.385, 3 = 1 

(2) (1,800) (68.5) 


and from eq. (124), 


0.385 

3 


0.872 


Je (0.385) (0.872) (12) (10.5) 2 
From eq. (3) the stress in the steel is 

0.615 


- 555 lb. per sq. in. 


/. - (15) (555) — - b - 13,300 lb. per sq. in. 

Diagrams . — Problems under Case III may be solved by means of Diagrams 
5 and 6. These diagrams were found to be more convenient than the form 
used in the preceding cases. Values of A, which appear on the lower right hand 
margin of the diagrams, are derived from eq. (124), which may be written 


K — 7) fckj 


Ne' 

M* 


M 
bd 2 


(125) 


Diagrams 5 and 6 may be used for investigating existing designs to deter- 
mine fiber stresses, or they may be used for the design of beams to fit certain 
given conditions. The use of the diagrams will be explained by means of the 
illustrative problems which follow. 


Illustrative Problem. — Determine the stresses in steel and concrete on section o-6 of 
the retaining wall of Fig. 29. Assume n = 15 and use diagrams. 

From the preceding problem, we have 


From eq. (125) 


V 


0.00702; j 


= 6.53; and M 


123,100 in.-lb. 


K 


M 123,100 
5d 2 ~ (12) (10.5) 2 


93.2 


Entering Diagram 6 with a value p = 0.00702 on the lower right hand margin and tracing 
vertically to a value of ^ =6.53, then horizontally to the left to a point vertically over 
K = 93.2, we find 


/« * 13,300 lb. per sq. in. and f c = 555 lb. per sq. in. 

Illustrative Problem. — Design the vertical wall of the retaining wall of Fig. 29 for work- 
ing stresses of /# = 16,000 lb. per sq. in. and f c = 600 lb. per sq. in. Assume n = 15. 

Since the size of the wall is not known, assume its weight to be 1,800 lb. applied in. 

in front of the steel. Then M = (2,400) (4) (12) + (1,800) (4.5) = 123,100 in.-lb. For 
the given working stresses the left hand part of Diagram 6 gives K = 95. Then from 
eq. (125) 

. M 123,100 
d “ bK “ (12X95) " 10 * 8ln * 

The assumed weight of wall and position of its center should now bo checked against the 
actual conditions. If the actual and assumed values do not check, repeat the above opera- 
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tion until a cheek is reached. As the above value is so close to the conditions shown in 
Fig. 29, it will be accepted. « 

The eccentric ratio is 

e' M 123,100 
d " Nd " (1,800) (10.8) “ 6 *^ 

Following across Diagram 6 to the right from the intersection of the given/, and f e curves 
to a value of g- * 6.33, and then following vertically downward to the lower right-hand 
margin, we find p = 0.0060. The steel area required per foot of wall is then 
A, « (0.0060) (12) (10.8) = 0.778 sq. in. 

71. Designing for Bending and Direct Compression. — Most of the illustra- 
tive problems given in this section have been reviews of designs where the construc- 
tion was known and the stresses to be determined. The more common problem 
of design starts with known stresses and seeks to establish economical dimensions 
of the concrete and the reinforcement. The design of members for bending and 
direct compression is liable to be an extensive cut-and-try process for beginners, 
but experience soon enables a designer to make the two (or, at most, three) assump- 
tions very accurately. Formulas have been given in this section under Cases I 
and II of rectangular sections for the particular condition of symmetrically 
placed reinforcement and also for the general condition without such limitations. 
Diagrams are available for these two cases, for symmetrically placed reinforce- 
ment only. The designer is therefore in a position where he must make a some- 
what difficult decision between the easier but limited solution by the aid of 
diagrams and the more difficult solution by formulas which permit of much more 
economical use of the materials. It is obvious that the use of symmetrically 
placed reinforcement will not lead to economical design under the average condi- 
tions. In cases where the eccentric moment may act in any of several directions, 
the use of symmetrically placed reinforcement is the proper solution. Under 
Case III of rectangular sections the diagrams are general and should always be 
used to save labor. 

For circular sections under bending and direct compression, design diagrams 
have been developed only for symmetrical reinforcement, because of the fact that 
such conditions commonly occur with interior columns of buildings where the 
eccentric load may be applied in different directions at various times. For 
the more exceptional case where the eccentric moment acts in a fixed plane, the 
designer is probably justified in using symmetrical reinforcement with some waste. 
If the condition is repeated, as with long rows of round columns carrying crane 
brackets, the labor of accurate design by cut-and-try methods is justified. If a 
design with symmetrical reinforcement is made first, the number of trials can be 
reduced to one or two, and the work is not excessive. 

72. Steps to Be Taken in Design. — For all cases of rectangular and circular 
sections under bending and direct compression the first step in design is to make 
an assumption as to the weight of the member. This weight will act either to 
produce an added moment or to add to the direct load. This assumed weight 
must therefore be combined with the given applied forces and moments and the 
magnitude, direction and point of application of the resultant force on the princi- 
pal design sections determined. From this the magnitude of the component, N, 
parallel to the axis of the member is found and the distance e * from its point of 
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application to the gravity axis is then determined. The final step in each case is 
to check this initial assumption of weight and to repeat the design operation with 
a revised weight if necessary. The intermediate design steps for the various 
cases follow: 

Rectangular Sections — Cases I and II, Symmetrical Reinforced Beam: 

(а) Determine M and N; choose allowable f from Table 1; and choose n. 

(б) Assume a cross-section. It must have a bd sufficient at least to provide 
for the shear (see Design Sheet 1). Choose coverage, and get g and t . 

(c) Determine eccentricity e', Ne f = 12 M, where N is in kips, e' is in inches, 
and M is in foot-kips. 

(d) Compute Q = f oboA T ^ c ‘ ^ en J an( i Q enter Diagram 2 and 

nj) 

determine n;>; then ~~ bt = A*. f„ may be had from (107) and /', from 

71 

( 112 ). 

Rectangular Sections — Cases I and II, Symmetrical Reinforced Column, 1940 
J.C.: 

(a) 

0 i ) 


(c) 

(d) 


(?) 

(f) 


Determine M and N and e f . Choose n and /' c . 

Determine the average allowable stress on an equivalent axially loaded 
concrete column, by dividing the equation for P, (45) to (49), depending 
upon the code used, by A g . With dimedfcons of axially loaded column, 
determine g and t. 

With g and ( n — \)p, enter Table 28 and get D. 

e r fa 

Compute D -r and and with them enter Table 29, getting f p . Then 

t J c 

Q — dl f 

w 1,000W Jp ‘ 

With Q, ji and g, enter Diagram 2 and get np. 

n ± a * (np)(bt) A 
Compute A „ from ~ — - — = A a . 


For other sections and codes see outline of procedure and illustrative problems 
in Art. 70c. 

73. Tying of the Steel to Prevent Buckling. — The use of high percentages of 
compressive reinforcement in members subject to bending and direct compression 
involves special consideration of the tying of the steel to prevent buckling. 
The ordinary column ties, > 4 -m. round rods at 8-in. centers, 1 are not sufficient for 
all conditions. For rectangular sections, in which ties are usual, a good rule to 
follow is to provide a sectional area of ties in a length of 1 ft. equal to 10 per cent 
of the area of the compressive reinforcement at the section of maximum stress. 
Ties should be spaced not over 8 in. on centers at this section and the spacing may 
be increased as the stress decreases in beams. In columns a spacing of 8 in. should 
not be exceeded and adjustments for decreased stress may be made by decreasing 
the size of bar until the minimum size of 34 -in. round is reached. For circular 

1 See Art. 64 for 1940 J.C. recommendations and Art. 68 for the 1938 New York City code 
requirements. 
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sections under bending and direct compression, a spiral will commonly be present 
which will amply provide against buckling. In the exceptional case where no 
spiral is used in the column design one should be provided when bending is 
involved. A spiral for this purpose may have a spacing of 6 to 8 in. as a maximum. 
The percentage of spiral should not be less than one-eighth of the percentage of 
vertical steel. 


FOOTINGS 

Balanced cantilever slabs are most commonly used in foundation work to 
distribute the load from a wall or column to the soil. When used as a wall footing, 
the cantilever projects in two balancing directions and such members are figured 
in the same manner as slabs by taking beam strips 12 in. wide as a design unit. 
Owing to the very heavy loading and short cantilever overhang the condition 
as to shear and bond is unusually severe in such members. Many designers 
provide hooked ends for all footing bars, to reduce the danger of failure through 
slipping to a minimum, and they keep the bar sizes small. The other common 
type of cantilever foundation slab projects in all directions from the column it 
supports. The design of such a footing considered as a structuial member is the 
particular design problem discussed in the following articles. Almost all other 
types of spread foundations are designed as beam-members. 

74. Notation. — The symbols used in the formulas for the design of square 
column footings are as follows 9 

a = width of pier or column supported. If column is round, a is taken as 
the side of a square of equal area. 

A t = effective steel area in one direction. 
b = dimension of base of footing. 
d = depth from top of footing to c.g. of steel. 

M = moment in one direction. 
w = column load divided by 6 2 . 

Figure 30 illustrates the symbols given above. 

76. Formulas. — The 1940 J.C. recommends that “ projecting portions of all 
footings, whether isolated or combined, be treated as simple cantilever beams. 
This differs from the practice of considering trapezoidal areas in computing bend- 
ing moments, in that the moment of the forces over the entire area on one side of 
any section is included in the bending moment for that section. This provides 
a general method of computing cantilever moments in irregular as well as sym- 
metrically shaped footings.” 

Accordingly the moment formula about a section represented by line m-m in 
Fig. 30 is 

M = 6 wb (| - |) 2 (120) 

from eq. (16) 



_ 2 M 
h ~ kjbd i 


from eq. (14) 
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Shear section s-a is a + 2c? long. 


from eq. (18) 


which becomes 


and eq. (17) is, 


V 


[b - (a + 2d) _ a + 2d + bl 

i 2 X 2 J w 


V 


V_ 

bjd 


V 

(s-s)jd 


V 


2ojd 


(127) 


(128) 


The 1940 J.C. recommendation^ form the basis of Formula (126). The 
upward force to the right of the line m-vi in Fig. 30 is assumed to be uniform and 



0.03/'c is obtained (or design stirrups if depth of footing is limited). 

(i d ) Compute A» by eq. (16) and determine the size and number of bars 
making up the effective steel area. In the two-way type, the same spacing is used 
over the full width. 

(e) Compute the bond by eq. (17), taking So as the sum of the perimeters of 
all bars making up the effective steel area A,. 

77. Effective Width. — The steel close to the edge of footings takes less stress 
than that directly under the pier. In tests made by Professor Talbot it was 
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found that a total tension equivalent to the actual total of the varying tensions in 
all bars was found by considering all the steel within a certain effective width to be 
stressed as highly as the bars directly under the pier. This effective width was 
found to be: the width of the pier plus the depth of the footing on either side 
plus of the remaining width of the footing. Accordingly the 1940 J.C. report 
makes no provision for unequal spacing of bars but does permit tensile reinforce- 
ment to be designed on a basis of 85 per cent of the moment obtained as explained 
in Art. 76 and as used in the illustrative problem following. 

78 . Shape of Footings. — Isolated column footings may have flat tops (as in 
Jig. 30), sloping tops, or stepped tops. The limiting contour for sloping footings 
is governed by the shear. Stepped footings should be so proportioned as to com- 
pletely envelop the minimum sloped footing. The vertical depth at the edge of 
sloped footings is commonly made 12 in. For the practical operation of pouring 
sloping footings without forms a comparatively dry concrete is used, and the slope 
may be as steep as 3:5 without causing any difficulty in the field. Stepped 
footings and flat topped footings require forms. 

79 . Punching Shear in Footings. — No attention has been paid thus far to 
what was formerly termed punching shear, on which a limit is placed by many 
specifications. The best practice is to consider that the resistance to this shear is 
so great that such stress is always far less critical than shear as governing diagonal 
tension. For the latter, Prof. Talbot’s tests indicate that the critical section may 
properly be taken at a distance from the face of the column or pier equal to the 
depth, d , to the steel. This section is shown by line s-s in Fig. 30. The load 
causing shear on this section is the load from the section to the edge of the footing. 
Formula (127) is derived on this basis. 

80 . Use of Web Reinforcement. — Web reinforcement is not generally used in 
isolated column footings as it is not economical. Occasionally a condition occurs 
where the foundation conditions require a shallow footing and web reinforcement 
in a few footings becomes desirable. In such cases a section cut by a square prism 
centered on the column center is taken and the shearing stresses and web rein- 
forcement computed on the four planes of this section as for a beam section. 
Successive sections of varying size completely determine the shear design. 

81 . Diagram for Determining Depth of Footing. — For fixed proportions of a 
to b and for any given column load the depth to the steel, d, remains practically 
constant for soil pressures in common use. Figure 31 is based on the assump- 
tion that the column* of whatever size will rest upon a pier whose side is at least 
34 of the side of the base of the footing. From this figure the value of d for 
design may be selected with the assurance that the shearing stress as governing 
diagonal tension on the section shown in Fig. 30 will not exceed 40 or 60 lb. per 
sq. in. as noted on the diagram. For any other assumption as to the shear section 
a similar diagram may be prepared. 

Table 30 is a tabulation of footings designed according to the 1936 A.C.I. 
Code; for soil pressures varying from 2,000 to 8,000 lb. per sq. ft. and for various 
column loads and column sizes. The footings are designed for the smallest size 
column given, for with load and allowable soil bearing unchanged the smallest 
column gives the worst possible condition to be provided for. The table covers a 
range of conditions sufficiently wide to include most of the requirements of struc- 
tural design. Where the designer does not wish to take a design from it, he can 
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get a check on his own design with ease and dispatch. For instance, in the 
illustrative problem (Design Sheet 20), depth was found to be 20 in., plus coverage 
= 24 in.; and twenty-eight %-in. round bars were found to be needed. For a 
400-kip load on 3,000 lb. per sq. ft. soil, the width of the base is 13 in. greater, the 
depth is 1 in. greater, and the steel, thirty-three %-in. round bars instead of 
twenty-eight Ji-in. round as chosen in the problem. Two conditions were 
different; the soil pressure in Table 30 was 500 lb. per sq. ft. less, and the column 
size was smaller. 



To f t a! co/umn load m thousands of pounds 
Fio. 31. — Approximate depths of square column footings. 

Illustrative Problem. — To design an isolated column footing resting on soil good for a 
design load of 3,500 lb. per sq. ft. and supporting a 24-in. square column, loaded to 400,000 
lb. Use 2,500 lb. concrete, f 8 — 20,000, n = 15, v c = 0.03/' c (for anchored bars) — 75, 
u ** (0.375/V) 1 1 2 for deformed and end anchored bars. 

The solution of this problem is given on Design Sheet 20. The following notes apnlv 
to that sheet: 

(а) All dimensions are in feet, since w = pounds per square foot. 

(б) The 1940 J.C. recommends, in two-way isolated footings, that tensile reinforcement 
should be determined on the basiB of 85 per cent of moments computed as about 
section m-m. 

(c) The shear v in this equation is the upward force used in obtaining M about line m- m 
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DESIGN SHEET 20 


Soil bearing value = 3,500 lb. per sq. ft. 

Approximate weight footing = 270 lb. per sq. ft. 

Available for column loading * 3,230 lb. per sq. ft. 

Area of square footing =* 5 2 » ~ 3 ~o 3 q- “ 124 sq. ft. 

b - \/ 124 - 11.18 ft. Make footing « 11 ft. 2 in. square. 

400,000 

w = m = 3,218 lb. per sq. ft. 

M - (6) (3,218)(11.167) (5.58 - l) 2 = 4,520,000 in.-lb. 

From Table 3, K = 196, - * - (i 9 ojf Sui) “ 172 ' * = 12 7 in ‘ 

Since shear or diagonal tension controls, we know that d — 12.7 in. is not enough. 
Try 19 in. Then from eq. (127), 


11.16 - (2 + 3.10) v 2 + 3.16 + 11.16 
2 X 2 
- (3) (8.10) (3,218) = 78,700 lb. 
v c - (0.03) (2,500) = 75 lb. per sq. in. (from Table 3, j - 0.866) 
V 78,700 
76 " bjd “ (62) (0.866) d 


] 3,218 


V<"> = [ 


or d = 19.5 in.; (make it 20 in.), allowing 4 in. of cover for protection from corrosion; total 
depth = 24 in. 


, (AO (0.85) 

A/&) = Tj 

f»jd 


(4,520,000) (0.85) 

( 20 , 000 ) ( 0 . 866 ) ( 20 ) 


11.05 sq. in. 


From equation (17), 


(11.16) (4.58) (3,218) 
So “ ujd " (140) (0.866) (20) 

= 68 in. 


Twenty-five %-in. round deformed bars will provide (25) (0.44) = 11 sq. in. of steel 

gg 

but only (25) (2.4) = 60 in. of bond. Bond requirements control design. Use ^ = 28 bars 
instead; spaced 4j^ in. apart, placed symmetrically about each center line of footing. 
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Tablb 30. — Spread Footings; American Concrete Institute Code, 1936 1 


No pedestals are needed for the 
Maximum unit stresses: 

=* 20,000 lb. per sq. in. 

/' c ■* 2,500 lb. per sq. in. 
n « 12 

f e ** 1,000 lb. per sq. in. 
v «= 75 lb. per sq. in. 
u ■» 141 lb. per sq. in. 


designs presented 
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GENERAL NOTATION 1 


For all materials except reinforced concrete: 

/ = unit fiber stress. 

v = unit shearing stress (horizontal or vertical). 

V = total shear. 

c distance from neutral axis to extreme fiber. 
b = breadth of rectangular section. 
d - depth of section. 

A — area of section. 

I *» moment of inertia, 
r = radius of gyration. 

S = section modulus. 

M = bending moment or resisting moment. 

I * span or length. 

L = span or length. 

F or P * concentrated load or total stress in a member. 
w = uniformly distributed load per unit of length. 

IF = total uniformly distributed load. 

R = reactions at supports or resultant of forces. 

E — modulus of elasticity. 
y - deflection at any point in a beam. 

A * total deformation or deflection at any point in a beam. 

5 = unit deformation. 
e = eccentricity. 

For reinforced concrete : 

(a) Rectangular Beams and Slabs 

/« = tensile unit stress in steel. 

f e * compressive unit stress in extreme fiber of concrete. 
f'c * ultimate compressive strength of concrete usually at age of 28 days, 
based on tests of 6- X 12-in. or 8- X 16-in. cylinders made in accord- 
ance with A.S.T.M. specifications. 

E, « modulus of elasticity of steel. 

Ec * modulus of elasticity of concrete. 

E> 

n ~ Ec 

M * moment of resistance, or bending moment in general. 

A t — steel area. 

b = breadth of beam (generally taken as 12 in. in case of slabs). 
d * depth of beam to oenter of steel. 
k — ratio of depth of neutral axis to depth, d. 

z * depth from compressive face to resultant of compressive stresses. 
j * ratio of lever arm of resisting couple to depth, d. 
jd * d - z « arm of resisting couple. 

p » steel ratio * gg* 
l or L ■** span length of beam or slab. 

1 Notation not found in this appendix appears in text where used. 
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(6) T-beams 

b » width of flange. 
b' * width of stem. 
t — thickness of flange. 

(c) Beams Reinforced for Compression 

A « « area of compressive steel. 
p' — steel ratio for compressive steel. 

/'* = compressive unit stress in steel. 

C = total compressive stress in concrete. 

C' “ total compressive stress in steel. 
d ' — depth of center of compressive steel. 
z * depth to resultant of C and C. 

(d) Shear, Bond and Web Reinforcement 

V = total shear at any section. 

V ' — total shear at any section carried by the web reinforcement. 
v — maximum shearing unit stress at any section. 
u = bond stress per unit surface area of bar. 
o — circumference or perimeter of bar. 

So == sum of the perimeters of all tension bars at any section. 
a = spacing of web members measured at the neutral axis and in the direc- 
tion of the longitudinal axis of the beam, 
o = spacing of web reinforcement bars measured perpendicular to their 
direction. 

A v — total cross-sectional area of web reinforcement within a distance of 
“a,” or total area of all bars bent up in any one plane. 
f v — tensile unit stress in web reinforcement. 
a — angle between web bars and longitudinal bars. 
v c = allowable shearing stress on plain concrete. 

N, — number of stirrups at either end of member. 

( e ) Flat Slabs (see Arts. 35 and 39, Sec. 6) 

+M C = positive moment at center of column strip. 

— M c - negative moment across panel and capital edge on column strip. 
—Mm. = negative moment across panel edge on middle strip. 

-\-M m = positive moment at center of middle strip. 

(/) Columns 

Ac * cross-sectional area of member, exclusive of any portion used solely 
for protective cover. 

A a « area of longitudinal steel. 
d - least lateral dimension. 
t = over-all diameter. 
p f * ratio spiral reinforcement to A. 

A, 

p =A' 

A 0 - gross area of concrete section. 

P = total safe axial load (including weight of column). 
h ■* unsupported height of column. 
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GENERAL PROPERTIES OF SECTIONS 

1. Area of a Section. — The area of standard rolled sections may be determined from 
the rolling mill handbooks. For the section shown in Fig. la, the area is readily deter- 
mined by dividing the figure into simple figures, in this case the rectangles A, B and C and 
the four triangles D. In the case of the built-up action of Fig. 16, the total area is readily 
found by summing up the areas of the plates and ingles. These areas may be taken fro^n 
any rolling mill handbook 

2. Statical Moment of an Area. — Let Fig. 2 represent any area. The statical moment 
of this area about any axis, as OX, is the moment of each element of thiB area about the 
given axis. Assume the area to be divided into strips parallel to the given axis. Such a 
strip is represented by 1-2 of Fig. 2. Let b = length of this strip, dy = width of strip per- 
pendicular to the given axis, y = perpendicular distance from center of strip to the given 
axis, and Q = statical moment of entire area about the given axis. 

The area of the strip 1-2 is bdy and its statical moment about the axis OX is bydy. 
For the entire area, Q — sum of all such values as bydy, that is 



To apply oq. (1) to a given area, the width of section must be expressed as a function of 
y and the resulting equation integrated between the given limits. 



Fig. 1. Fiq. 2. Fia. 3. Fia. 4. 


Consider the rectangle of Fig. 3. Required the statical moment of the figure about an 
axis OX at a distance a below the bottom of the figure. From eq. (1), noting that the width 
of section is constant, we may write 

Q = Vdy = ^ (d 2 + 2 ad) - bd^a + 

But bd *= A ** area of section. Hence 

Q-it(a+f) (2) 

That is, the statical moment about the given axis is equal to the area of the section multi- 
plied by the distance from the axis to a point half way across the section. 

For the triangle of Fig. 4, 


when by width of section at any point » ^ (h — y) 


Q « ^ - y)ydy 


But “ ^ea of triangle. Thence 

Q m Area times H of height of triangle above axis <8) 

The statical moment of an area is sometimes called the first moment of the sxea* 
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9. Center of Gravity of an Area. — The center of gravity of an area is the point at which 
the entire area must be concentrated in order that the product of the area times the distance 
from this point to a given axis may be equal to the statical moment of the area about the 
given axis. 

Let A represent the area of the section shown in Fig. 5, and let y g represent the distance 
from an axis OX to the center of gravity of the section, assumed 
Y f A *-»| as located at the point c.g. From the above definition 

I Ay g = J B bydy 

if « a | Since A — f bdy, we have in general 


I! bdv 


In the same manner for an axis OY 


Equations (4) and (5) give the coordinates of the center of gravity Of the section of Fig. 5 
with respect to an origin at O. 

In these equations the denominators each represent the area of the section. The limits 
of integration indicate the extreme values of x and y for the section. 

From 6qs. (4) or (5), it can be seen that the statical moment of any area about an axib 
through its center of gravity is equal to zero, for under the assumed conditions x g or y g must 
be zero. Since the denominators of eqs. (4) and (5) represent the area y 
of the section, which cannot be zero for a real area, y g or x a can be zero r * ^ * g 

only when the numerators of these equations are equal to zero. But txjb* * 

these numerators represent the statical moment about the axis in 1 _ju j 

question. Therefore, the statical moment of an area is zero for an i 'b 

axis through its center of gravity. This relation is of value in the work * { 

to follow. ?* **** 1 I JT 

To apply eqs. (4) and (5) to any given figure, the dimensions of L * * ^ 

the section must be expressed as functions of x and y and the in- ^ 

tegrations performed, as indicated. For the rectangle of Fig. 6, IG 

assume a set of axes OX and OY through the sides OC and OA. Let c.g. represent the 
required center of gravity. The distance from the OX axis to c.g. as given by eq. (4), is 

/!••* f i 

"7:** '“' 2 

In the same way, the distance from the OY axis to c.g. as given by eq. (5) iq 

rb_ . 


The point represented by these coordinates is the center of the section. Hence, the center 
of gravity of a rectangle is at the center of the section. 

For the right angle triangle of Fig. 7a, the axes are taken along the right angle Aides. 
From eq. (4), the distance from the OX axis to c.g. iq 


/ dh 

/%*-*>* 


The distance from the OY axis to c.g. is found to be =•. Therefore for a right triangle, 



APPENDIX B 


607 


the center of gravity is located at a distance from the bases equal to of the altitude 
of the triangle. Note that if the bases of the triangle are bisected and lines are drawn to 
the opposite vertices of the triangle, the intersection of these lines coincides with the c.g. 
of the triangle. Figure 76 shows the coordinates of the c.g. for oblique tri ang les. 

When the section is very complicated or the outline very irregular, the above method 
cannot readily be applied. In such cases approximate methods of integration may he 
used to advantage. Thus in Fig. 8, the irregular area may be divided into small strips 



Fig. 9. 


representing rectangles, triangles or other simple areas. At the center of gravity of each 
of these small areas apply a force which is proportional to the area of the strip. Scale or 
calculate the distances from these centers of gravity to any axes, as OX and OF. If 1 A 
represent the area of any strip and xa and va the distanoe from the center of gravity of the 
area A to the given axis, then 

zAxa 

**“ir 

2 Ay a 


and 
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Figure 9 shows the location of the centers of gravity Of tf few simple figures. A con- 
venient graphical method for locating the center of gravity of a trapezoid is shown on Fig. 
9a. The construction is as follo-ws: Produce the top of the figure AB to a point C such 
that BC «■ DE = width of base. In the opposite direction produce the base DE to a 
pettkt F such that EF = AB = width of top. Connect C and F. Bisect the upper and 
fertvSP*f6c6s, locating points 0 and H. Connect O and H. The intersection of lines CF 
*ttc \OH ‘Coincides with the center of gravity of the section. 

4. Moment of Inertia. — The moment of inertia of an area with respeot to any axis is 
the sum of the products formed by multiplying each element of the area by the square of 
its distance from the given axis. Let Fig. 10 represent any area, and let it be required to 
determine a general expression for the moment of inertia of this area with respect to any 
axis, as OX. Divide the area into strips, 1-2, parallel to the axis OX. If dy *= width of 
each strip, the area of a strip is bdy. Let I represent the moment of inertia of the given 
area. Then, from the above definition, the moment of the entire area is 

I - ["by'dy (6) 

J V ) 

To apply eq. (6) to a given area, the width b must be expressed as a function of y and the 
integration performed as indicated. 




The moment of inertia of an area as given by eq. (6), is a quantity of th 3 dimensions 
distance to the fourth power, for bdy represents an area which has the dimensions distance 
to the second power, and 1 /* is also distance to the second power. ' 

5. Moments of Inertia for Parallel Axes {Parallel Axes Theorem). — A very useful and 
simple relation may be obtained between the moment of inertia of an area for an axis 
through its center of gravity and any other parallel axis at a distance a from the gravity 
axis. In Fig. XI letpX represent an axis through the center of gravity of the section 
(sometimes called a gravity axis) and let OA be any axis parallel to OX and at a distance 
a from OX. Let y, the distance from any element of area 1-2, to an axis, be referred to OX. 
Theq from the above definition, the moment of inertia about axis OA, which will be denoted 
by, I A i b 

i a - /***>(« + y)* d v 

Expending this expression, noting that a is a constant, we have 

i a - a * j v v \ hd v + 20 fll h v d v + fl a h y* d v 

tn this equation, J** 1 bdy — A « area of section; bydy ** Q « statical moment of area 
about an axis through its oenter of gravity, which is equal to zero; and I 1 by*dy « /*«■ 

j if 2 

JQ H ' ) ^ 

foment of in^i^of area about OX, the gravity axis of the section. Therefore, the above 
equation may he Written 

V I a - It + Aa % (7) 

Equation (7) is very useful when an area may be divided into smaller areas for which the 
properties are known. Also, eq. (7) shows that the moment of inertia of a section for an 
axis through its oenter of gravity is less than the value for any other axis, for moving the 
axis away from the center of gravity increases the moment of inertia, as indicated by the 
positive value for Ao*. 
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$• Moments of Inertia for Inclined Axes {Inclined Axes Theorem ). — In Fig. 12, let OX 
and OY be any pair of rectangular axes through the point O, and let OU and OV be another 
pair of rectangular axes through 0 but at an angle a from the first axis. Let dA represent 
any element of area, whose coordinates with respect to the OX, O Y axes are x and y , and 
u and v with respect to the OU, OV axes. 

The moment of inertia of the area about the OU axis, which will 
be denoted by I u is 

/„ - fv*dA 

and about the OV axis for which I v denotes the moment of inertia, 
we have 

Iv « fu'dA 

In these equations the limits of integration must rover the entire 
flection. 

From Fig. 12 it can be seen that in terms of x and y, the values i i u . 12 . 

of u and v are 

u = x cos a + V sin a } 

and (8) 

v — y cos a — x sin a j 

Substituting these values of u and v in the above equations, and expanding the terms, we 
have 

I u = S cos 2 <*V 2 dA — 2f sin* a cos a xydA + J' sin* clxHA (9) 

and 

Iv ~ f cos 2 a x 2 dA -f 2f sin a cos axydA -f ./"sin 2 ay 2 dA (10) 

In eqa. (9) and (10), fx^dA and J*y 2 dA represent respectively, I y and /*, the moments 
of inertia oi the section al out the OY and OX axes. The term f xyd A is known as the 
product of inertia of the section. It is the sum of all the products obtained by multiplying 
each element of area by the product of its distances from the OX and OY axes. The 
product of inertia will be denoted by J xy , the subscripts indicating the axes for which the 
product of inertia is taken. Note that J xy is also a term whose dimensions are distance 
to the fourth power. 

Equations (9) and (10) may then be written 

Iu = lx cos 2 a — 2 J xv sin « cos a + Iy sin 2 a (11) 

and 

I 0 = I y cos 2 a + 2 J xy sin a cos a + I* sin 2 a (12) 

By means of eqs. (11) and (12) it is possible to find the moments of inertia for axes OU and 

OV when the moments of inertia and product of inertia 




Fig. 13. 


for the axes OX and OY are known. 

A useful relation between the moments of inertia 
for the two pairs of axes may be obtained by adding 
eqs. (11) and (12). Noting that cos 2 a + sin 2 a ** 1, we 
have 

Iu + Iv - Is + Iy (13) 

The term J xy , the product of inertia, which appears 
in eqs. (11) and (12), may have positive, negative or 
zero values, depending upon the location of the coordi- 
nate axes. In this respect it differs from the moment of 
inertia, which has only a positive value due to the fact 
that the distance to each area is squared. 

Figure 13 shows the effect of the position of the 
coordinate axes on the sign of J ty , Figure 13a shows 
a rectangle with the X axis along the base and the Y 
axis through the center of the figure. For every area 


dAi on the right of the Y axis there is a corresponding 
am dAi on the left. If positive directions with respect to an origin at 0 are taken as 
upward ahd to the right, it is evident that the product of inertia, Jxy - f xyd A « 0. In 
Fig. 136, b6th x and y are positive, and Jxy * a positive quantity. For the conditions 
shown in Fig. 13c, the x-distances are positive while the p-distanees are negative, and 
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J» y « a negative quantity. In general, if one of a pair of axes is an axis of symmetry for 
a section, the product of inertia is zero for that pair of axes. 

7* Products of Inertia for Parallel Axes. — Let it be required to find the relation between 
the products of inertia for the figure of Fig. 14 with respect to the pairs of axes OX, OY and 
OU , OV. For the conditions shown, the product of inertia with respect to the OU, OV 
axes is 

Jue = Si b + x)(a 4* y)dA 

— S abdA 4* SbydA + SaxdA + S xydA 

In this expression, S &A * A * area of section, SxydA = J xv — product of inertia with 
respect to the OX, OY axes, and f yd A and fdxA are respectively, the statical moments 
„ of the area for the X and Y axes. If the OX, OY axes are assumed 

__ as passing through the center of gravity of the figure, the above 

statical moments are zero. The above equation then becomes 

Juv - Jxv + Aab (14) 

/ | That is, the product of inertia for any pair of axes OU,OV , with 

^ respect to a pair of parallel axes through the center of gravity of the 

i. (J figure is equal to product of inertia for the gravity axes plus the 
area of the figure times the product of the coordinates of the center 
Fig. 14. of gravity of the figure with respect to the OU, OV axes. Due 

attention must be paid to signs in calculating the several quantities. 
8 . Principal Axes and Principal Moments of Inertia. — From eq. (11) or (12), it can 
he seen that the moment of inertia of a section varies with the angle a. To determine the 

maximum value of the moment of inertia, as given by eq. (11), place equal to zero and 


solve for the value of a. If ao is the value of this angle, we have 

O J 

tan 2ao - i~ \ (15) 

1 y lx 

There are two angles which answer the conditions imposed by this equation, one in the 
first and the other in the second quadrant, and furthermore, these angles differ in value 
by 90 deg. On substituting values of ao as given by eq. (15) in eq. (11), two values of /„ 
will be derived. By the methods of the calculus, it can be shown that one of these is the 
maximum value of I u and the other is the minimum value. These moments of inertia are 
known as the principal moments of inertia for the section and the axes for which they occur 
are known as the principal axes of the section. A similar operation performed on eq. (12) 
will give results in which the values are the reverse of the above. Note that the maximum 
and minimum values of moment of inertia occur for axes which are 90 deg. apart. 

The product of inertia of an area for a principal axis can readily be shown to be equal 
to zero. Thus for the axis OU of Fig. 12, we have 

Juv = SuvdA 


On substituting values of u and v as given by eq. (8), we have 

Juv =* Jxv cos 2a + M fl i n 2a(I* — l v ) 

When OU is a principal axis, the angle a has the value given by eq. (15). Substituting 
valued of this angle in the above equation it will be found that J uv IS 
equal to zero as stated above. 

Let OX and OY of Fig. 15 be the principal axes of a section, and 
let J* and I y be the principal moments of inertia. Let OA repre- 
sent any other axis at an angle a from OX . Remembering that 
the product of inertia for principal axes is zero, we may write from 
eq. (11) 

I A « I z cos* a + I y sin* a (16) 

Equation (16) is a general equation for moment of inertia about any axis in terms of the 
moments of inertia for the principal axes. 

9. Radius of Gyration. — The radius of gyration of an area is the distance from a given 
axis to a point at which the entire area of the section must, be applied in order that the 
product of the area times the square of this distance to the given axis may be equal to the 
moment of inertia of the section about the given axis. If r «■ radius of gyration of 


Y 



Fig. 15. 
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(he section as defihed above, A «■ area of section, and I 8=1 moment of ineitia about the 
given axis, we have 

I = Ar* 


VI 


For a rectangle of width b and depth d, I 


bd* 

12 


and A - bd. From eq. (17) 


V 


b A‘ = dsj 

12 bd > 


1 

12 


0.289d 


(17) 


If ta, r x and r v represent the radii of gyration for the corresponding axes of Fig. 15. 
eq. (16) may be written in the form 


ta 2 - r x * cos 2 a r v 2 sin 2 a (18) 

By analytical geometry, it can be shown that eq. (18) represents an 
ellipse with semi-major and minor axes of r„ and r* respectively, as 
shown in Fig. 16. The ellipse of Fig. 16 is known as the inertia ellipse 
for the area of Fig. 15. 

If n-n is a tangent to the ellipse parallel to any axis OA through the 
center of the ellipse, it can be shown that the perpendicular distance 
from the axis OA to the tangent n -n is equal to the radius of gyration 
of the section of Fig. 15. Ihe construction shown in Fig. 16 offers a 
convenient method for determination of moment of inertia. 

10. Section Modulus. — In the general formula for resisting moment of beams 
I 
c 



the term 8 


appears 

moment of inertia of section about the neutral axis divided by the dis- 


tance from the neutral axis to an extreme fiber of the section. This quantity is known as 
the section modulus for the beam cross-section. It is a quantity of dimensions distance 
to the third power. 

For a rectangle of width b and depth d, we have 

bd* 

12 5d 2 

8 d 9 
2 


Values of section modulus for rolled shapes are given in rolling mill handbooks. 
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* Moment 




Elastic Curve Method 

1. General Equation of Elastic Curve for Bending. — Let OABL of Fig. la show 
(greatly exaggerated) the bent position of the neutral axis of a beam which, before the appli- 
cation of the loads, was represented by the straight line Oh. This deformation of the beam 
is due to positive bending moment. 

If points A and B of Fig. la represent two adjacent points on the neutral axis of the 
bent beam, the normals at these sections will meet in a point F, which is the center of 
curvature for these points. To locate points on the beam with respect to a given point, 
let 0, a point at one end of the beam, be taken as an origin. Any convenient point will 

do as well. Let x and y respec- 
tively be the horizontal and ver- 
tical distances from the origin 0 to 
the center of any element AB, and 
assume that x and y are positive 
when measured to the right and 
downward respectively, as shown 
by the arrows in Fig. 1. It is 
evident that the angle between the 
tangents to the curve at A and B is 
equal to the angle between the 
radii at these points, as shown in 
Fig. la. 

In Fig. 16 let AB and BC show 
two ad j acent elements of the neutral 
axis, and assume that their projec- 
tions on a horizontal axis are each 
equal to dx. Let the vertical pro- 
jections of these elements be rep- 
resented by dyjLB and dyne- From 
Fig. 16, it is evident that the 
difference between dyAB and dyac 
is a measure of the change in de- 
flection across the two elements AB 
and BC. Let d?y denote the change 
in vertical projection of the two ele- 
ments. If the deflection is small 
compared to the dimensions of the beam section, which is the usual case, we may consider 
AB « BC ** dx and Z.BCD = 90 deg. Hence, since d<j> is a very small angle, 

d*y « —dx.d(j> 

The minus sign is used in this equation because, as' shown in Fig. 16 the ^ngle between 
element BC and a horizontal axis is less than the corresponding angle for element AB. To 
oonform to the direction notation given above, increasing values of x and y result in increas- 
ing angles between successive elements. Since a decreasing angle exists for the conditions 
shown in Fig. 16, a minus sign must be used in the above equation. 

From Figs, la or 6, d4> « dx/R, where R - radius of curve for any small element of the 
neutral axis* 


*F 

<°> " 

7 /' ''-V 



\JarigentafB 
Tangent at A 


'Tangent af A 
Fig. 1. 
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Henoe 

or 


d*y « - dx*/R 

d*y l 
dx* * ~ £ 


( 1 ) 


The expression d*y/dx * of eq. (1) is known as the second differential coefficient of y, the 
deflection of the beam, with respect to x, the distance from the origin to the point at which 
the deflection is desired. It is a measure of the rate of change of the slope of the neutral 
axis. 


In Fig. lc, an element of the beam is enlarged to show the effect of bending deformation. 
The deformed element is shown by 3-4-5-6. In the undeformed element, the faces 
3-B-4 and 5-A-6 are parallel lines. If a line l-A-2 be drawn parallel to 3-B-4, the de- 
formation of the element is represented by 1-5. If the deformation is small, 1 — 3 ■» 

AB * dx, and we may write 5 m E dx y where / «* fiber stress due to a moment M. From 
eq. (6), p. 23, / = and hence 


5 


Me 

El 


dx 


When the deformations are smaU, FAB and A-l-5 may be considered as similar triangles, 
5 dx 

and we have - ^ • Solving for 5 and equating the resulting expression to the value of 

b given above, we have finally ^ = M /El. Substituting this value of ^ in eq. (1), we 
derive 


dy M 

dx 2 El 


( 2 ) 


Equation (2) is the general expression for the differential 
equation of the elastic curve of a beam subjected to bend- 
ing due to a clockwise or positive moment. To determine 
the equation of the elastic curve by means of eq. (2), the 
moment M must be expressed as a function of x, and the 
resulting expression integrated twice. 

2. Application of General Equation of Elastic Curve to 
Solution of Problems in Deflection of Beams. — In the 
articles which follow, the equation of the elastic curve will 
be derived and the maximum deflection will be determined 
for a few typical cases. 

Simple Beam with Uniform Load . — For the conditions 

w 

expression for moment at any point on the beam is M « ^ 



shown in Fig. 2, the general 
x ( l — x). Substituting this 


value of M in eq. (2) we have 

d r y wx 

dx>~ 

Integrating, 

dy w 

dx “ 2 El 


Q l ~ x) 


(а) 

( б ) 


In this equation, dy/dx is the slope of the elastic curve at any point, and Ci is a constant of 
integration which depends for its value upon the conditions of the problem. To determine 
Ci, note that the load on the beam is symmetrical with respect to the beam center. It is 
therefore evident that the elastic curve will be symmetrical about the beam center, and 
that the tangent to the elastic curve at the beam center is horizontal. Since slope of a 
horizontal line is zero, we have as a condition for the determination of Ci in eq. (b) , that 

dy/dx «■ 0 when x — Substituting these values in eq. (b) and solving for Ci, we have 
wU 

Ci *■ 2aS1 * Eq. (b) then beoomes 

5 " + sfcg? (4*« - + jo 


( 8 ) 
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Integrating eq. (3) we have 

V - + 24gj (*« - 2 lx* + I'X) + C, 

To determine C * the constant of integration, note from Fig. 2b that y «■ 0 when x •* 0 
Hence from the above equation C 2 « 0 and we have finally 

V - 2ih (x3 - 2lx ‘ + 1,) (4) 

which is the general equation of the elastic curve for a simple beam carrying a uniform load. 

The maximum deflection of the beam of Fig. 2 evidently occurs at the point where the 
tangent to the elastic curve is horizontal. As stated above, the tangent is horizontal when 

x *» 2 * Substituting this value of x in eq.(4) we have 

5 wl * ,A ^ 

Vma ~ ‘384 El (4o) 


Illustrative Problem. — A simple beam 16 ft. long supports a uniform load of 600 lb. per ft. Deter- 
mine the maximum deflection of this beam in inches. Assume that the moment of inertia of the beam is 
100 in 4 ., and that the material is steel for which E « 30,000,000 lb. per eq. in. 

The maximum deflection is given by eq. (4a). In substituting in eq (4a) attention must be paid to 
the units in which the several terms are expressed. Since the deflection in inches is desired, all values 
must be expressed in inch units. Thus w =» 60 Ha lb. per m., and l » 16 X 12 in. Values of E and / 
are given directly in inch units. Substituting these values in oq. (4a) we have 

(5)(600)(16) 4 (12)* 884,736,000 . 

Vma* ~ 384 El " El m * 

Compare this result with the problem of p 52. Substituting values of E and I, 

884,736,000 

“ (30,000,000) (100) “ 0,295 m ’ 

Illustrative Problem. — Determine the deflection of the above beam in feet, using foot units. 

100 


Here w — 600, l > 


(30,000,000) (144) lb. per sq. ft. and I 


Hence 

(5)(6Q0)(16) 4 (12) 4 

Vna * (384) (144) (30, 000, 000) (100) 

Illustrative Problem. — Determine the deflection at a point 5 ft. from the left end of the beam of the 
above problems. Use inch units. 

Here w 80 Ha =» 50 lb. per in.; x » 5 ft. ■■ 60 in.; I — 16 ft. — 192 in. Values of E and I are 
as given above. Substituting in eq. (4) we have 

' - ~ 2(192U80) ' + (192) *> 
y 0.246 in. 


(b) 
Fig. 3. 


g Simple Beam with a Single Concentrated Load . — For the 

conditions shown in Fig. 3, the law of variation of moments 
on section AC differs from that on section CB. Hence two 
% substitutions must be made in eq. (2). After integrating 
!)/c 1 each equation twice, four constants of integration will ap- 

pear which must be determined subject to conditions shown 
in Fig. 3. The detail work is as follows: 

For the portion of the beam from A to C, M x ~ R\x m 
W(1 — k)x. Then from eq. (2) 

2-bO-«* 


Integrating twice, we have 


-*>¥ + c > 


- 1^(1 - k)f- + Ci* + C, 


For the portion of the beam from C to B f M * ■■ Rt (l - 

d*V W , 

s*“ ~Tn k(f ~ x) 


R 2 (l — x) ** Wk(l—x), Then from eq. (2) 
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Integrating twice, we have 

dy Wk( . x*\ . „ 

dx m EI \ lx ~ 2 / + Ct to 

and 

Wk/lx * x*\ , „ , „ 

V “ ~ 3 ) + + C« (d) 

Equations (6) and (d) are general expressions for the equations of the elastic curves 
for the portions of the beam on either side of the load W. However, these equations can- 
not be used until the values of the constants of integration Ci, C2, C3, and C\ are known. 
Since there are four unknown terms, an equal number of independent equations must be 
set up before the unknowns can be determined. The required independent equations 
may be derived from the necessary relations which must exist between the elastic curves 
on the two sides of the load W in order that the tv o elastic curves may be joined to form 
a single continuous curve. 

The four independent equations from which the values of the constants of integration 
may be determined are derived from conditions shown in Fig. 3b. From this figure it is 
evident that y in eq. <6) is zero only when x -- 0. Also, y in eq. (d) is zero only when x ■* l. 
At point C, where the elastic curves to the right and left of the applied load are joined, it 

is evident that values of the slope given by eqs. (a) and (c) must be equal, and also that 

values of y given by eqs. (6) and (d) must be equal. Hence we have the four conditions 
that 

(1) y * 0 when x - 0 in eq. (6). 

(2) y *= 0 when x * l in eq. (d) . 

(3) ^ from eq. (a) — ^ from eq. (c) when x = kl in these equations. 


(4) y from eq. (6) * y from eq. (d) when x ** kl in these equations 
Performing the operations indicated and reducing the resulting expressions to their simplest 
form, we derive the following condition equations: 


(1) 0 * Ci 

(2) 0 - - Jjj* + C ' 1 + C ‘ 

(3) Ci-C. - - ^eT 

(4) (Ci - C,)kl = - + C. 


Solving these four equations simultaneously, the values of the constants of integration are 
found to be 


Ci 

C« 


TFP 
6 El 
Wkl* 
" 6EI 


(! 2 k 4- Jfc« - 3& 2 ) 
(2 + k*) 


C 2 = 0 

n Wk*l* 

04 " 6EI 


Substituting these constants in eqs. (6) and (d), the equation of the elastic line is found to 
be as follows. 

From A to C 


V - ggjCl - k)t<2 - k)W - x*l (5) 

From C to B 

y « ™ EI Ul - x)[x(2 1 -x) - *V*J (6) 


The general equations for slope of the tangent to the elastic curve at any point, as given 
by eqs. (o) and (c) with values of Ci and Ca substituted, are as follows 


From A to C 


dy 

dx 


(1 ~ *)f<2 “ - 3x*j 


(5o) 
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On substituting values of x in the proper equation, the deflection at any point may be deter- 
mined. At point C, where the load is located, the deflection may be determined from eqs. 
( 6 ) or ( 6 ) by substituting x *» kl, and we have 

“ 3 El ^ ® (7) 

The ma irn -m deflection for the beam under consideration can be seen from Fig. 4 to 
be at the point where the curve becomes horizontal — that is, 
,i wJbpgrffimifomM where dy/dx = 0. To locate this point, note from Fig. 3 that 

^ 4 the tangent is horizontal on the portion of the curve between 

k x » points A and C. From eq. (5a) we have 

* * * >1 dii W 

— Ci — rr /I _ U\T/f> _ 2.M.72 _ 0-21 




Z-o-mO 


k )[( 2 - k)kl * 


Solving this expression for z, we find that the deflection is a 
maximum when 


X =*[*(2 -,k)Y 


A r— * ' _■ - - I ff 1 Substituting this value of x in eq. (5), the maximum deflection is 
K' a j found to be 

V ~‘ ' ^ U " * ® (2 fB) 
Origin Equations (8) and (9) give the position and the amount of the 
^ UPn maximum deflection when the load XV is located at a distance kl 

]*- •• Xs'”* from the left end of the beam. 

W From eq. (9) it can be seen that the maximum deflection 

F ia . 4 . depends upon the position of the load XV. Evidently there 

is some position of the load for which the deflection will be 
greater than for any other point in the beam. To determine the position of the load for 
dy m ax 

greatest deflection, place from eq. (9) equal to zero and solve for k, from which it 

will be found that k - or the load should be placed at the beam center. Substituting 
k «= in eq. (9) and denoting the resulting deflection by A, we have 

1 Wl » 

A =48 -El a01 

Equation (10) gives the deflection at the beam center for a load W placed at that point. 
This is the greatest deflection for the beam under consideration. 

Illustrative Problem. — A 2- X 1-in. piece of wpod laid flatwise spans a 24-in. opening. The beam 
carries a 60-lb. load at a distance of 18 in. from the left end of the beam. Determine the deflection 
under the load and the maximum deflection of the beam. Assume E «■ 1,500,000 lb. per sq. in. 

The deflection under the load is given by eq. (7) with W * 60 lb., I ■» 24 in., k m » 0.75, E ■» 
1,500,0001b per sq. in., and J - M 2 W* -(K*)(2)(l)> - H in*. 

(60)(24)«(0.75>»U - 0.75)* „ 

Thus v - — wammw) 0 0380 in - 

The maximum deflection for the given loading is found from eq. (9) with values as above, from which 
(60K24)»(1 - 0.75)pjP (2 - 0.75) ]** 

Vmam " (3)(l,500,0d0KH) " 0 0484 m * 

The point at which this deflection occurs is found from eq. (8) to be 

* " ["IT (2 “ 0,76) ]^* 4 “ (°*W®)(24) - 13.42 in. 

from the left end of the beam. 

Compare these results with those given on p. 49* 

Illustrative Problem. — Determine the angle between the horizontal and the tangent to the elastio. 
ourve at the left end of the beam and at the load point for the beam given in the preceding problem. 
The slope of the tangent at the left end of the beam is given by eq. (5a) with x «■ 0 from which 

Cll ^ . •» L\.A L«M. 


For the values given in the above problem, 


Pllinn r tm 60(1 ~°- 76 K2 - 0.75H0.75X24)* rnr!ifin> 

Slope * t6)(l,56o;OOOHH‘) 0 0054 rftdlaM 
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In circular measure, a radian is 57° 18'. Hence the required slope is (0.0054) (57.3) - 0.309° ■» 18,550 
This angle is measured in a clockwise direction about point 0 of Fig. 1 with OL as a horizontal axis. 

The slope of the tangent at the load point is given by eq. (5o) and eq. (Go) with* « kl - 18 in. 
With values of the several terms as above, we have from eq. (Go). 

60 

Slope - ( 6) (1 7 500,000) 7^) t3(24 ~ 18)1 ~ O ~ 0.75*)(24)«J(0.7S) - 0.00432 radian, - 

—0 242 deg. * — 14.52 min. 

The slope of this tangent is in the direction shown for similar conditions in Fig. 3. 


Cantilever Beams . — Assuming the origin of coordinates to be located at point 0 of the 
cantilever beam of Fig. 4a, the moment at any point distance x from the origin is 

M z « — Substituting this value of M in eq '2), we have 


Integrating 


d 2 y _ wx* 
dz* “ + 2EI 


in 

dx 


U'X* 


+ Ci 


To determine C’i, note from Fig. 4a that the tangent is horizontal when x * l. 

dy wl 3 

substituting ^ = 0 when x — l in the above equation, we find Ci « — ^ j and 


Integrating again 


i-+ 


Hence 


( 11 ) 


To determine C2, note from Fig. 4a that y = 0 when x = L Therefore 24 — qjqj + C» — 
0, from which C 2 = and we have 

V = + “ (C< - U'X + 3 Z4) (12) 


which is the general equation of the olastic curve for the beam of Fig. 4a. The positive 
value indicates that y is measured upward from 0. From Fig. 4a it can be seen that the 
maximum value of y occurs when x = 0. Placing x = 0 in eq. (12), we havo 

2/mo* = + (13) 

/ 

Figure 46 shows a cantilever beam with a single concentrated load at a distance a from the 
free end. Since the law of variation of moments differs for the two portions of the beam 
shown by AC and CB of Fig. 46 two substitutions must be made in eq. (2). For an origin 
at the deflected position of the free end of the beam, the moment at any point in the beam 
is 

From A to C. M « 0 

From C to B. M « — W (x — a) 


Substituting in eq. (2), the integrations are as follows: 

From A to C From C to B 

»g-0 BI 

Et-Jl - Ci (a) El - W (** - «*) + C, . ..(c) 

Ely-C,x+C, W Ely =^(£-“-) + C** + C. • • (<*> 

The constants of integration may be determined from the following conditions: y - 0 
when % « 0 in eq. (b) \ ^ from eq. (a) « ^ from eq. (c) when x - a; y from eq. (6) - y 

from eq. (d) when x ** a: and ^ - 0 in eq. (c) when x - l These conditions are evident 
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from a study of Fig. 46. Performing the operations indicated, the values of the oonstants 
of integration are found to be 


Ci — — =-<*-«)• 


Ci - - ■ 


2 V» -a 6 

Substituting these values in eqs. (b) and (d), the equation of the elastic curve is found to bo 
From A to C, 

"--Sr 9 —*' < 14 > 

From C to B 

V 2 = [a* ~ Sax 2 - 3fcr(Z - 2a) - a*] (15) 

The slope of the tangent to the elastic curve, as given by eqB. (a) and (c), is 
From A to C. 

dy W n v- /im 


From (7 to B, 


« - a)* 


[a* - 2aa - 1(1 - 2a)] 


From eq. (14) it can be Been that the portion OC of the elastic curve is a straight line. 

Illustrative Problem. — A 4- X 8-in. wooden member, placed with the 8-in. side vertical, forms a 
cantilever beam 0 ft. long. At a point 2 ft. from the free end, a 1,000-lb. load is placed. Determine 
the deflection in inches at the free end of the beam, assuming E * 1,500,000 in. -lb. 

The formula for deflection at the free end is given by eq. (15) with x *= 2, from which 

W 

J/mam “ ~ jgjgrj (1 — a) 2 {2l + o) 

The minus sign in this equation indicates that tht deflection is upward with respect to the free end of 
the beam. The value of / for the given beam is / -» 12^" “ 170% in 4 . 

Substituting values as given above, using distances in feet and multiplying by 1,728 to reduce to inches, 
we have 

Vmax « - ( 6)^500 , 0 00 K r 70%) (6 “ 2)8(12 + 2) " -* 0 - 252 ln - 


,/tV fb. per ff 


-*H<- — v — 

Clastic cun* 

Fig. 5. 


ft Beam with an Overhanging End . — Figure 5a 

shows a beam supported at points B and C and 
with an overhanging end AB. Between sup- 
ports the beam * carries a uniform load of w 
lb. per ft. and at the free end of the over- 
hanging arm the beam supports a single con- 

r centrated load of W lb. The complete equation 
of the elastic curve will be determined for the 
given conditions. 

The reactions and moments are as follows: 




i W(a — a) 


, , ( wx TFa\ ,, 

M BC “ (- 2 


where Mab and Mbc denote respectively, the moment at any point on AB or BC. The 
value of x is positive when measured as shown in Fig. 5a. 

Substituting in eq. (2) we have 

From A to B 
BI%Z- +W(a ~x) 


EI% - + W(ax - f) + C, 

Ely - + w(~ - £) + CVr + C» 
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The 

Fig. 


From B to C 


«2- 

+ 

Wa 

l 

C l - 

x) - 

> 

-**) 


hS. 

+ 

Wa 

( ta 

-f) 

l-f 

(lx* 


dx 

l 

2 ) 

’ 2 

\2 " 

3 / 

Ely - 

+ 

Wa 

(*? 


w / 

'lx* 

x>\ 



l 

V. 2 

6/ 

2 ' 

< 6 

12/ 


constants of integration are to be determined subject to the 
56 ) : 


+ Ct 

+ Ctx -f Ct 
following conditions 


V = 0 in (6) when x * 0; y ■» 0 in (d) when x « 0; 

U = o in ( d ) when x « l; and in ( c ) = - ^ in (a) when * « 0. 


(<*> 

(see 


The minus sign in this last condition is necessary because of the change in positive direc- 
tions at point B. Subject to the above conditions, the constants of integration are found 
to have the following values: 


r . Wal t cl* Wal , 

Ll 3 ~24 C * “ ~ 3 +24 

Ci = 0 ^4 as 0 


Substituting these values in the above equations, the general equations for the elastic curve 
and slope of the tangent at any point are found to be: 


From A to B 

a# 

di “ (lal + fiai - a.) 

From B to C 

V = £7 [ - -^*(2 1-X) + |?(I‘ + i* — **)]« -*) (20) 

t “ ill- <** - 6lx + 3 **> + 2 > - + 4 *‘>] < 21 > 


Figure 56 shows the form of the elastic curve plotted from these equations. 

The maximum deflection in the cantilever arm occurs at the free end, point A of Fig. 5. 
Placing x — a in eq. (18), we have 

a r Wa n . . wlh 

VA EIl q ' ^ 24 J 


The maximum deflection in the span BC occurs whore the tangent to the elastic 

. . dy 

curve is horizontal. This point may be located by placing ^ from eq. (21) equal to zero 

and solving for x. Let kl be this value of x } where k is the fractional part of the span 
between the left support and the point of maximum deflection. Performing the operation 
indicated, the value of k is given by the cubic equation 

*’ - (i ** + + (i - 2 -s £) = 0 «» 


To determine the maximum deflection in any given beam, solve eq. (23) for k by the 
methods given in Art. 706, p. 569, and calculate the corresponding value of x. Substitute 
this value of x in eq. (20). This procedure is advisable in this case because a general 
expression for maximum deflection is too complicated and cumbersome. 


Illustrative Problem. — A 10-in. 25.4-lb. steel I-beam is used to form a beam of the type shown in 
Fig. 5. Calculate the deflection at the free end of the cantilever arm and the maximum deflection in the 
span BC. Let W - 6,000 lb. t w «* 1,200 lb. per ft., a » 5 ft., and l « 15 ft. The moment of inertia 
of the given I-beam section is 122.1 in*, and E - 30,000,000 lb. per sq. in. 

The deflection at the free end of the cantilever arm is given by eq. (22). Substituting values given 
above in this equation, we have, using inch units 

~ (30.000, (Z)d2 2l)[(l) <«.°°OKeOK180 +60) - "gl 


from which 


y A - 0.0738 in. 
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The point in span BC at which the maximum deflection oocurs, is found from eq. (23). Substituting 
the given values in this equation we derive the following cubic equation for k, 


** - 1.833** + 0.666* + 0.0278 - 0 

Solving this equation by the method given in Art. 706, p. 537, we find * — 0.565. ' Hence the distance 
from point Fig. 5, to the point of maximum deflection is 


* - *1 - (0.565) (15) - 8.47 ft. - 102 in. 

Substituting x «* 102 in., and other values as given above, in eq. (20), the maximum deflection is found 
to be 


Vmax 


(30,000,000)(122.1) 


(6,000) (60) (102) 
(6)(180) 


(360 - 102) -f 


( 1 , 200 )( 102 ) 

" (12)(24) 


[(180)* + (1801(102) - (102)*1 1 (180 - 102) 


from which 


1 /max - 0.180 in. 


Unit Load Method 

8. Derivation of General Formula. — The deflection of a beam due to any given loading 
may be determined by placing the external work done by this loading during the deflection 
of the beam equal to the internal work done on the fibers of the beam, for it is evident that 
a body can be at rest and in a state of elastic equilibrium only when the work of applied 
loads is balanced by work done within the body. In Art. 37, p. 9, it has been shown 
that the internal work, or elastic resilience of a body, is given by the expression 

1 /* 

Elastic resilience = K = „ (Volume of body) 

& Hi 


where / = fiber stress due to applied loading and E = modulus of elasticity of the material. 
Let the simple beam of Fig. 6o be acted upon by a 1 lb. or unit load placed at point 



Fig. 6. 


C, a distance a from the left end of the 
beam. At any cross-section of the beam 
at a distance x from any convenient origin, 
let the moment due to the unit load be m 
and let the stress on any fiber at a distance 
c from the neutral axis, Fig. 65, be denoted 
by /. If the length of any fiber parallel to 
the beam axis is dx f and the area of that 
element is dA, as shown in Fig. 65, the 
volume of that element is dA(dx ), and we 
have 

K = l^dAdx 


From eq. 6, p. 23, / 


Y and for the entire cross-section of Fig. 66. 

»2„2 


i r c 'i 

2 Ejc, 


dA dx 


But r‘c*dA - I 
Jet 


moment of inertia of the section. 

_ 1 m 2 , 

K - 2E 1 dx 


Therefore 


For all such sections over the entire beam from A to B, 

1 /M 

K * Total average internal work = 2 J bEI^ X ( 1 ) 

Let the deflection of the beam at point C where the unit loac} is applied be denoted by d 
and assume that the load is gradually applied to the beam so that the deflection varies from 
sero to its maximum value. The average external w'ork done by the unit load is one-half 
the deflection times the load causing that deflection, or 

Average external work ■* ~ (2) 

From eqs. CD and (2) we derive 

d ~’ftwi dx (*> 
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Equation (3) gives the deflection of point C , Fig. 6a, due to a 1-lb. load placed at thht point 
The deflection will be in the direction of the 1-lb. load. 

It is sometimes desired to determine the angular rotation of any plane of a beam — as, 
for example, the plane n-n of Fig. 6c. This may be done by applying a unit couple at 
the plane in question and calculating the external work due to the rotation. On equating 
this expression to the internal work, as given by eq. (1), the angular rotation may be 
determined. 

It can be shown that the work done by a couple is equal to the moment of the couple 
times the angular rotation. Let an denote the angular rotation of plane wn of Fig. 6a. 
The average work done by a unit couple during a rotation is then 

Average external work ■ cti (4) 

Hence from eqs. (1) and (4) 

ai = f bEI dx (5) 

Equation (5) gives the angular rotation In radians of any plane due to a unit couple applied 
to that plane. 

The deflection of any point C t Fig fid, or the angular rotation of a plane at that point 
due to any set of applied loads, such as those shown in Fig. 6 d, may be determined by 
proportion from the corresponding values given by eqs. (3) or (5). In Art. 67, p. 82, it is 
shown that the deflection is directly proportional to the fiber stress. Since fiber stresses 
are proportional to moment, it is evident that the deflection, or rotation, due to any set of 
applied loads is to the corresponding value due to unit loading as the moment due to the 
applied loads is to the moment due to the unit loading. If y = deflection due to applied 
loads, and M = moment due to applied loads, we have the proportion 

y:d: : M:m 

or 



Substituting the value of d from eq. (3) we have 


y 


f: 


A Mm , 
~EI dx 


( 0 ) 


If a « angular rotation due to applied loads, a similar proportion gives 

* dx 


C A Mm 

a = J* 


EI 


(7) 


In these equations, y = deflection ot any desired point; at = angular rotation in radians 
of a plane at any desired point; M - moment due to applied loads; E = modulus of elas- 
ticity of material composing the beam; I = moment of inertia of beam section; and m * 
a quantity of linear dimensions which is equal to the moment at any section due to a unit 
load, or unit couple, applied at the point whose deflection, or angular rotation, is 
desired and in the direction of the desired deflection, or rotation. 

In solving problems in deflection and angular rotation by the method given above, it is 
not necessary that the direction of the deflection or rotation be known beforehand. Proper 
attention paid to the algebraic sign of the product Mm will show whether the correct 
direction has been assumed for the unit loading. 'If M and m are alike in character (both 
positive or negative moments) it is evident from the above discussion that they cause 
deflections or rotations in the same direction, while if they are unlike in character they 
cause deflections or rotations in opposite directions. Denoting positive moments by plus 
and negative moments by minus, the product of like moments carries a plus sign and thq 
product of unlike moments carries a minus sign. Therefore, assume any convenient 
direction for the unit load or couple and pay careful attention to the sign of the product M m. 
If the final result is positive, the deflection or rotation is in the direction assumed for the 
unit loading. If the final result has a negative sign, the deflection or rotation is in a direc- 
tion opposite to that assumed for the unit loading. 

4 . Application of Unit Load Method to Problems in Deflection and Angle of Rotation- 
Beam with Uniform Load (Moment of Inertia Constant ). — To find the general equation for 
the vertical deflection of point C at a distance * from the left end of the beam of Fig* 7a 
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due to a, uniform load, apply a 1-lb. load at point C. Evidently the deflection is down- 
ward so the 1-ib. load is to be applied as shown in Fig. 7c. 

The moment diagram for the uniform loading is shown in Fig. b and the moment diagram 
for the 1-lb. load is shown in Fig. c. Moment equations, expressed in terms of z, the dis- 
tance from any point to the left end of the beam, are given on the diagrams. From these 
diagrams it can be seen that values of M for the entire beam are given by a single equation 
while values of m are given by two equations, for the law of variation of m changes at the 
point of application of the unit load. Therefore in substituting in eq. (6), the general 
expression must be made up for the portions of the beam where the law of variation of 
moments changes. 

Substituting in eq. (6), we have 


on* -[*')* 

The first integral is for the portion of the beam from A to C and the second integral is for 

the portion from C, to B. Performing the 
operations indicated, noting that x is a con- 
stant and that z is variable, we have 


'urfb.perft 



L.». J Moment dbgram for 
n i uniform bad 
(b) 



[<-•£ *| Moment diagram for 




■vnnmr 

Moment diagram 
for unit coupfe 

(cO 


1 


V * 24 El ( * 3 “ 2lx * + *'> (8) 

Note that eq. (8) is exactly the same as eq. 
(4), p. 614. Hence eq. (8) gives the equa- 
tion of the elastic curve for the given beam. 

The angular rotation of a vertical plane 
through point C will now ho determined, 
using eq. (7). Since the tangent to the 
elastic curve at any point is perpendicular 



A M diagram 

V/ 


m diagram 


Fig. 7. 


Fig. 8. 


to any normal section of a beam, substitution in eq. (7) will give the slope of the tangent 
to the elastic curve at any point. Applying a unit couple at point C, assuming a positive 
or clockwise rotation, the resulting moment diagram is shown in Fig. Id. Substituting 
in eq. (7), we have 

- - 1 - r » t? ■ » ->k- ;> ■ * *51 i if « ->n + ■ * 

^ntqg^ating and reducing, we have finally, 

“-I" 2^7«‘-6fa* + 4*«) (9) 

This expression is the same as given by eq. (3) p. 613. 

To determine the deflection at the center of a beam uniformly loaded, place the 1-lb. 
load as shown in Fig. 8. Substituting in eq. (6) values of M and m as shown on Fig. 8, we 
have 


Integrating 


-f.M T« -*>!> + 



V 


5 tel 4 
384. 


00 ) 
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Since the m diagram is symmetrical about the beam oenter, as shown in Fig. 8, and since M 
for the entire beam is given by the same equation, the substitution in eq. (6) might have 
been written 


V 



On integrating this expression the result will be the same as given above. 


Illustrative Problem. — A simple beam 16 ft. long supports a uniform load of 600 lb. per ft. Deter- 
mine the maximum deflection of this beam in inches. Assume that the moment of inertia of the beam 
is 100 in. 4 , and that the material is steel for which E - 30,000,000 lb. per sq. in. 

From conditions of symmetry, it is evident that the maximum deflection occurs at the oenter of the 
beam. The loading conditions are as shown in Fig. 8. Substituting given values in the formulas for M 
and m, using foot units, we have 

M - 300x(16 - x) ft.-lb., and m - | ft -lb. 

The equation for m holds for the left side of the beam. Noting from Fig. 8 that the M and i» diagram! 
are symmetrical about the center of the beam, we have 

* “ Elfc Mmdl - <3oiiSW) fl ,300X(16 ■ ' * 

The multiplier 1.728 in the right-hand member of the above equation is made necessary by the fact that 
the moment equations are expressed in foot-pound units while the deflection is desired in inch units. 
Now, as stated in Art. 8, p. 606, M is expressed in linear-force units, m is expressed in linear units, and 
dx is also m linear units. The quantity J*Mmdr therefore has the dimensions of foroe times linear units 
to the third power. Hence to reduce jTMmdx to inch units when the moments are expressed in feet 
units, we must multiply by (12)* — 1,728. 

Performing the operations indicated by the above equation, we have 

V — 0.295 in. 


Beam with Uniform Load ( Moment of Inertia Not Constant ). — Assume that the beam 
is a built-up girder, such as a plate girder with cover plates, as shown in Fig. 9. Let the 
moment of inertia of the end-quarters be 7i and the moment of inertia of the middle 
half be I a. Required the deflection of the center point. The M and m diagrams are the 
same as given in Fig. 8. 

Since the moment of inertia is not constant for the entire girder, substitution in eq. (6) 
must be made for the sections for which the moment of inertia differs as well as for the sec- 
tions for which the law of variation of M and m change. 

Substitution in eq. (6) gives 


nj: i?« -■>];* +fJ3ir« -'iw 


Integrating and reducing, we have finally 


V 


wl k r 5 , „ (/g~ Ji) i 

E L384/ 2 + 6,144/i/s-l 


( 11 ) 


When the moment of inertia is constant, or when I\ « Jj, this expression reduoes to 
5 wl 4 

y - 384 El’ as 0,1 p - 614> 

The above solution for deflection of a girder with varying moment of inertia is very 
convenient when there are a limited number of changes of moment of inertia and when the 
loading is comparatively simple. However, since a substitution must be made in eq. (6) 
for each change in moment of inertia and for each change in the law of variation of M and 
m, the determination of the deflection of a long plate girder due to a set of concentrated 
loads becomes a long and tedious process. For such cases the Area Moment Method or 
the Elastic Weight Method are more convenient. 

In some cases, the moment of inertia varies from section to section. When the moment 
of inertia can be expressed as a function of x, it may be placed in the general equation and 
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the integration performed. Such integrations are generally very complicated. The above 
ease represents the problem in the form usually encountered in practice. 


Illustrative Problem. — Assume the following data for the beam of Fig. 9 and calculate the deflection 
in inches at the center of the beam, w «= 1,200 lb. per ft., 1 *■ 10 ft., Ji “ 36 in 4 ., I t ** 48 in 4 ., and 
B ■■ 30,000,000 lb, per sq. in. 

For the conditions shown, M *» 600 x (10 — x) ffc.-lb., and m «= ^ ft.-lb. Noting that values of M 
and m are symmetrical about the beam center, and the deflection in inohes is required, we have from 
eq. (6) 


V 


(2)(1,728) f 600x(10 - x) x . . f • 600x00 - x) x . 1 

30^00,000 L J o 36 2 dx + J,, “ 48 2 dx \ 


from whioh 

V « 0.197 in. 

Direct substitution in cq. (11) gives the same 
result. 

Simple Beam with Single Concentrated Load 

Illustrative Problem. — A 2- X 1-in. piece of wood 
laid flatwise spans a 24-in. opening. The beam 
carries a 60-lb. load at a distance of 18 in. from tho 
left end of the beam. Determine the deflection 
under the load and the maximum deflection of tho 
beam in inches. Assume E «* 1,500,000 lb. per sq. in. 

Figure lOo shows the given beam and Fig. 106 
shows the M diagram. The moments are given in 
inch-pound Units. 

To determine the deflection under the load apply 
a 1-lb. load downward at point C of Fig. 10a. The 
m diagram is shown in Fig. lOr. 

From eq. (6) 





* +/”l«(24 -x)][|(24 -«>]<• 

For the given conditions, I - HaW* *■ (Ma)(2)(l)* - H in 4 , and hence El - 250,000. 

Performing the integrations indicated above, we have 

V* *■ 0.0389 in. 

The maximum deflection occurs at the point where the tangent to the elastic curve is horizontal. 
Assume this point to be located at a distance xo from the left end of the beam. The value of xo may be 
determined by placing a unit couple at this point, as shown in Fig. lOd, substituting values of AT and 
m in eq. (71 and solving for xo subject to/the condition that ot — slope of tangent to elastic curve »* 0. 
Figure lOd shows the values of m in inch-pound units. Substituting in eq. (7) we have 

- -wlj]" <“■>(-£) **..+/* »*>( l — K 1 *1 - ® 

Integrating and solving for xo, we have 

xo - 13.42 in. 

That it. the maximum deflection occurs at a point 13.42 in. from the left end of the beam. Figure 10* 
•hows t..e unit load in position at the point of maximum defleetion and the resulting m diagram. 
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Substituting in eq. (6), we lure 

1 r C ii.4i , /*n 

Vma» - l J # (16»)(0.441a;)d* + ^ (15*)[0.559(24 


from whioh 


Vmo* 

The above results cheek those given on p. 71 . 


0.0484 in. 


*)!<**] 4* 

f: 


45(24 - x)(0. 569(24 - x))dx 


Cantilever Beam a. — Figure 11 shows a cantilever beam supporting a uniform load. Let 
it be required to determine the general formula for deflection of the free end. Assuming 
the deflection of the free end to be downward, the unit load acts as shown in Fig. 11. The 
M and m diagrams for the applied and unit load are as shown on Fig. 11. Substituting 
in eq. (6), we have 





m diagram 




L C lwx% 

ElJ , 2 " 


dx 


1000 It 



m diagram 


Fig. 11. 


Fig. 12. 


Illustrative Problem. — A 6-ft. cantilever beam supports a 1,000-lb. load placed as shown in Fig. 12. 
The beam consists of a 4- X 8-in. member with the 8-in. side vertical. Determine the deflection of the 
free end in inches. Assume E for timber as 1,500,000 lb. per sq. in. 

Assume the deflection to be downward. For an origin at the free end, the M and m diagrams are as 
shown in Fig. 12. The moments are expressed in foot-pounds. Substituting in eq. (6), we have 

V -ffifll- 1.000(* — 2)(— ^ j'|l,000l*» -2x)dx - V°°°g 7 * > 


For a 4- X 8-in. rectangular section 


I 


bd* 

12 


(4)(8)» 

12 


170 H 


Substituting values of E and I in the above equation, remembering that the deflection in inohes is 
desired, we have , 


(l,0QP)(37H)O,728) 

(1J500,000)(170H) 


C.252 in. 


Beam with Overhanging End. 

Illustrative Problem. — A 10-in. 25.4-lb. steel I-beam is used to form a beam of the type shown in 
Fig. 18. For the dimensions and loadings shown on Fig. 18 calculate the deflection at the free end .of the 
cantilever arm and the maximum deflection in the span J SC. The moment of inertia of the given beam 
section is 122.1 in.< and E « 30,000,000 lb. per sq. in. 

The moment diagram for the given loading is shown in Fig. 13a. The values shown on the diagram 
ire expressed in foot-pound units. „ „ ^ s . 

To determine the deflection of the free end of the cantilever arm, apply a 1-lb. load acting downward 
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at point A, of Fit. 13b. The resulting m diagram, expressed in foot-pcand unite, ia aa shown in Fig. 
186. Substituting in eq. (6), we have * 

• x)]dx + 

[1,000(11* -0.6** - 30)][-H(15 -*)Jd*] 

from which finally 

y at 0.0738 in. downward deflection 

The deflection in the span BC occurs at the point where the slope of the tangent to the 

elastic curve is horizontal. Assume this point to be located at a distance 15fc ft. from the left support, 
where fraction which ie less than unity. Apply at this point a unit couple, as shown in Fig. 13c. 
The m diagram for this couple is shown on Fig. 13c. 
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“ ( 80 , 000 , 000 )( 122 , 
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~$[8400Ib. 
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m*~(5-x) 

0.435/b. 


\0.5651b. 


-U» : 6.565(75-x ) 


J (O 


L 4 

u 

Ti o. 13. 

Substituting in eq. (7) we have 

a -ij'* il,00<Kn* -0.a*> — 30)][ — j^] <i* +^[1.000(11* - 0.6*« -80) (l - ^)] *> 

Int egr atin g this expression, placing the result equal to zero, and solving for k, we have the cubic equation 
Jfet - 1.833A* + 0.666A: + 0.0278 - 0 

Solving this equation by the method given in Art. 706, p. 660, we find k - 0.566. Hence the distanoe 
from the left support to the point of maximum deflection is (15) (0.565) » 8.47 ft. To determine the 
maximum deflection, apply a 1-lb. load as shown in Fig. 13d and determine the corresponding m values. 
Substituting in eq. (6), we have, noting that the deflection in inches is desired, 

1,728 


0 , 1 /:">■■ 


,000(11* - 0.6** - 30)](0.435*)daj + 


Vmmm m (80,000.0001(122.1 _ 

/ 1B [1,000(11* - 0.6** - 30)H0.565(15 - *)W*1 

#. 4 T * 

from which 

Jfnai * 0.180 in* 

These values cheolc the results given on p. 620. 
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Alternating stress failure, 9 
A.I.S.C., formula for steel columns, 137 
safe loads on beams, 177 
A.R.E.A., allowance for impact, 8 
bending stress on pins, 352 
deflection of wooden beams, 359 
estimating shear in a column, 309 
formula for steel columns, 304 
for working loads for columns, 137 
proportions of heads, 291 
reduction formula for bridge work, 198 
rule for proportioning web stiffeners, 
277 

for thickness of web plate, 252 
spacing of intermediate web stiffeners, 
274 

splicing plate girder flanges, 351 
strength values of structural timber, 
359 

unit stresses for tension members, 329 
web buckling formula, 206 
American Society for Testing Materials, 
gage length for tensile tests, 6 
Anchorage for column bases, 317 
Anchors, for beams and girders, 284 
Angles, gages for, 323 
Apparent elastic limit, 5 
Area of a section, 605 

{See also Sections, general properties 
of) 

Area-moment method of analysis of 
continuous beams, 111-123 
of analysis of restrained beams, 100- 
111 

of computing deflection, 45-62 
theorem of three moments, 120-123 
Axes, parallel, moments of inertia for, 2 
principal, definition, 2 

{See also Inclined axes; Parallel axes) 
Axial stresses, 7 
Axis, neutral {see Neutral axis) 


Bases for beams and girders, 281-285 
for cast-iron columns, 302 
for columns, 313-317 
for wooden columns, 397 
Batho, Prof. C., 287, 293, 294 
Beams and slabs reinforced for compres- 
sion, 465-472 
design sheet, 470-472 
designing details, 469 
formulas, 467 
steps in design, 468 
tables and diagrams, 473-497 
Beams, bearing plates and bases for, 
281-285 

bending and direct stress, 138-151 
definition, 1 

deflection of, 43-98, 612-626 
under unsymmetrical bending, 171— 
173 

fiber stress coefficients, tables, 168-169 
investigation of, 162 
partially continuous, 130-132 
permissible extreme fiber stresses in, 197 
plain concrete, 36 
reinforced-concrete, 36-43 

{See also Reinforced concrete beams) 
simple and cantilever {see Simple and 
cantilever beams) 

standard gages and dimensions, table, 
323 

steel, properties, 175 

{See also Steel beams) 

T, tables of coefficients for design of, 
480-497 

unsymmetrical bending, 148-173, 222 
variations in fiber stress, 168-169 
wooden, 358-378 

Bearing plates and bases for beams and 
girders, 281-285 
anchors, 284 
bolsters, design of, 283 
expansion bearings, design of, 284 


627 



628 


STRUCTURAL MEMBERS AND CONNECTIONS 


Bearing plates and bases for beams and 
girders, ribbed bases, design of, 283 
simple bearing plates, design of, 282 
types and uses, 281 
Bending an$ direct stress, 138-148 
defoimations due to, 140-148 
fiber stresses, determination of, 140- 
148 

kern of a section, 149-151 
members subjected to unsymmetrical 
bending, 148 

nature of the problem, 138 
Bending, in concrete construction, 559 
moment, of beams, 15, 176 
of beams, unsymmetrical, 148-171, 220 
(See also Simple and cantilever 
beams) 
stress, 7 

Bethlehem, beams and girders, method of 
shaping, 174 

H-section of steel column, 176, 306 
I-beams, flexural efficiencies, 190 
properties, 175 
section modulus, 183 
steel beams, economic section for 
flexure, 178 
Birnbaum, 408 
Blooming rolls, 174 

Bolsters, design of, for beams and girders, 
283 

used, in wooden construction, 430-432 
Bolted fish plate splice, 419, 424 
Bolts for wooden construction, 401 
lateral resistance, 403-408 
resistance to withdrawal, 413 
Bond stress, 7 

in a reinforced-concrete beam, 42 
Boston building code, cast-iron lintels, 
230 

formula for cast-iron columns, 301 
for steel columns, 304 
Box girders, 231-245 
advantages and disadvantages, 232 
diaphragms, 237 
flange riveting, 238 
-length of flange plates, 235 
net section modulus, table, 234 
proportioning for moment, 232 
stiffeners, 237 
types and uses, 231 


Bracket connections, 339 
of cast-iron columns, 302 
Brackets for T-beams in concrete work, 
457 

Brass, value of Poisson's ratio for, 4 
Bridges, long span plate girders in, 246 
built-in beam, definition, 1 
Built-up bases, design of, 315 
separators, for multiple beam girders, 
225 

Burr, W. H., formulas for wooden 
columns, 395 
Butt joints, 325 

C 

Caissons, design of, 529 
Camber in concrete forms, 448 
Cambria formula for compression flange, 
196 

method of proportioning beams for 
buckling of web, 206 
Steel Handbook formula for cast-iron 
column, 301 

tables for box girders, 233 
Canada, Dept, of Railways and Canals, 
stiffeners of girders, 277 
Canadian Engineering Standards Asso- 
ciation, formula for bridge work, 
197, 198 

spacing for web stiffeners, 275 
Cantilever beam, definition, 1 
foundation slabs, 596 

(See also Simple and cantilever 
beams) 

Caps of cast-iron columns, 302 
Carnegie formula for compression flange, 
196 

I-beams, economic section for flexure, 
178 

section modulus, 183 
Cast-iron columns, 298-304 
bracket connections, 302 
caps and bases, 302 
design of, 302 
formulas, 300 
inspection of, 300 
manufacture of, 299 
properties, 299 
tests of, 300 
use of, 298 
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Cast-iron lintels, 229 
properties of, 299 

eparators for multiple beam girders, 
225 

shrinkage of, 7 

stress-deformation diagram for, 5 
Center of gravity of an area, 2, 606 
Channels, gages and dimensions, table, 
324 

( See also Steel beams) 

Chicago Building Code, formula for cast- 
iron columns, 301 
Clearance of rivets, 320-323 
Coefficient of expansion, definition, P 
Coefficients, deflection, 77-81 
Column bases, 313-317 
anchorage, 317 
built-up bases, design of, 315 
plain bases, design ol, 314 
ribbed cast bases, design of, 314 
types and uses, 313 
Column, definition, 1 
Columns, 132-138 
A.C.I. formulas for, 527 
A.R.E.A., formula for working loads, 
137 

cast-iron, 298-304 

in concrete construction (see Members 
subject to direct axial compres- 
sion) 

definition, 132 

Euler's formula for long columns, 133, 

134 

forms of, 132 

ideal column, eccentrically loaded, 134 

parabolic formula, 136 

practical length columns, formulas for, 

135 

radius of gyration, 132 
Rankine formula for, 136 
• slenderness ratio, 132 
spiral, design of, 543 
tables for, 558 
steel, 304, 312 
properties, 176 

tied, tables for design of, 538-542 
unit stress, 132 
wooden, 390-398 
connections with girders, 430-433 
Combined stresses, 7 
Components of a force, definition, 11 


Composition of forces, definition, 11 
examples, 12, 13 
Compression, 4 

in concrete construction (see Members 
subject to direct axial compres- 
sion; Members subject to bending 
and direct compression) 
flange, buckling of, 196 
members, splices in, 332 
splices, 425 

t^sts, information obtained from, 6 
Compressive reinforcement in concrete 
work, 465 

Computing deflection of beams, 43-98 
Concrete beams, plain, 36 

(See also Reinforced-concrete beams) 
bond stress, 7 
coefficient of expansion, 8 
piers, design of, 529 
reinforced (see Reinforced-concrete 
members) 
reliability, 9 
shrinkage, 7 

stress-deformation diagram for, 5 
value of Poisson’s ratio for, 4 
Concurrent forces, definition, 11 
(See also Forces) 

Conjugate beam, definition, 62 
Connection angles, 332 
Connections, for steel members, 319-357 
timber, patented, 425 
welded, 355 

(See also Splices and connections) 
Continuous beams, definition, 1 

(See also Restrained and continuous 
beams) 

Copper, value of Poisson's ratio for, 4 
Couple, of forces, definition, 11 
Cross bending of tension members, 297 

D 

Dead load, 10 
definition, 2 

Definitions of terms, 1-2 
Deflection of beams, 43-98, 612-626 
approximate method for determina- 
tion, 84-86 

area-moment methods of computing, 
45-62 

comparative values of bending and 
shearing deflection, 92-94 
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Deflection of beams, deflection coeffi- 
cients, 77-81 

in terms of fiber stress, 81-82 
elastic curve method, 612-626 
application to problems, 613 
general equation, 612 
elastic weight method of computing, 
62-73 

Euler’s method of computing, 44 
graphical methods of determining, 
73-77 

limiting deflection, 82 
methods of computing, 43-77 
proportioning for, 210 
reciprocal displacements, Maxwell’s 
theorem of, 83 

reinforced-concrete beams, deflection 
of, 94-98 

shearing stresses, deflection due to, 86- 
92 

Turneaure and Maurer’s method of 
determining, 97-98 

under unsymmetrical bending, 171-173 
unit load method, 620-626 
application to problems, 621 
derivation of formula, 620 
wooden beams, 359 
Deformation, definition, 3 
Design of reinforced concrete members, 
434-601 

(See also Reinforced concrete mem- 
bers) 

Design of steel and cast-iron members, 
174-318 

beams, steel, 174-228 
bearing plates and bases for beams 
and girders, 281-285 
box girders, 231-245 
cast-iron columns, 298-304 
column bases, 313-317 
metallic lintels, 228-231 
multiple beam girders, 223-228 
plate girders, 245-281 
properties of sections, 174-176 
steel columns, 304-312 
steel shapes, 174-176 
tension members, steel, 285-298 
Design of wooden members, 358-398 
beams, 358-378 
columns, 390-398 
girders, 379-390 


Diaphragms for box girders, 237 
for multiple steel girders, 226 
Direct stress (see Bending and direct 
stress) 

Double integration, method of computing 
deflection, 44 
Drift bolts (see Bolts) 

E 

Eccentric connections for steel members, 
336 

force, definition, 7 
Edge distance of rivets, 323 
Efficiencies of I-beams and channels, 179 
Elastic curve method of determining 
deflection of beams, 44, 612-620 
curve of a beam, 11 
limit, 3, 5 

weight method of analysis of continu- 
ous beams, 127 

of analysis of restrained beams, 
105-111 

of computing deflection of beams, 
62-73 

Elasticity, modulus of, 3, 5 
•Elongation, percentage of, 6 
Emperger column, 529 
Equilibrium of forces, 11 
of non-concurrent forces, 133 
Euler’s formula for long columns, 133, 134 
method of computing deflection of 
beams, 44 

Expansion bearings, design of, 284 
External forces, definition, 2 
Eye bar members, 285 
proportioning of, 289 

F 

Factor of safety, 9 
Fatigue, 9 

Fiber stress, in a beam, 22-24 
in beams, table, 197 
coefficient for beams, 168 
of columns, problems in, 138-140 
deflection in'terms of, 81 
formulas, for unsymmetrical bending, 
151-154 

variations in, 169 
Fish plate splices, 419-422, 424 
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Fixed beam, definition, 1 
Flange buckling, holes in beams, 179- 
192 

proportioning beams for, 196 
riveting for plate girders, 269-273 
of box girders, 238 
Flanges, of plate girders, 246 
(See also Plate girders) 

Flat slab floor panels, 506-526 
A.C.I. design regulations, 508-513 
assumption as to tensile stress in 
concrete, 514 

comparison of specifications, 507 
compression reinforcement in place of 
drop, 517 
description, 506 
design sheets, 518-526 
details of design, 516 
diameter of column capital, 516 
floor loads coming on lintel beams, 515 
interior beams, 515 
rectangular panels, 517 
size of drop, 516 
slab thickness without drop, 516 
slabs supported on walls, 517 
steps in design, 514 
tables, 509, 510, 511, 512, 513 
tile fillers, 516 
use of wire mesh, 517 
Flats, definition, 174 
Fleming, R., 196 

quoted on deflections resulting from 
flexure and shear, 214 
on flexural stress for beams, 196 
on rivets and bolts in direct tension, 
327 

tables of fiber stress, 168 
Flexural efficiencies of I-beams, 190 
modulus, 154 

Flexure formulas for reinforced-concrete 
beams, 37-40 
theory of, for beams, 21 
Flitch-plate girders, 385 
Floors, flat slab (see Flat slab floor panels) 
Footings in reinforced concrete work, 
596-601 

design sheet, 600 

diagram for determining depth, 599 
effective width, 597 
formulas, 596 
notation In formulas, 596 
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Footings in reinforced concrete work, 
punching shear, 598 
shape, 598 

spread, table for design of, 601 
steps in design, 597 
use of web reinforcement, 598 
Force, definition, 2 
Forces, composition of concurrent, 12 
composition of non-concurrent, 13 
definitions, 11 

equilibrium of non-concurrent, 13 
resolution into components, 12 
shear, 14 

Formwork for concrete, 447 
Frsenkel, Prof., 44 

G 

Gage lines of rivets, 323 
Gas pipe separators for multiple beam 
girders, 225 
Girder, definition, 1 

Girders, bearing plates and bases for, 
281-285 
box, 231-245 
multiple beam, 223-228 
plate, 245-281 
wooden, 358, 379-390 
connections with columns, 430-433 
connections with joists, 427-430 
Glass, value of Poisson's ratio for, 4 
Graphical methods for determining de- 
flection of beams, 73-77 
Greene, C. E., area-moment method of 
analysis of continuous beams, 111— 
123 

of analysis of restrained beams, 100- 
105 

of computing deflection, 45-62 
Greiner, J. E., 295 
Grey column, 306 
Gyration, radius of, definition, 2 

H 

Haunches for T-beams in concrete work, 
457 

Hooke's law, 8 

I 

I-beams, standard, 175 
web crippling of, 206 
(See also Steed beams) 
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Impact, definition, 8 

formula, 8 

Inclined axes theorem, 609 
Inertia, foments of, definition, 2 
Ingots, definition, 174 
Inner forces, definition, 2 
Intensity of shearing stress in a beam, 
125-80 

of ^stress, definition, 3 
Internal forces, definition, 2 

J 

Johnson, J. B., 300 
on loads for wooden columns, 394 
Joints, bolted, basic stresses, 410 
typical connector, 426 
Joist hangers, 428 
Joists, wooden, 360 

connection with girders, 427-430 

K 

Kercher, Henry, 191 
Kern of a sectibn, 149 
KidwelFs tests on wooden girders, 380 
Kolbirk, 408 

L 

Lag screws, 405 
Lap joints, 325 
Lateral flexure of girders, 280 
Lead, value of Poisson’s ratio for, 4 
Lehigh Valley Railroad, plate girder 
spans, 246 

Lever arm of a force, 11 
Lintels, metallic, 228-231 
Live load, 10 
definition, 2 
Load, dead and live, 10 
definition, 2 
Loading of a beam, 10 
Loads, Concentrated, 20 
concentrated moving, 19 
effect on principal stresses in the web 
of a beam, 33-35 

moving, shear and moment due to, 
19,20 

uniform, 20 
on columns,. 132-138 


M 

Machine bolts, 406 

Maney’s method of determining deflec- 
tion of concrete beams, 94-96 
Manufacture of steel shapes, 174 
Maurer’s method of determining deflec- 
tion of beams, 97 

Maxwell’s theorem of reciprocal dis- 
placements, 83 

McKibben, Prof. F. P., 293, 294 
Member, definition, 1 
Members subject to bending and direct 
compression, 559-596 
circular sections, 577-583 
designing for* bending and direct 
compression, 594 
diagrams, 584-589 
notation, 560 

plain concrete piers for eccentric load- 
ing, 560 

rectangular sections, 561-577 
steps in design, 594 
tying of the steel to prevent buckling, 
595 

Members subject to direct axial compres- 
sion, 526-558 

columns with cast-iron core, 532 
with structural steel core, 532 
design sheets, 536, 537 
diagrams and tables, 538-558 
formulas, 526 
general considerations, 528 
height or length of member, 528 
load applied on part of area only, 532 
plain concrete piers, 529 
walls, 534 

reinforcement details, 534 
spiral columns, 530 
tied columns, 529 

Members subject to direct axial tension, 
559 

Metallic lintels, 228-231 
cast-iron, 229 
steel, 229 

types and uses, 228 
Modulus of elasticity, 3, 5 
of resilience, 9 
of rupture, 7 

Mohr, O., area-moment method of 
computing deflection, 44 
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Moment, bending, of steel beams, 176 
of a couple, definition, 11 
of a force, definition, 11 
of forces, diagrams, 17 
of inertia, definition, 2 
of an area, 608 
maximum, 17-20 

Moments, coefficients, for continuous 
beams, 127-128 

effect on, of settlement of support of 
beams, 124 

Mueller-Breslau, Prof., 44 
Multiple beam girders, 223-228 
advantages and disadvantages, 224 
proportioning of, 226 
separators, 226 
types and uses, 223 

N 

Nails, felt roofing, 402 
Nails for wooden members, 399 
lateral resistance, 403 
resistance to withdrawal, 413 
Necking-down, 5 

Net section of steel tension members, 288 
Neutral axis, 11 
formulas for, 151 
of punched beams, 179-182 
problem, 21 
Neutral line, 11 
surface of a beam, 11 
New York building code, cast-iron 
lintels, 230 

formula for cast-iron columns, 300 
for steel columns, 304 
New York Dept, of Buildings, tests of 
cast-iron columns, 300 
on bracket connections, 303 
Non-concurrent forces, definition, 11 
(See also Forces) 

Notation for formulas, 603, 604 

O 

One-way solid slabs, in concrete work, 
435-453 
design of, 444 

Origin of moments, definition, 11 
OBborae system of riveting, 320 
Outer forces, definition, 2 


P 

Parabolic formula for columns, 136 
Parallel axes of an area, moments of 
inertia for, 608 
products of inertia for, 610 
theorem, 608 

Percentage of elongation, 6 
reduction of area, 6 

Philadelphia formula for steel columns, 
305 

Phoenix Bridge Co., tests of cast-iron 
columns, 300 
Piers, concrete, 529 
designed for eccentric loading, 560 
Pin connections, 351 
Pitch of rivets, 323 
Plate girder flanges, splicing, 351 
web splices, 345-350 
Plate girders, 245-281 
bearings, 247 
characteristics, 245 
composition, 246 
of flanges, 262 

concentrated load stiffeners, 278 
diagonal tension, proportioning for, 252 
economic depth, 268 
flange buckling, 265 
flange riveting, 269 
flanges, 246 

intermediate web stiffeners, 273 
lateral flexure, 281 
length of flange plates, 265 
limiting buckling stresses, 252 
maximum compressive stresses, table, 
251 

moment of resistance, approximate 
method, 256 
exact method, 254 
of girders with sloping flanges, 26 
moments of inertia, table, 256 
proportioning of stiffeners, 277 
rivet pitch in flange plates, 272 
spacing in sloping flanges, 272 
section moduli, table, 256 
shear, proportioning for, 248 
stiffeners, 247 
stress conditions, 248 
thickness ratio of web, 252 
torsion on, 281 

variation in web compression, 251 
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Plate girders, web, 246 

buckling, proportioning for, 249 
Plates, sheared, 174 
steel, definition, 174 
universal mill, 174 
Poissor ’s ratio, 4 

Portland Bureau of Buildings, 408 
Post and girder cap connections, 432 
caps, 432 
definition, 1 

Pressure on timber, 417, 418 
Products of inertia for parallel axes, 610 
Properties of steel sections, 175 
Proportioning beams for flange buckling, 
196 

of punched beams, 182 
Punched beams ( see Steel beams) 

R 

Radius of gyration of an area, 2, 610 
Railway bridge work, reduction formulas 
for, 198 

Rankine formula for columns, 136 
Reactions, 11 

coefficients for continuous beams, 127- 
130 

definition, 2 

effect on, of settlement of support of 
beams, 124 

in continuous beams, 123-124 
Reciprocal displacements, Maxwell’s 
theorem of, 83 

Rectangular beams in concrete work, 
435-453 

anchorage of web reinforcement bars, 
446 

bar spacing and sizes, 445 
bars carried through to support, 446 
beam sizes influenced by formwork, 447 
weight, 440 
camber in forms, 448 
construction loads, 448 
depth of concrete below bars, 444 
design sheets, 450-453 
steps in, 440 
formulas, 435 

minimum spacing of bars, 445 
points where bars may be bent, 446 
selection of working stresses, 440 
shear and moment diagrams, 437 


* Rectangular beams in concrete work, 
size of web reinforcement bars, 446 
span length, 437 
stirrup spacing, rules, 447 
temperature reinforcement, 448 
web reinforcement, 441 
Reduction formulas for railway bridge 
work, 198 

of area, percentage, in tensile tests, 6 
Reinforced-concrete beams, 36-43 
bond stress, 42 
deflection of, 94-98 
flexure formulas, 37-40 
location, 36 

shearing stresses in, 40-41 
strengthening, methods of, 41 
tensile stress lines, 36 
web reinforcement, 42 
Reinforced-concrete members, 434r-6Ql 
beams and slabs reinforced for com- 
pression, 465-497 
flat slab floor panels, 506-526 
footings, 596-601 
members listed, 434 
subject to bending and direct 
compression, 559-596 
direct axial compression, 526-558 
direct axial tension, 559 
rectangular beams, and one-way solid 
slabs, 435-453 

slabs supported upon four edges, 498- 
506 

T-beams and ribbed one-way slabs, 
453-465 

Reinforcement of beams, compressive, 
468 

for bending, 192 

Reinforcing plates, length of, 193 
riveting of, 195 
Repeated stresses, 8 
Resilence, definition, 9 
Resolution of forces, definition, 11 
example, 12 

Restrained and continuous beams, 98-130 
area-moment method of analysis, 100- 
105, 111-121 

coefficients for moments and reactions 
for continuous beams, 127-130 
continuous girders on elastic supports, 
126 

definitions, 1, 98- 
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Restrained And continuous beams, effect 
of settlement of ' supports, on 
moments and reactions, 124-127 
elastic weights method of analysis, 
106-111, 127 

partially continuous beams, 130-132 
properties of restrained beams, 111,112 
reactions in continuous beams, 123-127 
Resultant Of forces, definition, 1 1 
Reverse stress, 9 

Ribbed cast bases for columns, design 
of, 314 

one-way slabs, 463 
Rivet holes, 323 

Riveted joints, distribution of stress, 327 
tension members, proportioning of, 21*1 
Riveting, of box girders, 238 
conventional signs for, °20 
flanges tor plate girders, 271-273 
of reinforcing plates, 195 
Rivets, definitions, 319 
kinds of, 319 
sizes, 320 

spacing of, 820-327 
subjection to direct tension, 327 
Rod members, 289 
Rolls, blooming, 174 

S 

S-line, 154 
S-polygons, 155-166 
for an angle section, 160 
for a channel, 159 
construction, 158 
for I-beam, 159 
for a rectangle, 158 
solution of problems by, 162, 164 
for Z-bars and T-bars, 162 
Screws, 405 
lateral resistance, 408 
resistance to withdrawal, 413 
Section modulus for a beam cross-section, 
611 

of punched beams, correction of 
approximate, 187 
net, 183 

Sections, area, 005 
center of gravity of an area, 606 
general properties of, 175, 176, 605- 
611 


Sections, inclined axes theorem, 609 
moment of inertia, 608 
parallel axes theorem, 608 
principal axes and moments of inertia, 
610 

products of inertia for parallel axes, 610 
radius of gyration, 610 
rectangular, tables of coefficients for, 
473-491 

section modulus, 611 
statical moment of an area, 605 
Separators, for multiple beam girders, 225 
Shapes, steel, definition, 174 
(See also Steel shapes) 

Shear and moment of rectangular beams 
in concrete work, 437 
Shear, on beams, 14 
definition, 6 
diagrams, 17 
maximum, 17-20 
pin splice, 423, 424 
tests, 6 

Shearing stresses, in a beam, 24-30 
deflection of beams due to, 86-92 
proportioning beams for, 199-204 
in reinforced-concrete beams, 40-41 
Shrinkage, definition, 7 
Simple and cantilever beams, 10-43 
bending moment, 15 
definitions, 1 

effect of a load on a beam, 10 
fiber stress in a beam, 22-24 
flexure formulas for rcinforced-concretc 
beams, 37-40 
forces, definitions, 11 
limitations of theory of bending, 30 
loading, 10 

maximum shear and moment, 17-20 
moving loads, shear and moment due 
to, 19-20 

neutral axis, position of, 21 
plain concrete beams, 36 
principal stresses in the web of a beam, 
31-35 

principles of statics used in finding 
reactions, 11 
reactions, 11 
shear, 14 

shear and moment diagrams, 15 
shearing stresses in a beam, 24-30 
in reinforced-concrete beams, 40-4 1 r 
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Simple and cantilever beams, eel rein* 
forcement in concrete beams, 36 
strengthening reinforced-concrete 
beams, 41 

tensile stress lines in reinforced-con- 
crete beams, 36 

theory of flexure for homogeneous 
beams, 21 

web reinforcement of concrete beams, 
42 

Slabs supported upon four edges, 498-506 
A.C.I. design regulations, 499-503 
design sheet, 503-506 
Slenderness ratio of columns, 132 
Southern Pine Assoc., 359, 366 
Span length of rectangular beams in 
concrete work, 437 
Spikes, 402 
lateral resistance, 403 
resistance to withdrawal, 413 
Spiral columns, 530 

Splices and connections for steel mem- 
bers, 319-357 
bracket connections, 339 
connection angles, 332 
design of connections subjected to 
bending, direct stress, and shear, 
342 

subjected to torsion, 344 
distribution of stress in riveted joints, 
327 

eccentric connections, 336 
kinds of connections, 319 
lap and butt joints, 325 
pin connections, 351 
plate girder flange splices, 351 
web splices, 345-350 
rivet holes, 323 

rivets and conventional signs for 
riveting, 320 

vs. bolts in direct tension, 327 
sizes of rivets, 320 
spacing of rivets, 320-325 
splices in compression members, 332 
in tension members, 328 
stresses induced in pins and pin plates, 
351-355 

Splices and connections for wooden 
members, 390-433 
bolted fish plate splice, 419-421 
bolts, 406-407 


Splices and connections for wooden 
members, compression on surfaces 
inclined to direction of fibers, 418 
splices, 425 

connection of joist to steel girders, 
• 429 

connections between columns and 
girders, 430-433 
joists and girders, 429 
joist hangers, 428 
joists framed into girders, 427 
lateral resistance of nails, screws, and 
bolts, 403-413 

modified wooden fish plate splice, 420 
nails, 399 

post and girder cap connections, 432 
resistance of timber to pressure from 
a metal pin, 417 

to withdrawal of nails, screws, and 
bolts, 413 
screws, 399 
shear pin splice, 423 
steel-tabled fish plate splice, 422 
tabled wooden fish plate splice, 421 
tenon bar splice, 423 
tension splices, 418 
comparison, 424 
washers, 414-417 

St. Venant, theory of bending of beams, 
31 

Statical moment of an area, 2, 605 
Statically indeterminate beams, 98 
Statics, principles used in finding reac- 
tions, 11 

Steel, bond stress, 7 

coefficient of expansion, 8 
stress-deformation diagram for, 4 
tabled fish plate splice, 422, 424 
value of Poisson's ratio for, 4 
Steel beams, 174-228 
combined stresses, 217 
correction of approximate section 
modulus, 187 

deflection, proportioning for, 210 
diagonal buckling of web, 204 
economic section for flexure, 178 
efficiencies of beams, flexural, 180 
fiber stresses, table, 197 
flange buckling, proportioning for, 106 
limiting longitudinal position of flange 
holes, 190 
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Steel beams, moment, proportioning for, 
176 

net section modulus, 183 
neutral axis of punched beams, 179-182 
proportioning of punched beams, 182 
reinforcement of, for bending, 192 
reinforcing plates, length of, 193 
riveting of, 195 

relative efficiencies of beams and 
channels, 179 
safe loads, 177 

shear, proportioning for, 199-204 
stress conditions to be met, 176 
torsion, proportioning for, 222 
trussing of beams, 217 
unsymnietrical bending, proportioning 
for, 220 

vertical buckling of w b, 206 
Steel columns, 304-312 
design of cross-section, 306 
details 309 

eccentrically loaded columns, 307 
forms of cross-section, 305 
formulas, 304 
latticing, design of, 310 
shear in a column, 309 
tie-plates and forked ends, design of, 
312 

Steel lintels, 229 

reinforcement in concrete beams, 36-43 
reliability, 9 
Steel shapes, 174-176 
definitions, 174 
manufacture of, 174 
standard I-beams and channels, 175 
See also Sections, properties of) 

Steel tension members, 285-298 
choice of section, 287 
cross bending, 297 

eye bar members, proportioning of, 289 
forms and uses, 285 
net section, 288 

riveted tension members, proportion- 
ing of, 291 

rod members, proportioning of, 289 
theory of design, 286 
Stiffeners for box girders, 237 
for plate girders, 247 
intermediate web, 273 
spacing chart, 276 
(See also Plate girders) 


Stiffness, definition, 7 
Stirrups, rules for spacing, 447 
used in web reinforcement, 441 
Stone, value of Poisson's ratio for, 4 
Strain, definition, 3 
Stress and deformation, 3-10 
axial and combined stresses, 7 
bending stress, 7 
bond stress, 7 
compression tests, 6 
d< formation defined, 3 
diagrams, 4 
direct stress, 4 
clastic limit, 3 
l actor of safety, 9 
impact, 8 
kinds of stress, 4 
modulus of elasticity, 3 
of rupture, 7 
Poisson’s ratio, 4 
repeated stresses, 8 
resilience, 9 
shear and torsion, 6 
tests, 6 

shrinkage of materials, 7 
stiffness, 7 
strain defined, 3 
stress defined, 3 
stress-deformation diagrams, 4 
temperature stresses, 7 
tension tests, 5 
work of a force, 9 
working stress, 9 
Stresses, axial and combined, 7 
bending and direct, 138-151 
bond, in reinforced-concrete beams, 42 
direct, 4 

fiber, in a beam, 22-24 
principal, in the web of a beam, 31-35 
problems in, 138-151 
(See also Fiber stress) 
repeated, 8 

shearing, in a beam, 24-30 
in reinforced-concrete beams, 40-41 
Structure, definition, 1 
Strut, definition, 1 
Struts and ties, properties, 176 
Supports of beams, effect of settlement 
of, 124 
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T 

T-bars, S-polygons for, 162 
T-beams in concrete work, 453-465 
bond considerations, 460 
brackets and haunches, 457 
critical sections, 460 
design sheets, 463-465 
formulas, 454r-456 
general proportions, 461 
lateral spacing of longitudinal bars, 460 
reinforcement for shrinkage stresses, 
462 

steps in design, 456 
stresses, discussion of, 456 
use of T-beam Table 10, 458 
uses, 453 

Tabled wooden fish plate splice, 421, 
424 

Talbot, Prof., 597, 598 
Temperature stresses, 7, 8 
Tenon bar splice, 423 
Tensile stress in concrete, 514 
in reinforced concrete beams, 36 
Tension, definition, 4 
Tension members in concrete construc- 
tion, 559 
splices in, 328 
steel, 285-298 

(See also Steel tension members) 
Tension splices in wooden construction, 
418-425 

tests, facts obtained from, 5 
Theorem of three moments, 120-123 
Tie, definition, 1 
Tied columns, design of, 529 
Tieneman tests on deflection of wooden 
beams, 360 

Timber, structural, used for wooden 
beams, 358 

( See also Splices and connections for 
wooden members) 

Torsion, definition, 6 
of steel beams, 222 
Truss, definition, 2 
Trussed girders, 386-390 
Trussing of steel beams, 217 
Tumeaure’s method of determining de- 
flection of beams, 97 
Tying steel reinforcement to prevent 
buckling, 595 


V 

Ultimate strength, 5 
Unit deformation, 3 
load method of determining deflection 
of beams, 44, 620-626 
stress, definition, 3 

U. S. Dept, of Agriculture, formula for 
wooden columns, 391 
Unsymmetrical bending, 148-173, 220 
construction of S-polygons, 155-162 
deflection of beams under, 171-173 
flexural modulus, 154 
formulas for fiber stress, 151-154 
investigation of beams, 166 
plane of bedding, changes in position 
of, 169 

position of neutral axis, formulas, 151- 
154 

proportioning for, 220 
S-line, 154 
S-polygons, 155-162 
solution of problems, 162 
tables of fiber stress coefficients for 
beams, 168 

variation in fiber stress, 169 

( See also Bending and direct stress) 

W 

Walls, concrete, design of, 534 
Washers, in timber construction, 414-417 
Watertown Arsenal tests, formula for 
cast-iron columns, 301 
on wooden columns, 394 
Web, of beams, diagonal buckling, 204 
vertical buckling of, 206 
of plate girders, 246 

Web reinforcement for column footings, 
598 

of concrete beams, 42 
rectangular beams, 441-444 
(i See also Rectangular beams in 
reinforced concrete work) 

Web splices for plate girders, $45-351 
Web stiffeners for plate girders, 274 
(See also Rate girders) 

Welded connections, 355 

West Coast Lumbermen’s Assoc., 359 

Westergaard, H. M., v 62 

Wilson, T. R. 40$ 
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Wood screws, 399 
stress-deformation diagram for, 5 
Wooden, beams, 358-878 
allowable unit stresses, 358 
beating at ends of beams, 359 
deflection, 359 
factors in design of, 358 
girders, 361 
horizontal shear, 359 
joists, 360 

kinds of timber, 359 
lateral support for beams, 360 
quality of timber, 359 
sized and surfaced timbers. 360 
tables and explanations, 362- 378 
Wooden columns, 390-398 
bases for, 397 
built-up columns, 396 
formulas, 391 
ultimate loads, 393 


Wooden girders, 379-390 
built-up, 379 

examples of design, 381-385 
factors in design, 379 
flitch-plate girders, 385 
solid section, 379 
trussed girders, 386-388 
Wooden members, design of, 358-398 
splices and connections for, 399-433 
Work of a force, definition, 9 
W orking stress, definition, 9 
stresses in reinforced concrete work, 
439 

Y 

Yield point, 5 
Young's modulus, 3 

Z 

Z-bars, S-polygons for, 162 





